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Abstract

Prime numbers are fascinating by the way they appear in the set of natural
numbers. Despite several results enlightening us about their repartition, the
set of prime numbers is often informally qualified as mysterious. In the present
paper, we introduce a formalism allowing to state a formal conjecture: the set of
prime numbers is supernatural. Our conjecture has no analogue in the existing
literature. This conjecture is expected to be a hard challenge for any kind of
intelligence. We also find a Fermat-like function giving more prime numbers
than Fermat’s function.
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Introduction. Let P be the set of prime numbers. FERMAT [1] conjectured
that the set {22n + 1 | n positive integers} consists entirely of prime numbers.
EULER (2, 3] disproved this conjecture showing that 22’ 1 1is composite. Let T
be the set of positive non-zero integers. A function f : 1 — I with variable n is
a natural function if it is constructed from formal (and coherent) combinations
of the symbols n, constants a € I, and the operations +,x,A. Here A means
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elevation to the power. We prove that every natural function is constant or strictly
increasing. We then conjecture that for every non-constant natural function f, we
have f(I) ¢ P. This is our conjecture. Evidences for this conjecture are intuition
about the irregularity of the set of prime numbers, and that it is verified for all
natural functions that we have tested.

In this text we formally introduce notation and definitions. Then we state
our conjecture. Our conjecture was formulated in 2013. We explain that this
conjecture can be reformulated as in the title of the article: P is supernatural.
Proposition 3.1 shows that if the conjecture is true, then f(I)n (I\P) is an
infinite set for all non-constant natural functions f. In particular, this “canonical”
conjecture implies the existence of infinite composite Fermat numbers (an open
question today), cf. Corollary 3.2. Proposition 3.3 explains that if the conjecture is
wrong, this would provide a natural function so incredible that we can not believe
it. We finish the paper by experiments on the conjecture. One of our conclusions
is that Fermat numbers do not have something very special, for example numbers
of the forms 22" + 93 provide prime numbers for 1 <n < 7.

1. Notation and definition. Let N = {0,1,2,3,4,5,6,7,...} be the set of
positive integers. Let I = {1,2,3,4,5,6,7,...} be the set of non-zero positive
integers. Let P ={2,3,5,7,11,13,17,...} be the set of prime numbers. Let .# be
the set of functions from I to I.

Definition 1.1. An elevation structure is a 4-uple (E, +, x,A), where E is a
set and

(i) +is amap F x E - FE sending a,b to a + b,
(ii) x is amap E x E — F sending a,b to a x b,

(iii) A is amap E x F — F sending a,b to a A b,

such that V a,b,c € E the following hold (i) a+b=b+a, (ii) a+ (b+¢) = (a+b) +c,
(i) bxa=axb, (iv)ax(bxc)=(axb)xec, (v)ax(b+c)=axb+axc, (vi)
(and)x(anc)=an(b+c), (vii) (anb)rc=an(bxc). We write a; AagA...Aay,
instead of a1 A (ag A (... Aay)), be careful that a A (bAc) # (aAb) Acin general.
We write often a(lr2 instead of a1 Aas A...Aa,. For example a” means an (bac).

A morphism of elevation structures from (E,+, x,A) to (F,+,x,A) is a map
M : E - F such that V a,b e E, we have M(a+0b) = M(a)+ M(b), M(axb)=
M(a) x M(b) and M(anb)=M(a)AM(b). We obtain a category.

Example 1.2. Note that I, +, x, A is an elevation structure. Similarly, %, +,
x, A is an elevation structure with (f A g)(n) := f(n) A g(n). Let a € I, then the
evaluation map E, : % - 1, f — f(a), is a morphism of elevation structures from
Fo+, 5, A 1o I+, %, A.
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Let P(%) be the set of all parts of .Z. Let %5 c % be the part of functions
constituted of the identity map n ~ n and the constant maps n — a for every
a €I, we also call it the part of symbols. We now define some operators on P(.%).

Definition 1.3.
(i) Let A, be the map sending & € P(.%) to
Pu{feF|IgeP,FheP and f=g+h}.

(ii) Let Ax be the map sending & € P(.¥) to
Pu{feF|dgeP,ThePand f=gxh}.

(iii) Let A, be the map sending & € P(.F) to
Pu{feF|IgeP,FheP and f=gAh}.

We are now able to define the set of natural functions Zngurar- Let X be
the set of all finite words with letters Ay, Ay, Ax.

Definition 1.4. We put Znauural = J 0(F5), this is an element in P(.%).
o€y
The 4-uple Fngturals +, X, A 18 an elevation structure.

Example 1.5. The inclusion %; ¢ ZnNatural holds. The set of polynomial
functions on I .Zpoiynomial is contained in Z ngpyrq. More precisely it is contained

. y . n . . .
in | J ALAF(Z,). Fermat’s function n ~ 22" + 1 is contained in .Znqpurqr. More
5,k20

precisely it is contained in A, A% (.%,). The functions n— n" +n+1, n~ 7" +6,

271
4An™+n23427 48 2222 .
n—n +n+3, n—2 + 1 are natural functions.

Proposition 1.6. A natural function f € Fnaiural 1S constant or strictly
mcreasing.

Proof. By definition a function f is in Fngurar 1S and only if there exists
a finite word o in letters A, Ay, A, such that f € 0(%s). We need the following
definition.

Definition 1.7. The length of a natural function f € .%nNgturar is the number
min{n € N| f € 0(%#;) with o a word of length n},

it is well defined.

Let us prove our result by induction on length. Consider the following asser-
tion.

P, : Proposition 1.6 is true for every f € Fnatural Of length <n.
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Let us prove by induction that P, is true for every n € N. We need the
following Lemmas.

Lemma 1.8. Let h, g € Fnatural be strictly increasing, then h+g,hxg,h A g
are strictly increasing.

Proof. Let i > j be integers in I, then h(z) > h(j) and g(i) > g(j). So
h(i) + g(i) > h(j) + g(j), consequently h + g is strictly increasing. Since g(i) >
g(j) > 1 and h(i) > h(j) > 1, we have h(i) x g(i) > h(j) x g(j) and consequently
h x g is strictly increasing. We also have h(i)?®") > h(5)?%) and consequently hA g
is strictly increasing. O

Lemma 1.9. Let h € Fngurar be strictly increasing and g € FNatural b€
constant, then h+ g,h x g,h A g are strictly increasing.

Proof. Let i > j be integers in I, then h(z) > h(j) and g(i) = g(j). So
h(i) +g(i) > h(j) + g(j), consequently h + g is strictly increasing. Since g(i) =
9(j) =1 and h(i) > h(j), we have h(i) x g(i) > h(j) x g(j) and consequently h x g
is strictly increasing. We have h(i)?%) > h(5)79) and consequently h A g is strictly
increasing. O

Lemma 1.10. Let h € Fngpurar e strictly increasing and g € FNatural b€
constant, then g Ah is strictly increasing except if g =1. If g=1, gAh is constant.

Proof. Let i > j be integers in I. If g = 1 then g(i)h(i) = g(j)h(j) =1 and
g A h is constant. In the other case g(i) = g(j) > 1 and h(i) > h(j), consequently
g(i)h(z) > g(j)h(j). This completes the proof. O

Now let us start our induction. If n =0, then f is constant on the identity
map and thus satisfies Fy. Now assume that P, is true and let us prove that Py,
is true. Let f be of length n + 1. By definition, there are h, g of length < n such
that f=h+gor f=hxgor f=ganhor f=hnag. By induction hypothesis h and
g are constant or strictly increasing. Assume first that both are constant. Then f
is obviously constant. If both are strictly increasing, then f is strictly increasing
by Lemma 1.8. If h is strictly increasing and g is constant, then by Lemma 1.9,
h+g, hxgand h A g are strictly increasing, and by Lemma 1.10, g A h is strictly
increasing or constant. If A is constant and g is strictly increasing, we deduce, in
the same way, that h+ g, h xg, hAag and g A h are strictly increasing or constant.
Consequently, f is constant or strictly increasing. This finishes the induction and
the proof of Proposition 1.6. O

Remark 1.11. The map N - N, n — n" is neither constant nor strictly
increasing since 0° = 11 + 22, Tts restriction to I is a strictly increasing natural
function.
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2. Statement of the conjecture. 2.1. Statement. We now state our
conjecture.

Conjecture 2.1. Let f € Fnatural be a non-constant natural function. Then
f(@) ¢ P.

Proposition 2.2. Conjecture 2.1 is true in the following cases.

(i) Let f € Fpoiynomial, assume f is non-constant, then f(I) ¢ P.
(ii) Let ael,y, be N and f be n— a" +b, then f(I) ¢ P.
(iii) Let f be n 22" +1, the Fermat function. Then f(I) ¢ P.

(iv) Let f be a natural function considered in the experiment (B§4). Then
f(@D) ¢P.

Proof.

(i) Since f is non-constant, it is strictly increasing by 1.6, so there exists n €I
such that f(n) > 1. Let p € P such that p | f(n). Then f(n) =0 mod p.
Since f is polynomial, we have f(n +p) = f(n) mod p. So we have p |
fn),p| f(n+p),1< f(n) < f(n+p). This implies that f(n +p) is not a
prime number. So f(I) ¢ P.

(ii) Let n € I,;. Then f(n) =a" +b> 1. Let p € P such that p | f(n). Then
a"+b=0 mod p. Assume first that p + a, then by Fermat’s little theorem
a1 h=a"+b=0 modp. So we have p| f(n),p| f(n+(p-1)),1<
f(n) < f(n+(p-1)). This implies that f(n+p—-1) is not a prime number.
Now if p | a, then p < f(n) and f(n) is not a prime number. So we have
proved that f(I) ¢ P.

(iii) We have f(5) = 22" 41 = 4294967297 = 641x6700417, as Euler [2,3] computed.
So f(I) ¢ P.

(iv) See the experiment. .

2.2. Reformulation: P is supernatural. An infinite subset of I is said to
be natural if it is of the form f(I) where f € #natura 1S non-constant. An infinite
subset of I is said to be supernatural if it does not contain any natural subset of
I. Our conjecture is now equivalent to the following statement: P is supernatural.

3. Implications and remarks. In this section we discuss implications of
our conjecture and comment it.

Proposition 3.1. Assume Conjecture 2.1 is true. Let f € Fnatural MON-
constant, then {x € f(I) |z is not a prime number} is infinite.
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Proof. By 1.6, f is strictly increasing. It is enough to prove the following
statement. For all k € I, there exists q € Ny, such that f(q) is not a prime number.
So let k e I. Let us consider the function g € .# defined by g(n) = f(n+ k). The
function g is natural. So there exists d € I such that g(d) is not a prime number.
So q :=d + k is such that ¢ > k and f(q) is not a prime number. This completes
the proof. O

Corollary 3.2. Assume Conjecture 2.1 is true.
many composite Fermat’s numbers.

Then there are infinitely

Proof. Apply 3.1 to Fermat’s natural function n — 22" + 1. O

Proposition 3.3. Assume Conjecture 2.1 is wrong. Then there exists an
“arithmetical” (relying only on +, x, A) formula giving arbitrary big prime numbers.

Proof. If Conjecture 2.1 is wrong, there exists a non-constant (and thus
strictly increasing) natural function giving only prime numbers. O

Remark 3.4. In order to define natural functions in Definition 1.4, we have
used +, x,A. One can define with the same formalism a larger class of functions
using moreover Knuth’s up arrow {1"| n > 1} notation for hyperoperation (!= A).
Then one can extend Conjecture 2.1 to this larger class of functions (i.e. the set
of prime numbers is “super-Knuth”). One may also consider to use the factorial
symbol.

4. Experimental results. We checked Conjecture 2.1 on many non-polyno-
mial functions using CoCalc. When we take a random natural function (e.g. 33"+
1), obviously, the first value (n = 1) is already very often composite. In the
following, we experiment some (non-polynomial) functions whose first outputs
are prime numbers. For each function f, we compute the smallest n > 1 such that
f(n) is not prime. We also provide the factorization of f(n).

Function

Smallest n {fin) not prime)

Factorization

Valug of fin)

fin}=3"42"1

7

7¥349

2443

finb=2"+1

641 * 6700417

4294967297

fin)=2% + 2"+ 47

573 % 34350739

4294967375

finl=n"+n+11

307349

1141

finj=5"4 2"

2*13

637

fn}=2"+2 45"

13*53

683

fin)=3"+16

31 * 8464935069911 * 1089799904 165922097841659

443426486824303776994624963061914589281%

fim=3"+34

23631 % 53674765747 * 5692385180080266771779767

443426486243037769946249630619149892837

finj=3"42"%

| | e | e | | wn| wnf

7+181

1267

=3 +2

LEEE]

a1

To us, Fermat numbers do not have something very special.

Some other

similar natural functions seem to behave similarly. The function fsg: n 22" 193
is better than Fermat’s function at giving prime numbers (it gives prime numbers
for 1 <n <7):
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Funiction Smallest n {fin} net prime) Facterization alue af fin}
AlM=2"42-141 i 737 758
Blm=2"+2-2+1 1; 3~z a
flM=2+32-1+1 5 11 * 6323 ¢ 61751 4284967303
fim =24 2441 i 57 5

¥ +2:5+1 1 35 15
i =2"+2-6+1 4 11+ 564101 65549
M =2"42-741 & 11 * 107 * 5561273467704 16446T44073708551631
him=2"+2-8+1 1 37 2
fln)=2"+2-8+1 2 507 35
faln =27 +2-10 +1 1 5" F33
falm=2 421141 1 ERF) F
fall=2"+2-12+1 & 53 %1237 65561
Aalnt=2"+2-13+1 5 31+ 43 * 3222031 4284967323
falm =242 14+ 1 it n
Myl =2 +2:15+41 1 5+7 3
gl =27+ 2-16+1 2 772 a8
fyint=2T 421741 1 3*13 k]
Rain}=2"+2-1B+1 4 23% 2851 65573
figln) =27+ 2-10 41 2 5#11 55
foaln) =27 +2-20+1 1 3"2+5 I3
Byl =37 +2-21 41 E] 13+23 209
falnt= 15 +2-22 41 1 772 I
Fualm =27 +2-F1 41 1 ERS T 51
fulnl=3"+2-20+1 F 5+13 a5
Balnl=2"+2-25+1 1 5*11 55
fgln) =274 2-26 41 1 3*1g 57
Balnl=2"+2-27 +1 4 107 ¥ 613 65591
Falnt=2"+2-76+1 4 1146789 65593
Fyim =27+ 2- 2041 1 3In3+7 =]
fulnl= 274 2-30 41 1 5*13 [
Falnl=2""+2-31+1 ] 11+29 319
fyln)=2" 423241 1 3413 ]
fyint= 2 +2-33 1 ] 17719 323
Falnl=27+2-30+1 2 5417 85
=20 +2-3541 1 305°2 75
fylnl =27+ 2-36 41 1 1 7
+2-37+1 2 713 ol
+2-38+1 1 34 81
=2 %2:3041 2 5*13 55
T+2:4041 1 5217 &5
il =2"+2-41+1 1 328 87
Tl =27 +2-42 41 E] 11431 341
Ml =2"+2-43+1 1 7013 ]
fuln)=2"+2-44+1 1 3*31 53
fasln) =27 +2-45 41 1 5418 5
Mgl =27 +2-46+1 7 53 =59 * TOGO * 18959 * 179590472423 » 432121 1906412239 JA0ZH2AIGEH200 L3461 IT4H074 31T 6E2 11540
falnl=27+2-47+1 1 372711 [
Faln} =27 +2-48 4 1 5 113 * 36008561 4784967393
+2:49+1 2 5%23 115
+2-50+1 1 3egey 105
Fsln)= 2T +2-51+1 2 T+17 119
Falnl=2""+2-52+1 2 =2 121
Falnl=2""+2-53+1 1 ERET 111
Balnl=2T"+2-54 41 2 53 125
fglnl =27+ 2-55 41 1 5423 115
Falnl=2%"+12-56+1 1 372013 117
Falm=2""+2-57+1 1 7417 119
yln) =27+ 2564 1 1 1n-~2 121
Bl =27 +2-58 +1 1 ERR 113

We tested other functions n + 22"
f(1),..., f(4) primes is relatively frequent.

f(n) is prime for all 1 <n < 7:
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Function Smallest n (fin) not prime) Factorization Value of fin)
finl =2 + 2501 1 3*5° 167 2505
fin] = 2% + 2503 1 23109 2507
fin] = 2% + 2505 1 13+193 2509
finl =27 + 2507 1 3403 2511
fln) =2 + 2508 1 1v35 2213
fin] = 2% + 2511 1 5*503 2515
fin)=2" +2513 1 3839 2517
fin)=2% +2515 1 11*229 2519
finl= 2% 42517 2 17*149 2533
finl=2" +2519 1 3+2972 2523
finl=2" +2521 1 572+ 101 2525
fin]=2" +2523 1 7+19"2 2527
fin) = 2% + 2525 1 3t2+ 281 2529
finl=2% + 2527 3 118Z% 23 2783
finl =2 +2529 1 17 %149 2533
fin)=2" +2531 1 3*5*13"2 2535
finl=2" 42533 1 43 %59 2537
fin] = 2% + 2535 7 1069 * 1277 * 5623 * 25903613812693272993390367609 3402823669209384634633T4607431 766213991
finl=2% +2537 1 F*7*11"2 2541
fin)=2% + 2539 2 59773 2555

All these computations provide evidence supporting the conjecture. We con-
clude this note with the following questions:

(i) For each m > 0, does there exist a non-polynomial (resp. double exponential)
natural function whose first m outputs are prime numbers?

(ii) Is there a canonical form for natural functions, analogous to the unique
representation of polynomials as sums of monomials?

We plan to continue these experiments and study these questions elsewhere.
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