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Abstract

Let C be a binary code of length n with distances 0 < d1 < · · · < ds ≤ n.
In this note we prove a general upper bound on the size of C without any
restriction on the distances di. The bound is asymptotically optimal.
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1. Introduction. A binary (nonlinear) code C ⊂ Fn2 is called an s-distance
code if the possible distances between two different words of the code take on s
different values, i.e.

{d(u, v) | u, v ∈ C, u 6= v} = {d1, d2, . . . , ds},

where 0 < d1 < d2 < · · · < ds ≤ n. Here d(u, v) denotes the Hamming distance
between u and v. A binary code of length n, cardinality M , and with distances
from the set D is called an (n,M,D)-code. If the cardinality is not specified,
we speak of an (n,D)-code. A natural problem is to determine the maximal
cardinality, denoted by A2(n,D), of a binary code of fixed length n and distances
in the set D.
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In a recent paper by Barg et al. [3] it was proved that

(1) A2(n, {d1, d2}) ≤
(
n

2

)
+ 1,

for n ≥ 6. There is no restriction on the distances d1 and d2. This bound is

achieved, e.g. we have A2(n, {2, 4}) =

(
n

2

)
+ 1 for all n ≥ 6 [1, 2]. The proof

of [3] is based on the idea to embed a binary code into a sphere Sn−1 and relate
its size to spherical two distance sets and spherical equiangular sets, using some
recently proved bounds.

For codes with more than two weights, we have the following general results.
Theorem 1 (Barg and Musin [4]). Let D = {d1, . . . , ds}, where

∑
i

di ≤

1

2
sn. Then

A2(n,D) ≤
s−2∑
i=0

(
n

i

)
+

(
n

s

)
.

Theorem 2 (Nozaki and Shinohara [5]). Let D = {d1, . . . , ds} and let

f(t) =
∏
i

di − t
di

=
s∑

k=0

fkφk(t),

where

φk(x) =

k∑
j=0

(−1)j
(
x

j

)(
n− x
k − j

)
, k = 0, . . . , n

are the Krawtchouk polynomials. Then

A2(n,D) ≤
∑
k:fk>0

(
n

k

)
.

Both results require some restrictions on the distances in the D. In this note,
we prove a bound on A2(n,D) without restriction on the distances in D.

2. The upper bound. Let C be a binary (n,M,D)-code with distances
0 < d1 < d2 < · · · < ds ≤ n. Consider the ring of polynomials R[x1, x2, . . . , xn]
over the field of the real numbers. Let us denote x = (x1, x2, . . . , xn). For a vector
v = (v1, v2, . . . , vn) over R, define the polynomial

Pv(x) =

s∏
i=1

(
di − (x,1)− (v,1) + 2(v,x)

)
.

Here (x,y) =
∑
i

xiyi is the usual dot product (over R) of x and y.
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Let us note that

2(v,x)− (x,1) = ±x1 ± x2 ± · · · ± xn,

where the sign of xi is “+” if vi = 1, and “−” if vi = 0. If we set

σv(j) =

{
0 if vj = 1,
1 if vj = 0,

we get

2(v,x)− (x,1) =
n∑
j=1

(−1)σv(j)xj .

For a vector v of Hamming weight dk, i.e. wt(v) = dk:

(2) Pv(x) =

s∏
i=1

di − dk +∑
j

(−1)σv(j)xj

 .

Lemma 3. Let u,v ∈ C. Then

Pu(v) =


s∏
i=1

di if u = v,

0 if u 6= v.

Proof. As usual, for the vectors u = (u1, . . . , un) and v = (v1, . . . , vn), we
define u ∗ v = (u1v1, . . . , unvn). Then we have

Pu(u) =

s∏
i=1

(di − (u,1)− (u,1) + 2(u,u))

=

s∏
i=1

(di − wt(u)− wt(u) + 2wt(u))

=

s∏
i=1

di,

and

Pu(v) =

s∏
i=1

(di − (u,1)− (v,1) + 2(u,v))

=

s∏
i=1

(di − wt(u)− wt(v) + 2wt(u ∗ v))

=

s∏
i=1

(di − d(u,v)).

Since d(u,v) = di for some i ∈ {1, . . . , s} we have Pu(v) = 0.
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Lemma 4. Let C be a binary code with distances 0 < d1 < · · · < ds ≤ n.
The polynomials in the set

{Pu(x) | u ∈ C}

are linearly independent.
Proof. Assume that

∑
u∈C

cuPu(x) = 0 for some real numbers cu, u ∈ C.

Plug in x = v for an arbitrary codeword v ∈ C. By Lemma 4, we get

0 =
∑
u∈C

cuPu(v) = cvPv(v) = cv

s∏
i=1

di.

This implies cv = 0 for all v ∈ C, which proves the Lemma.
Theorem 5. Let C ⊂ {0, 1}n be a binary code with distances 0 < d1 < · · · <

ds ≤ n. Then

|C| ≤
(
n+ s

s

)
.

Proof. Let V be the subspace of R[x1, . . . , xn] of all polynomials of degree
at most s, and U – the subspace spanned by {Pu(x) | v ∈ C}. Clearly U ⊆ V ,
whence dimU ≤ dimV .

By Lemma 4, dimU = |C|. On the other hand, V is spanned by the mono-
mials xα1

1 xα2
2 . . . xαn

n , where α1+α2+ · · ·+αn ≤ s. The number of the monomials
of degree j is equal to the number of the solutions of y1 + y2 + · · · + yn = j in

non-negative integers which is
(
n+ j − 1

j

)
. Thus

dimV =
s∑
j=0

(
n+ j − 1

j

)
=

(
n+ s

s

)
.

Now

|C| = dimU ≤ dimV =

(
n+ s

s

)
.

It should be noted that this bound has been proved in [6–8] for s-distance
sets on the Euclidean sphere. This result implies then Theorem 5. In the next
section, we give an improvement on the bound from Theorem 5.

Theorem 5 says that if C is a code with s distances, then |C| = O(ns). It has
to be noted that this bound is asymptotically tight in the sense that for every s
there exist codes of size ≈ cns for some constant c. An example is provided by
the code C consisting of all words of Hamming weight s. If u and v are two words
from C with wt(u ∗ v) = i, then d(u,v) = 2(s − i), where i ∈ {0, · · · , n − 1}.
Hence C is a code with s distances: 2, 4, · · · , 2s. If s is even, the zero word can
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be taken in C. This is an example of a code with size
(
n

s

)
+ ε, ε ∈ {0, 1}, which

is even optimal in many cases, e.g. for s = 2 (cf. [1–3,9]).
Note that the blocks of every design with s intersection numbers form a code

with s distances. In particular, quasi-symmetric designs give rise to codes with
two distances. If a 2-distance code has the additional property that there is a
word at equal distance from all codewords, then the construction described above
is the best possible. The following theorem is well-known [10] (Proposition 3.5).

Theorem 6. If a quasi-symmetric design does not contain repeated blocks,
then

b ≤ v(v − 1)

2
.

If we exclude the trivial examples, we have the following strengthening [10,
Proposition 3.6].

Theorem 7. Let D be a quasi-symmetric design without repeated blocks and

with 4 ≤ k ≤ v − 4. Then b ≤
(
v

2

)
with equality if and only if D is a 4-design.

In fact, up to taking the complement, there exists exactly one design for which
we have equality in the above theorem. This is the classical 4-(23, 7, 1)-design with
intersection numbers 1 and 3. Its blocks form a (23, 253, {8, 12})-code.

3. An improvement on the upper bound. The bound from Theorem 8
can be improved by inspecting more closely the dimension of the vector space U .
In what follows, let C be a binary code of length n with s distances: 0 < d1 <
· · · < ds ≤ n.

Consider the coefficient of the monomial x2α1
1 x2α2

2 · · ·x2αn
n in the polynomial

Pv(x), where wt(v) = dk for some k. If t =
∑
i

αi, then 2t ≤ s. From (2) we can

deduce that this coefficient is equal to(
2t

2α1

)(
2t− 2α1

2α2

)
· · ·
(
2t− 2α1 − · · · − 2αn−1

2αn

)
×

∑
{i1,··· ,is−2t}

(di1 − dk)(di2 − dk) . . . (dis−2t−dk),

where the sum is taken over all (s − 2t)-tuples of indices i1, · · · , is−2t contained
in {1, · · · , s}. Thus the coefficients of x2α1

σ(1)x
2α2

σ(2) · · ·x
2αn

σ(n) are the same for all
permutations σ of {1, · · · , n}.

This implies the following improvement for the bound of Theorem 5.
Theorem 8. For every binary code C of length n with s distances, it holds

|C| ≤
(
n+ s

s

)
−
∑
t:2t≤s

((
t+ n− 1

t

)
− p(t)

)
,

where p(t) is the number of the partitions of t.
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Proof. Two solutions (αi) and (βi) of the equation

(3) y1 + · · ·+ yn = t, yi ≥ 0

are said to be equivalent if one of them is a permutation of the other, i.e. βi = ασ(i)
for some permutation σ. The number of the equivalent classes is equal to p(t),
the number of partitions of t.

From our preliminary observation before the theorem we have that for the
equivalent solutions (αi) and (βi) the coefficients of x2α1

1 x2α2
2 · · ·x2αn

n and
x2β11 x2β22 · · ·x2βnn are equal in every polynomial Pv(x).

Let U and V be the same as in Theorem 8. We have V = V1 ⊕ V2, where

V1 = 〈xα1
1 · · ·x

αn
n | αi even for all i〉,

V2 = 〈xβ11 · · ·x
βn
n | at least one βi odd 〉.

Let Ui = Vi ∩ U . We have proved that we have that

U1 ⊆

〈∑
α

xα α runs over all classes of equivalent solutions of (3)

〉
.

Now we have

dimV2 = dimV − dimV1

=

(
n+ s

s

)
−
∑

t:t≤s/2

#(solutions of (3))

=

(
n+ s

s

)
−
∑

t:t≤s/2

(
t+ n− 1

t

)
.

On the other hand,

dimV1 ≤
∑

t:t≤s/2

#(equivalence classes of solutions of (3)) =
∑

t:t≤s/2

p(t).

Now

dimU = dimU1 + dimU2

≤ dimV1 + dimV2

=
∑

t:t≤s/2

p(t) +

(
n+ s

s

)
−
∑

t:t≤s/2

(
t+ n− 1

t

)
,

which was to be proved.
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