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Abstract

The current research presents novel and hybrid method to tackle com-
plex nonlinear Partial Differential Equations (PDEs) by combining Radial Ba-
sis Function Neural Networks (RBFNNs) with a powerful hybrid optimization
technique. RBFNN is used to generate data from the PDEs. A hybrid Chaotic
Enriched Crayfish Optimization (HCE_CO) algorithm is utilized to optimize
the RBFNN. The algorithm combines multiple optimization strategies, includ-
ing Chimp Optimization Algorithms and Crayfish Optimization Algorithms.
The RBFNN is trained to minimize the difference between its predictions and
the actual numerical solutions by loss function. The HCE_CO algorithm ad-
justs the RBFNN’s parameters, such as weights, biases, batch size, epochs, and
number of hidden layers, to improve its accuracy. By comparing the RBFNN’s
predictions to numerical solutions, we found that our model achieved a Mean
Absolute Error (MAE) of 7.464%, which is lower than that of previous methods.
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1. Introduction. Partial Differential Equations (PDEs) have gained signif-
icant attention in nonlinear science and engineering. These equations are used
across various mathematical and scientific disciplines to model a broad spectrum
of phenomena. Applications are numerous and include fields like chemical physics,
hydrodynamics, solid-state physics, fluid mechanics, computational biology, image
processing, quantum mechanics, chemical kinematics, fluid dynamics, ocean engi-
neering, and hydrodynamics [1–3]. Diffusion equations are a distinguished class
of nonlinear PDEs that provide information about the collective motion of small-
scale particles inside materials [4, 5], which is caused by the random motions of
individual particles. The important real-world scenarios that this modelling skill
extends to include flood routing, oil pollution, biological systems, chemical reac-
tions, water flow, and environmental contamination.

Even with their effectiveness, solving a variety of PDEs analytically is still
very difficult. Many examples, especially in the engineering and applied sciences,
provide situations in which analytical methods are either non-applicable or ex-
tremely complicated. Numerical and approximate methods have been essential
tools in addressing the challenges of solving complex problems [6–8]. Rational
function approximations, a core concept in applied mathematics, have found ap-
plications in fields like chemistry, engineering, and physics. Radial basis function
networks (RBFN) are a powerful technique for function approximation and PDE
resolution [9–11]. By adjusting weights and centres of radial basis functions,
RBFN can accurately approximate functions and PDE solutions. This method
offers efficient and cost-effective solutions for complex nonlinear PDEs. RBFNs
are valuable tools in mathematical modelling and problem-solving, contributing
to progress in various scientific and technical fields [12, 13].

Heuristic methodologies developed to solve the most complex problems within
the past decades include Artificial Bee Colony, Simulated Annealing (SA), Ge-
netic Algorithm (GA) [14], Evolution Approaches with Covariance Matrix Adap-
tation, Particle Swarm Optimization (PSO) [15], and VIM based fractional gra-
dient approach. Different kinds of differential equations have been effectively
solved by heuristics. Osman et al. [16] have discussed the PDE Fuzzy Method for
Linear-Nonlinear Systems. Two techniques – fuzzy modified Laplace decomposi-
tion method (MLDM) and fuzzy Adomian decomposition technique are presented
to address fuzzy fractional Navier–Stokes problems in a tube under fuzzy partial
derivatives. Chakraverty and Mall [17] have introduced the regression-based
weighted single-layer Chebyshev neural network (ChANN) model for nonlinear or-
dinary differential equation solutions. They presented the construction of a novel
single-layer functional link neural network model, known as the ChANN, for man-
aging normal differential equations utilizing regression-based weights. Zhang et
al. [18] have utilized the Bilinear Neural Network Method, to solve n-PDEs in-
volving breathers, fractals, and exact periodic waves.
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The authors in [19] have suggested a technique for determining the inverse
mapping of an n-PDE and systems of n-PDEs. The authors utilized extraordi-
nary learning devices for n-PDE computational solutions and bifurcation study.
In the estimation of steady-state case of non-linear PDEs, they introduced an
Extreme Learning Machines (ELMs) and collocation-based machine learning nu-
merical approach. By utilizing the capacity of ELMs to approximate functions
universally, the numerical scheme circumvents the need for computationally in-
tensive and frequently unreliable training phase processes associated with other
ANN models [20]. Our main goal is to introduce a pioneering framework using
Radial Basis Function Neural Networks for solving nonlinear partial differential
equations like the Allen–Cahn, Cahn–Hilliard.

2. Materials and methods. Nonlinear partial differential equations (PDEs)
are fundamental to many fields, but finding exact solutions is often difficult or re-
quires oversimplifying assumptions. As a result, numerical methods are commonly
used to approximate solutions. While traditional numerical methods are useful,
they can struggle with complex systems like those with dynamic microstructures
or intricate fluid behaviour. To overcome these challenges, this research proposes
a novel framework using radial basis function neural networks (RBFNN). RBFNN,
a type of artificial neural network, provides a unique approach to solving PDEs.
The proposed single-layer RBFNN method aims to solve Allen–Cahn and Cahn–
Hilliard equations with accuracy and efficiency, offering a promising alternative
to traditional numerical methods.

2.1. Problem formulation. In this study we consider two partial differen-
tial equations:

2.1.1. Allen–Cahn (AC) equation. In materials science, the Allen–Cahn
equation serves as a valuable tool for investigating microstructure evolution. This
mathematical model, classified as a diffusion nonlinear partial differential equa-
tion, simulates phase separation processes in materials. It characterizes the tem-
poral and spatial progression of a scalar order parameter u(x, t) offering insights
into the dynamics of material transformations. AC equation can be expressed as

(1)
∂u

∂t
= ε2∇2u− f(u),

where ∇2 is the Laplacian operator, ε is a tiny positive constant interface width,
and u(x, t) is the order parameter.

2.1.2. Cahn–Hilliard (CH) equation. The Cahn–Hilliard equation is
another model used to study phase separation. Unlike other diffusion models, it
considers interfacial energy between different phases. This equation is particularly
useful in materials science and engineering to understand phase separation in
binary fluid systems. It allows researchers to simulate the complex behaviour of
materials like polymers and alloys. The evolution in time and space of a scalar
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order parameter u(x, t) is designated by the Cahn–Hilliard equation

(2)
∂u

∂t
= ε2∇2u−∇u− u3 + u.

2.2. Radial basis function neural network (RBFNN). This section
introduces a single-layer RBFNN to solve complex nonlinear PDEs. RBFNNs em-
ploy Gaussian basis functions to directly map input vectors into a hidden space,
bypassing the need for weight connections. The network linearly transforms the
hidden layer space into the output layer space, where parameters control the
weighted summation of hidden layer outputs. The RBFNN is extensively used in
a wide range of areas, including pattern classification and function approximation.
In addition to their simple construction, they are highly regarded for their excep-
tional resistance to input noise, as well as their simplicity and ease of training.
The RBFNN architecture is depicted in Fig. 1.

Fig. 1. Layered architecture of the RBFNN model

An input-output data set is assumed in order to design the RBF network’s
training issue

(3) (xi, yi), i = 1, 2, . . . ,K,

where xi ∈ RN , yi ∈ R, and K denotes the total number of samples. The purpose
of the training procedure is to produce an approximation function f : RN → R, so
that every input generates an equivalent target output. With reference to Fig. 1,
the hidden units implement the RBF function φj , j = 1, 2, . . . , L. The thin plate
spline function is utilized by φ(v) = v2 log(v).
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The activity of the lth unit is denoted by v1(x(k)), which is defined as

(4) v1(x(k)) = ∥x(k)− cl∥2 =

√√√√ N∑
i=1

(xi(k)− ci,l)2, k = 1, 2, . . . ,K,

where the k input vector is represented by x(k) and cl represents the centre vector
of the lth RBF unit. The ith input receives the output of the jth hidden unit, which
is

(5) hj,i(xi) = φj(∥xi − cj∥2).

The output of RBFN for each case of input, i = 1, 2, . . . ,K is defined as

(6) ŷi(xi) =
L∑

j=1

wjφj(xi, cj).

The synaptic weights are determined by addressing a linear least squares problem
when the RBF centres have been identified

(7) w = (φTφ)−1φT y.

Here y is a vector holding all of the target values and φ is a matrix holding
the actions of each hidden layer to all input vectors. The hyper parameters like
batch size, epoch and number of hidden layers are optimized using the HCE_CO.
HCE_CO then uses this information to search the space of hyperparameters and
find the configuration that maximizes the fitness function.

2.2.1. Hybrid Chaotic Enriched Crayfish optimization (HCE_CO)
algorithm. The algorithm starts with the definition of the crayfish colony X
to represent the features of swarm intelligence optimization. The position of the
crayfish, denoted by Xi, suggests a solution known as the fitness value. The
investigation and exploitation of COA are governed by temperature, a random
variable that represents the local temperature, where the subject is situated. For
COA, the competition stage is beginning when the temperature rises too much.
Eq. (8) illustrates how the COA algorithm is initialized.

(8) X = [X1, X2, . . . , XN ] =


X1,1 . . . X1,j . . . X1,dim

...
. . .

...
. . .

...
Xi,1 . . . Xi,j . . . Xi,dim

...
. . .

...
. . .

...
XN,1 . . . XN,j . . . XN,dim


N×m

,

where Xi,j is the location of the crayfish i in the j dimension, N is the total
population, dim is its dimension, and the value of Xi,j is derived from Eq. (11)

(9) Xi,j = lbj + (ubj − lbj)× rand,
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where rand is a random integer, lbj denotes the lower bound of the jth dimension,
and ubj denotes the upper bound. The crayfish is going to experience distinct
stages due to temperature changes, which may affect their behaviour. Eq. (10) is
the definition of temperature

(10) temp = rand× 15 + 20.

The mathematical model of the crayfish is given by

(11) p = C1 ×
(

1√
2× π × σ

× exp

(
−(temp− µ)2

2σ2

))
.

The presence of rand ≥ 0.5 and temp > 30 indicates the interest of other crayfish
in the cave. They will now engage in combat to take the cave. The crayfish uses
Eq. (12) to compete for the cave.

(12) Xt+1
i,j = Xt

i,j −Xt
z,j +Xshade.

The random individual of crayfish

(13) z = round(rand× (N − 1)) + 1.

Crayfish compete with one another at the Competition stage, and crayfish Xi

modifies their position in response to another crayfish’s position (Xz). Position
adjustments increase the search area of COA and improve the algorithm’s explo-
ration capability.

The concept of a food establishment can be mathematically modelled using
the driving and chasing the prey phase of the Chimp optimization algorithm
(ChOA) which is a metheuristic algorithm.

Xfood = XG − a · d,(14)
d = |c ·Xfood −m ·Xt

i,j |.(15)

In this case, t denotes the number of iterations remaining, a, m, and c are the
coefficient vectors, Xfood is the position of the prey, and Xt

i,j is the crayfish location
vector. We compute the a, m, and c vectors by a = 2·fitnessfood·rand1−fitnessfood,
c = 2 · rand2, m = Chaotic value.

This involves the iterative reduction of fitnessfood from 2.5 to 0 in a non-
linear fashion (during both phases). The random vectors in the interval [0, 1] are
rand1 and rand2. Lastly, m is a chaotic vector that was computed using a variety
of chaotic maps; it illustrates the impact of chimpanzees’ sexual desire on the
hunting process. The food size Q is defined as:

(16) Q = C3 × rand×
(

fitnessi
fitnessfood

)
,
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where the value of C3, the food factor that represents the more food, is always
equal to 3. The fitness value of the ith crayfish is represented by fitnessi, and
the fitness value of the food location is represented by fitnessfood. The largest
food serves as the basis for the crayfish’s estimation of food size. Q > (C3 + 1)/2
indicates an excessively large serving of food. Now, the crayfish may rip the food
with its first claw foot. Mathematically

(17) Xfood = exp

(
− 1

Q

)
×Xfood.

There is a connection between the amount of food consumed and the food that
crayfish obtain, thus the formula for foraging is as follows:

(18) Xt+1
i,j = Xt

i,j +Xfood × p× (cos(2× π × rand)− sin(2× π × rand).

The crayfish only needs to approach and consume the food when Q ≤ (C3+1)/2;
the equation is as follows:

(19) Xt+1
i,j = (Xt

i,j −Xfood)× p+ p× rand×Xt
i,j .

The algorithm’s exploitation and convergence skills enhance as COA gets closer
to the optimal solution during the foraging phase.

3. Result and discussion. This section compares the outcomes of the sug-
gested model with the methods currently in use. The Python platform is used
to carry out the implementation. Since the RBFNN approach is meshfree, there
is no need to create a mesh throughout the PDE’s domain. The metric values
obtained for the proposed model are compared with the existing techniques like
Long Short-Term Memory, ANN [20], BNNM [18], and ChANN [17]. The com-
parison in performed in terms of MAE, MSE, RMSE, correlation and MARE. The
comparison is shown in Table 1.

Table 1 presents a comparison of Proposed RBFNN method, LSTM, ANN [20],
BNNM [18], and ChANN [17], using various evaluation metrics. The RBFNN tech-
nique demonstrates superior performance with the lowest values for MAE, MSE,
and RMSE at 7.464, 89.793, and 10.422, respectively. Additionally, it achieves a

T a b l e 1

Comparison of performance metrics for proposed model and existing techniques

Techniques MAE MSE RMSE Correlation MARE
Proposed RBFNN 7.464 89.793 10.422 0.962 0.242
LSTM 8.389 105.812 11.483 0.936 0.264
ANN [20] 7.852 99.58 10.887 0.885 0.816
BNNM [18] 8.15 111.364 11 0.944 0.96
ChANN [17] 10.114 145.368 12.081 0.868 1.114
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Fig. 2. Plots of metric performances

remarkably high correlation coefficient of 0.962, indicating a strong positive linear
relationship between predicted and actual values. The MARE of RBFNN method
is also the lowest among the listed techniques at 0.242, suggesting that the average
% discrepancy between the expected and actual results is really small as seen in
Fig. 2. The proposed RBFNN method emerges as the most effective based on
the provided metrics, offering lower errors and a stronger correlation with actual
values. Ultimately, the appropriate strategy to choose relies on the particular
objectives and application requirements.

4. Conclusion. This study presents a novel approach for solving n-PDEs
using RBFNNs coupled with a hybrid optimization technique. The RBFNN ar-
chitecture, comprising an input layer, hidden layer with radial basis functions,
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and output layer, effectively approximates solutions by converting the equation
system into the network’s output layer. The primary contribution of this study
lies in the incorporation of the HCE_CO algorithm, which combines ChOA and
COA, enhancing RBFNN training through weight and bias adjustments, as well
as optimization of hyper parameters such as batch size, epochs, and hidden layers.
The carefully crafted loss function quantifies the difference between the RBFNN
predictions and actual solutions, ensuring precise model training. The effective-
ness of the method was demonstrated through evaluation, achieving an MAE of
7.464%, which surpasses existing techniques in terms of accuracy. This under-
scores its potential to advance n-PDE solution methodologies, offering a robust
and efficient framework that outperforms conventional approaches. The combina-
tion of hybrid optimization and adaptable RBFNNs presents a promising strategy
for tackling complex nonlinear problems across various scientific and engineering
problems.
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