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Abstract

Let Irra(G) be the set of all complex irreducible characters x such that

k
their codegrees x°(1) = |G(f)rX| are 1 or even, and let
X
acoda(G) = ——— 3" x(1)
T (@) s

x€Irra (G)

53
We show that, a group G with acodz(G) < T is solvable.
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1. Introduction. All groups under consideration are finite. Let G be a
group and let Irr(G) denote the set of all complex irreducible characters of G.
IsaAacs, LOUKAKI and MORETO in [1| defined the average character degree of

1
a finite group by acd(G) = (@] Z x(1). The average degree contains
x€lrr(G)

fruitful structural information; see [1-7], for instance.
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QIAN et al. in [8] defined the codegree of a complex irreducible character

: k
X € Irr(G) of a group G as x°(1) = M. Some scholars studied the group

x(1)

structure by using the codegree, for example, AHANJIDEH in [9] showed the non-
divisibility of groups by using character codegrees.

LEwIs and YAN in [10] investigated the influence of codegree sum of a group

on group structure and they showed that, if G is a nonsolvable group, then

> X°(1) = 68 with equality if and only if G 2 PSL(2,5). WANG et al.

x€lrr(GQ)
defined the average codegree of a finite group as

acod(G) = \IrrEG)| Z x€(1)

and showed the relation between the non-solvability and non-supersolvability of
finite groups and the average codegrees; see [11, Theorems A and B|.

As a generalization of acod(G), we consider only the character codegrees
which are 1 or divisible by 2. So we let

Irro(G) = {x € Irr(G)|x“(1) is 1 or even},

then define 1
acody(G) = ——— > x°(1)

[Irr2(G))] elrra(G)

as the average codegree of a group G.
First we show the following result corresponding to that of [11] and [10].

Theorem 1.1. Let G be a nonsolvable group. Then acoda(G) > = with
equality if and only if G = As.
1 [ 60 60 60} 53

Observe that acoda(As) = 1 1+ 3 + 3 + =% the lower bound

is best possible.
53
Note that there exist solvable groups G with acods(G) > R for instance,

22
let G be SmallGroup(60,3), then acods(G) = 1—77 ~ 13.35 > 13.25 = % by [12].

So in Theorem 1.1, the condition “a nonsolvable group” is necessary.
Duality to Theorem 1.1, we also have the following result which is correspon-
dent to Theorem 1.2 of [13]: a finite group G with acds(G) < 5/2 is solvable.

Theorem 1.2. A finite group G with acody(G) < % is solvable.

Lewis and Yan showed that there exist the series of nonsolvable groups {G}
and {H } such that fcod(G) — oo when |G| — oo, fcod(H) — oo when |H| — oo;
see Proposition 2.3(2) of [10]. Comparing to this result of [10], we also have the
following result.
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Proposition 1.3. Let G be a non-abelian simple group. Then acods(G) is
closing to oo when |G| is closing to co.

We conjecture that, Proposition 1.3 is true for nonsolvable groups.

The structure of this short paper is as follows. In Section 2, we mainly give
the invariant acods(.S) for S € {PSL(2, q), Sz(q)}; in Section 3, we show the proofs
of Theorems 1.1, 1.2 and Proposition 1.3. The other notations and notions are
standard, please see [14] for instance.

2. Some needed results. In this section, we mainly give some basic results
which will be used to prove the main theorem.

The following two results can control group structures.

Lemma 2.1. Let G = PSL(2,q) with ¢ = p".

3.2
(1) If p =2, then acoda(G) = q_qq—w;

(2) If p> 2, then

(q+1)(¢> +17q —4) +8

2(q +13) ’
(q—1)(¢®>+15q+4) +8

2(q+11) ’

ifg= -1 (mod 4);
acods(G) =
ifg=1 (mod 4).

Let p be a prime divisor of an integer n > 1. Then denote the p-part of n by
np, that is, for certain s, ps‘n but p**t { n. Write ny = p°.
|G kerx|
x(1)
that ker y = {1} for a non-principal character x € Irr(G). Note that |G| =
2
-1
gc(ii((qlq—)l)’ so x ¢ Irra(G) if and only if |G|z = x(1)2.
(1) If p = 2, then |G|z = ¢, and so by p. 403 of [15], we have that

Proof. We see that x°(1) for a character x € Irr(G), and

1+ a(¢®>-1) (

acoda(G) = q+11 T

2-1
1)+ 4l g _ P +q+l

1 +3 q

q _
2
q _
2

(2) If p > 3, then ged(¢ — 1,¢ + 1) = 2 and we see that, if ¢ = —1 (mod 4),
-1 1
then & 5 is odd, and (g + 1)2 = |GJ2; if ¢ =1 (mod 4), then 4+ is odd, and
(g —1)2 = |G|2. It follows from p. 402 of [15], that

2 q=3
1+‘1(‘72”-<;+q?1+qi1>
2 .
i 1i0L i3 , ifg=-1 (mod 4);
acoda(G) = 1) R
—1 1 2
1+(1(]2'(q+q-§1+qil>
[ {125 &5 , ifg=1 (mod 4),
+1+2+ 90
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(q+1)(¢> +17¢ —4) +8

ifg=—-1 (mod 4);

_ 22(q +13) ’
(9= 1)(g" + 15¢ +4) +8, ifg=1 (mod 4).
2(q+11)
This completes the proof. O

Lemma 2.2. Let G = Sz(q) with ¢ = 2°™ 1. Then

14+ (22 241
acoda(G) = ull \/TZ]—:_QQ)Q(Q + )

Proof. We sce that |G| = ¢*(¢—1)(¢*+1) and for a non-principal irreducible
character x € Irr(G), ker x = {1}. So by [16], we have

acoda(G)

2 2 2 1(a+v29) i(a—v29)
L+ =D& +1) (1 vm + et + et + i)

14+ 24 3(q+v20) + 5(¢ — 2) + 1(¢ — v2q)
1+ (2v2q+ q)q(q* + 1)
q+2 ’

The lemma is complete. O

Comparing to Lemma 2.2 of [11], we show the following result.

Lemma 2.3. Let S7 xSy be the direct product of two groups S1 and Sa, where
S1 and Sy are non-abelian simple groups. Let x; € Irr(S1) and n; € Irr(S2). Then

(1) (i % 1)) = XEUE(D);

(2) acodz(S1 x Sz) > acoda(S1)acoda(S2).

Let Irry/(G) = Irr(G) — Irra(G) for a group G. Let p be a prime divisor of
a positive integer n, we denote the p-part of n by n,, that is, n, = p° | n but
ps—l—l Jf”

Proof. (1) As S; and Sy are non-abelian simple groups, 2 divides both |S]
and |Sa], so the sets Irra(S1) \ {1s, } and Irra(S2) \ {1s,} are non-empty. Set x; €
Irr(S1) and n; € Irr(S2). Then from Theorem 4.21 of [17], x; x 1; € Irr(St x S2).
Observe that, for the principals 1g, and 1g,, ker(lg, x 1g,) = S1 x S and for
the non-principal characters x; € Irr(S1) and n; € Irr(S2), ker(x; x 1g,) = Sa,
ker(1s, x n;) = S1 and ker(x; x ;) = {1}. Now

51|52
Xi x n5)xi(1)n;(1)
g‘l(l) %2(1)7 Xi = 151v77j =lg,,
(D1, (1), xi # 1s,m5 = 1s,
S5, xi=1sy,m; # 1s,
Xi(Dn5(1),  xi # sy, 5 # Ls,-

(i xm;)°(1) = een
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It follows that, (x; x 1;)°(1) = x5 (1)n;(1).
(2) Note that, x; x n; € Irre(S) if and only if one of the following holds:
(2a) xi(1)2 = |S1|2 and 7;(1)2 = |Sal;
(2b) xi(1)2 = [Si]2 and [ker(x; X 1g,)|2 = |S2l2;
(2¢) mj(1)2 = |S2]2 and | ker(Ls, x n;)[2 = |S1la.
We know that, if (x;,n;) € Irrar(S1) x Irrar(S2), we have x; x n; € Irro/ (57 X
S3). Thus

[Irrg (S)| = [Irrer (St x S2)| > [Irrg (S1) X Irras (S2)] = [Irre (S1)|[Irrer (S2)|.
It follows that, |Irra(S)| = |Irra(S1 % S2)| < |[Irra(S1)||Irra(S2)| and so,

acods(S) = ]Irrgl(S)\ ;(Xz x 1;)°(1)

1 C (&
= m ; Xi (1)77j(1)

1
> F()n5(1
[Trro (S1)|[Trra (S5)] ijx (L (1)
= acods(S1)acods(Ss2).
In particular, acods (S x S1) > acodg(Sl)Q. O
4
Example 2.4. It is easy to get from [12] that acods(As x Asz) = % ~

2
198.59 and acody(A5)? = (T) ~ 175.56, and so, acods(As x As) > acoda(As)2.

Remark 2.5. Let p be a prime, and let Irr,(G) = {x € Irr(G)|x°(1) =

Lorp|x°1)}. Write acody(G) = ———— Z X5 (1). We similarly as the
’II‘I'p(G)| xi€lrry (G)
computation of Lemma 2.3, have acod, (51 x S2) > acod,(S1)acod,(S2).

Let V(x) = {x(z) : * € G} be the set of the values assumed by x.

Lemma 2.6. Let V(x) = {x(1),0,a1,--- ,a,} where the a;’s are algebraic
conjugate. Assume G is a nonsolvable group, then G has n irreducible characters
which are faithful, in particular, at least one of such characters belongs to Irra(G).

Proof. Let G be a group of Lie type or the symmetric group or a sporadic
group, we can find a faithful character by [18], [19], and [14], respectively. So by
the Theorem of [20], we get the desired result. O

3. Proofs of Theorem 1.1 and Proposition 1.3. Let G be a finite group

53
with acods(G) < —. If G is abelian, then we are done, so we assume that G is

non-abelian. First we deal with the case when N is non-abelian.
Proposition 3.1. Let G be a finite group and let N be a non-abelian minimal

normal subgroup of G, then acoda(G) > R
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Proof. Assume, to the contrary, that the result is false and that G is a
53
minimal contraexample. Thus acods(G) < e Since N is nonabelian, G is
nonsolvable. It follows from Lemma 2.6 that there is a character x € Irra(G) such
53
that x°(1) < 7= 13 < 14. Notice that x(1) > 1+ x(1), so by Lemma 2.6,
|G| < 182. Thus we have from Lemma 2.3 and [14, p. 239|, that N is isomorphic
to PSL(2, ¢) where ¢ is equal to 5 or 7, and so, G is possibly isomorphic to
PSL(2,5), PSL(2,5).2, PSL(2,5) x C3, PSL(2,5) x Cy or PSL(2,7).
If G =2 PSLy(q) with ¢ = 5,7, then by Proposition 2.1, we have

53

acody(PSL(2,¢)) = { 4
33 q=T1,

q=>5,

a contradiction. 131
If G = PSLy(5).2, we obtain acods(PSL(2,5).2) = = ~ 18.7, a contradic-

tion.

If G 2 PSL(2,5) x C3 or G = PSL(2,5) x Cy, then from [12| we obtain

365 53
a.COd2(PSL(2,5) X C3) = ﬁ = 36.5 > Z = 1325,
189

acoda(PSL(2,5) x Cq) = 5 = 21 > 13.25,

a contradiction.
This completes the proof. O
Proposition 3.2. Let G be a nonsolvable with an abelian minimal normal
53
subgroup N > 1, then acodz(G) > R

93
Proof. Assume, to the contrary, that acods(G) < vy and that G is a

contraexample with minimal order |G]|.

By hypothesis, G is nonsolvable, and so, by Lemma 2.6, G has a faithful
irreducible character belonging to Irro(G). It follows that |G| < 182. Thus G
has a section isomorphic to PSLs(q) with ¢ = 5 or 7; see p. 239 of [14]. We
derive from the order of G that G is isomorphic to SL(2,5) (observe that the

order [SL(2,7)| of SL(2,7) is 336 > 182); see p. xvi of [14]. But in this case,
2 1
acods(SL(2,5)) = % > % = %, a contradiction. O
Now we can prove Theorem 1.1.

Proof of Theorem 1.1. Let N be a minimal normal subgroup of G. Then

53
by Propositions 3.1 and 3.2, we have that acods(G) > T Then assume that
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G is neither an almost simple group nor a semisimple group. Thus from the

nonsolvability of G, G = N, and so we must show that G = Ajs if and only if

acoda(G) < % If G = As, then by p. 3 of [14], acods(G) = % Hence we need

53
to show that if acods(G) < R then G is isomorphic to As. Note from Lemma

2.6 that |G| < 182, so G is isomorphic to PSL(2,5) or PSL(2,7). By p. 2-3 of
[14], we similarly have that G = PSL(2,5). O
Proof of Theorem 1.2. Assume that the result is not true, then G is

nonsolvable. By Theorem 1.1, we have that acoda(G) > %, a contradiction to
the assumption. O
Now we will give the proof of Proposition 1.3.
Proof of Proposition 1.3. We see that when |G| — oo, |Irr2(G)| is closing
to oo, and so for x; € Irra(G), we obtain

X1(1) +x5(1) + -+ + Xy 1
acods(G) = T(1) 5(1) it 2(g)|()

— ma (D)} if |Gl = oo
|Irro (G)| i€[1,|Irr§((G)|]{X7'( )}t |G|

As for a non-principal character n € Irre(G), we get kern = 1. Choose a
character from Irra(G), say x, such that x(1) > 1 is minimal, then

_ |G : ker x| _ |G|
x(1) x(1)

is maximal, and when |G| — oo, x°(1) — co. Thus acd2(G) — oo if |G| — c0. O

x“(1)

REFERENCES

[1] Isaacs I. M., M. LoUKAKI, A. MORETO (2013) The average degree of an irre-
ducible character of a finite group, Israel J. Math., 197(1), 55-67.

[2] AHANJIDEH N., Z. AKHLAGHI, K. AZIZIHERIS (2024) Variations on average char-
acter degrees and solvability, Ann. Mat. Pura Appl. (4), 203(3), 1061-1092.

[3] ESKANDARI E.; N. AHANJIDEH (2024) On p-solvability and average character degree
in a finite group, Bull. Aust. Math. Soc., 109(3), 507-511.

[4] Liu S. (2024) On the average degree sum of proper subgroups of a finite group,
Rend. Sem. Mat. Univ. Padova, published online first, https://doi.org/10.4171/
RSMUP/172.

[5] Liu S., X. Luo, H. JIANG (2024) Finite groups whose all proper subgroups have
only irreducible characters of square-free degrees, C. R. Acad. Bulg. Sci., 77(4),
477-484.

[6] Liu S., R. ZHANG (2023) Finite groups all of whose proper subgroups have few
character values, AIMS Math., 8(4), 9074-9081.

[7] Pax H., X. L1 (2017) On the character degree sums, Comm. Algebra, 45(3), 1211-
1217.

2 C. R. Acad. Bulg. Sci., 78, No 11, 2025 1599


https://doi.org/10.4171/RSMUP/172
https://doi.org/10.4171/RSMUP/172

18]

191
[10]
[11]
[12]
[13]
[14]
[15]

[16]

[17]
[18]

[19]

[20]

QIAN G., Y. WaNG, H. WEI (2007) Co-degrees of irreducible characters in finite
groups, J. Algebra, 312(2), 946-955.

AHANJIDEH N.(2022) Nondivisibility among irreducible character co-degrees, Bull.
Aust. Math. Soc., 105(1), 68-74.

Lewis M. L., Q. YAN (2024) A note on the codegree of finite groups, Algebr.
Represent. Theory, 27(5), 1799-1804.

WANG Z., G. QiaN, H. Lv, G. CHEN (2024) On the average codegree of a finite
group, J. Algebra Appl., 23(5), Paper No. 2450102, 9 pp.

BREUER T.(2012) The GAP Character Table Library, Version 1.2.1. http://www.
math.rwth-aachen.de/homes/Thomas.Breuer/ctbllib/.

Hunc N. N., P. H. TiEP (2017) Irreducible characters of even degree and normal
Sylow 2-subgroups, Math. Proc. Cambridge Philos. Soc., 162(2), 353-365.
Conway J. H., R. T. Curtis, S. P. NorTON, R. A. PARKER, R. A. WILSON
(1985) Atlas of finite groups, Eynsham, Oxford University Press.

JorDAN H. E. (1907) Group-characters of various types of linear groups, Amer. J.
Math., 29(4) 387-405.

LUBECK F. (2007) Character degrees and their multiplicities for some groups of
Lie type of rank < 9, http://www.math.rwth-aachen.de/ Frank.Luebeck/chev/
DegMult/index.html?LANG=en.

Isaacs I. M. (1994) Character theory of finite groups, New York, Dover Publica-
tions, Inc.

ScHMID P. (1985) Rational matrix groups of a special type, Linear Algebra Appl.,
71, 289-293.

NETT D., F. NOESKE (2011) The imprimitive faithful complex characters of the
Schur covers of the symmetric and alternating groups, J. Group Theory, 14(3),
413-435.

ZuMmuD E. (2000) Finite groups possessing a faithful nonlinear irreducible character
with three classes of algebraically conjugate values, J. Algebra, 226(1), 225-235.

1School of Mathematics, Sichuan University of Arts and Science,
Dazhou Sichuan, 635000, P. R. China
e-mails: s.t.liu@yandex.com, dazouxms@163.com

2 Center for Applied Mathematics of Guangxi (Guangxi Normal University),
Guilin Guangxi, 541001, P. R. China

1600

S. Liu, M. Xie


http://www.math.rwth-aachen.de/homes/Thomas.Breuer/ctbllib/
http://www.math.rwth-aachen.de/homes/Thomas.Breuer/ctbllib/
http://www.math.rwth-aachen.de/~Frank.Luebeck/chev/DegMult/index.html?LANG=en
http://www.math.rwth-aachen.de/~Frank.Luebeck/chev/DegMult/index.html?LANG=en
mailto:s.t.liu@yandex.com
mailto:dazouxms@163.com

	Introduction.
	Some needed results.
	Proofs of Theorem 1.1 and Proposition 1.3.

