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Abstract
For a polynomial p(z) =Y .'_, a,z" of degree n, we denote

M(p, F) = max |p()]

and M(p,1) := ||p||. A well-known result of Ankeny and Rivlin [Pacific J.
Math., 5(2)(1955), 849-862] states that if p(z) # 0 in |z| < 1 and R > 1, then

M) < () .

2

This inequality has been sharpened by Dalal and Govil [Anal. Theory
Appl., 36(2)(2020), 225-234], who proved that for p(z) # 0in |z| < 1, R > 1
and any N, 1 < N < n,

R"+1

n 2|ay| RB(r—1)rN-1
M(p.R) < ol = 1ol (1 - ) / dr
2 2 el ) Jv o+ 2”(;"”‘"

In this paper, we sharpen the above inequality of Dalal and Govil.
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1. Introduction. Let p(z) = > . _;a,z" be a polynomial of degree n, and
for R > 0, let

We will denote M(p,1) by |[|p||. Then, by the maximum modulus principle,
M (p, R) is a strictly increasing function of R and is defined for 0 < R < oo. Also,
it is a simple deduction from the maximum modulus principle (see [1, pp. 158,
Problem 269|) that for R > 1,

(1.1) M(p, R) < R"|[p|-

The result is best possible and equality holds if and only if p(z) = Az", A being a
non-zero complex number.

Inequality (1.1) gives an estimate of |p(z)| on |z| = 1 as an upper bound. It is
a natural desire to seek improved bounds of (1.1) under appropriate assumptions.
In many attempts, ANKENY and RIVLIN [2] were able to improve the bound
of (1.1) by restricting all the zeros of the polynomial in |z| > 1. In fact, they
proved the following result.

Theorem 1.1. If p(z) is a polynomial of degree n and p(z) # 0 for |z| < 1,
then for R > 1,

R +1
2

(1.2) M) < (FS ) ol R,

The above inequality is best possible and equality holds for polynomials hav-
ing all their zeros on the unit circle.

Several related papers and research monographs have been studied by numer-
ous authors (see, for example, [3-8]).

A refinement of inequality (1.2) was given by DALAL and GoviIL [9], who
proved the following.

Theorem 1.2. Ifp(z) = > ", a,z" is a polynomial of degree n and p(z) # 0
for |z| <1, then for R>1 and any N, 1 < N <n,

R"+1

n 2|ay,| Ry —1)rN-1
- ol (1= 3 ) [T
L

(1.3) M(p,R) <

The quest to strengthen the existing results has motivated us to build up this
work. We also discuss the consequences of our results in the form of a corollary
and remarks. Moreover, we also give a computational example comparing the
bound of our result with those of the previously known results. But before we
jump into the proof of the main result and its consequences, we need to discuss
some lemmas.
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2. Lemmas. The first lemma is due to GoviL [10].
Lemma 2.1. If p(z) = Y i _qavz” is a polynomial of degree n, then for
R>1,

(llpll = lan]) (B — 1)

B Rlan—1[|lp]|
R2|pll + lan| + T an]

M(p, R) < R" 12l

The above inequality is best possible and equality holds for p(z) = Az™, A
being a non-zero complex number.

Lemma 2.2. If p(z) = > a,z" is a polynomial of degree n and r > 1,
then

(2 = naa))(r? = 1)

2 z(n—1)|an—1]r
r2x + nlay,| + R

(2.1) fa) =1~

is an increasing function of x for x > nlay,|.
Proof. Putting a = n|a,| and b = (n — 1)|a,—1|r in (2.1), we have

_ _ (z - a)2(7”2 ) T
J(@) = (1 {(r2z+a)(x —a) + be}Q) .

When x = a, the result is obvious.
For the case when = > a, we have the first derivative of f(x) with respect to
z and we simplify to get

Aa,b
f/(ﬂf) — (CL, 7Ta$) 5 Z 0
<r2x +a+ %)

since

br \*> 2xab 22:2b

A(a,b,r,x):(xr> + xar+r2(a2+x2)+2ax+ i TZO.
T —a T —a Tr—a

This ends the proof of Lemma 2.2. O

Lemma 2.3. Ifp(z) = a0+zzzu ayz¥, 1 < pu <mn, is a polynomial of degree
n having no zero in |z| <k, k > 1, then

n
2.2 M| <
(22) W11 < 5ol
where, here and throughout this paper,

wlaul . u—1

s, = k,,u-i—l n \Gg| R +1
la]
% \ag ket 41
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This inequality is sharp, and equality holds for the polynomial
p(z) = (2" + k")

where n is a multiple of m.
This inequality is due to QAz1 [11, Lemma 1].
Lemma 2.4. The function g(N) given by

(r2 —1)rN-1

N) =
g(N) r2+ar—+b

1s a nonnegative and increasing function of N for N > 1, r > 1 and some real a
and b.

Proof. The proof of the lemma simply follows by the first derivative test. [

3. Main result. We prove the following generalized sharpened form of Theo-
rem 1.2 due to Dalal and Govil [9] under some conditions which, in turn, sharpens
Theorem 1.1 due to Ankeny and Rivlin [2].

Theorem 3.1. If p(z) = ap + EZ:N ayz’, 1 < p < n, is a polynomial of
degree n and p(z) # 0 for |z| < k, k > 1, then for R>1 and any N, 1 < N <mn,

R" + s n lan|(1+ s,)
3.1) M(p,R) < —"Hlp|| — p<1—“
31) M) < 2ol - m

R N—1(,.2
—1
X/ " (r ) dr
1 24 (n=1)|an—1] r 4+ lan|(1+su)

T+s, [Pl—nlan] [l

Inequality (3.1) is best possible and equality holds for p(z) = 2™ + k™.

Proof. If n = 0, then the polynomial p(z) is constant, so M (p, R) = ||p||,
for all R, and the theorem holds trivially. Since p(z) is of degree n > 1, hence for
each 0, where 0 < 6 < 27, we have

2) [pre) —pie?) < [

R N — 2 _
S / 1— (Hp H n’an’) (T 1) ||p/||,r_n—1 dr
1

P Ir(n—1)|an_1]
' 172 + nlan] + ey

p'(rew) ‘ dr

by applying Lemma 2.1 to the polynomial p’(z), which is of degree n — 1.
Now, by Lemma 2.2, the integrand in (3.2) is an increasing function of ||p/||,
therefore on applying Lemma 2.3 to inequality (3.2), we have for 0 < 6 < 27,

(3.3)

p(Re) — p(e?)| < —

R
n n
rldr — —nla
1 s#||p|/1 1 S#HPH <1 Su”pH | n|>
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R n—1/,.2
—1
x/ 4 (r n) dr
1

35, [Pl(n=1)lan—1]

14115“ Ipll7? + nlan| + 75, IPT—nlan]
R" -1 n R Tn_l(T2 o 1)
~ Tl (Il - wland) ar
(n—l)‘an7 ‘ |an\(1+s )
1 + 8/‘/ 1 + 8/‘/ 1 7’2 + ﬁ“p”_nﬁln‘ + ”pH =

By Lemma 2.4 for every N where 1 < N < n, we have

R 2 N-1 R 2 n—1
-1 -1
/ —(7‘2 r dr < / 7(7“ r dr.
1 r’+ar+b 1 m+ar+b

If we use the above inequality in (3.3), we get for every N, where 1 < N < n,

. ) R"—1 n
4 ‘ 0y 0 ‘< o o n
(3.4)  |p(Re"™) —p(e”)| < Ty ]| 1+S“HPH nlan|

R N—1/,.2
x/ T (r 1) ar.
1 24 n=Dlanal oy lan|(14-su)

(3

75y, IPl=nlan] [
which clearly gives for every N, where 1 < N < n,
n
@) [otre™)| < 5l = (1ol = )
R PN=1(2 _
. /1 2 (gl)an(T . Jlr)|an<1+sm an,
75, IPl—nlan] [
which is equivalent to (3.1) and hence concludes the proof of Theorem 3.1. O

Remark 3.2. Integral

R /2  1\,.N—1
I(N):/ —(Tz Dl
1 Tretsr+t

can be expressed as a recurrence relation for some real s and t as shown below.
We define the function

R TN
N=[ ——a
() /1 sttt

which is defined for N > 0.
Then, we have for N > 1

R
f(N+1)+sf(N)+f(N—1):/1 PN ldr = ¥ = g(N).
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Therefore, for N > 1
fIN+1) =g(N) = sf(N) —tf(N 1),
from which, it is easy to see that
(3.6) I(N)=f(N+1)— f(N—1) for N > 1.
Putting N = n in (3.1), we obtain the following result.

Corollary 3.3. If p(z) = ag + ZZ:M apz’, 1 < p < n, is a polynomial of
degree n and p(z) # 0 for |z| <k, k > 1, then for R > 1,

ol (1 - el )

R n—1¢,2
r re—1
X/l 24 = 1)|an(1| H) fanl(rs)
= TPl-nlas] ol

R"—l—su
= 1+,

(3.7) M(p,R) <

Inequality (3.7) is best possible and equality holds for p(z) = 2™ + k™.

Remark 3.4. Due to Lemma 2.4, we can claim that Corollary 3.3 is the most
improved version of Theorem 3.1.

Remark 3.5. As is well known, for any polynomial p(z) = >0 a,2z", we
have |a,| < ||p||. For k = 1, inequality (3.1) clearly sharpens inequality (1.1).
Also, for y = 1, k = 1, Theorem 3.1 refines Theorem 1.2 as it is easy to verify
that if

1
(35) 117 2 2 (1 3 ) lan-alol + dlan.

then for 1 <r < R,

(r—1)(N -1) < rN=1(r2 1)

S - Dlanal. , laa2"
T T
T pl—nlan]” T ol

4. Computation. For computation purposes, this section uses Wolfram Al-
pha for integrals. Now, we consider the polynomial p(z) = (z + 3)2, which also
satisfies condition (3.8). Then p(z) # 0 for |z| < 1 and |[[p|]| = 16. If we take
R = 3, then M (p,3) = 36, and as it is easy to see that by using Theorem 1.1, we
have

M(p,3) < 80,

while by using Theorem 1.2 for N = n, we get

M(p,3) §80—14{7+39210gg} ~ 54.63.
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Meanwhile, if we use Corollary 3.3 and (3.6) of Remark 3.2 for s = 3/17 and

t=1/17, we get

M (p,3) < 80 — 14 (3.62899 — 0.9743) ~ 42.83,

which is smaller than the bounds obtained by using Theorems 1.1 and 1.2. Thus,
in general, Theorem 3.1 gives an improvement over Theorem 1.1 due to Ankeny
and Rivlin [2| and Theorem 1.2 due to Dalal and Govil [9]. In particular, the
bound obtained by Corollary 3.3 improves over those of Theorems 1.1 and 1.2 by
about 46.46% and 21.6%, respectively. In fact, it is easy to see that by making
appropriate choices of the polynomial p(z), and the parameters N and R, this
improvement can be made bigger and bigger.
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