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Abstract

Path following control is important in order to realize autonomous driving
of robotic vehicles. The need to move automated cars in cluttered environments,
as well as parking in tight places, often leads to following complex reference
paths with small radius of curvature, which can be implemented successfully
by vehicles with increased manoeuvrability, such as the four-wheel steering
(4WS) cars. This paper proposes a feedback path control law for a bi-steerable
car (4WS vehicle where the steering angle of the rear wheels is a function
of the steering angle of the front one). First, kinematic model of the car in
error coordinates expressed in a moving reference frame, which is partially
linked to the vehicle is derived. The control law is constructed using Lyapunov-
based control design techniques, yielding asymptotic stability of the closed-loop
system in error coordinates. Simulation results illustrate the effectiveness of the
proposed controller.

Key words: bi-steerable car, kinematic model, path following, Lyapunov-
based control design

1. Introduction. The control of automated vehicles has been subject of re-
search interest for more than two decades [1–4]. Path following is one of the basic
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tasks, which has to be fulfilled in order to achieve vehicle’s autonomous driving
capability [5]. The nonlinear behaviour and nonholonomic nature of the vehicles
render the path following control a challenging task. The need to move automated
cars in cluttered environments, as well as parking in tight places, poses challenges
to perform manoeuvres in a confined space and achieve a path with a smaller
turning radius. In order to obtain enhanced manoeuvrability, one solution which
becomes increasingly relevant is a car with four steering wheels [6]. In recent years,
there has been considerable effort in the development of tracking controllers for
automated vehicles with four steering wheels (4WS), which possess the ability to
steer both the front and the rear wheels. A particular type of 4WS vehicles is the
so-called “bi-steerable” car, which is designed such that the front and rear wheels
are steered opposite to each other, so that the steering angle of the rear wheels
is a function of the steering angle of the front wheels [7]. The capability to steer
both front and rear wheels (double steering mode) achieves small turning radius
and increases the car manoeuvrability, and is employed mainly at low speed ma-
noeuvres. Several control strategies have been reported in the literature for path
following of bi-steerable vehicles, including sliding mode [8] and geometrical pure
pursuit tracking method [9]. In this paper, we propose a path following controller
for a bi-steerable car. The path following error kinematics is derived with respect
to a reference coordinate system attached to the reference path. The control law
is constructed using a Lyapunov-oriented control design technique. Asymptotic
stability of the closed-loop subsystem for the car lateral and orientation errors is
achieved. Simulation results are presented in order to illustrate the effectiveness
of the proposed controller.

2. Bi-steerable car model and problem formulation. 2.1. Bi-
steerable car kinematic model. A schematic illustration of the bi-steerable
vehicle geometry in the plane is shown in Fig. 1. To simplify the derivation of
the kinematic vehicle kinematic model, we use a planar bicycle car model, where
two virtual wheels are located at the mid-points of the car’s front and rear wheel
axles (Fig. 1). It is assumed that they comply with the condition of pure rolling
without slipping.

In order to describe the position and the orientation of the car in the plane,
the following coordinate systems are assigned (Fig. 1): Fxy – inertial (global)
coordinate system in the plane of motion; Sxy and Pxy – body-fixed coordinate
systems with centres placed at the mid-points of the front and rear car axles;W1xy
andW2xy – wheel coordinate systems with centres placed at the mid-points of the
front and rear car axles and oriented in the direction of the front and rear virtual
wheels, respectively; Rxryr – moving reference coordinate system, partially linked
to the car, such that the xr axis is tangent to the reference path and orinted in
the direction to follow, and the yr axis passes through the reference point S of the
car.

Throughout this paper, the following notations are used:
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Fig. 1. Schematic diagram of the bi-steerable car in the
plane and the corresponding bicycle model

• F rH =

[
xH

yH

]
∈ R2 indicates the position vector of the coordinates of a

point H with respect to the global coordinate system Fxy;

• F vH =

[
ẋH

ẏH

]
∈ R2 indicates the velocity vector of a point H with respect

to the global coordinate system Fxy;

• GvH =

[
GvHx
GvHy

]
∈ R2 indicates the velocity vector of a point H with

respect to the global coordinate system Fxy expressed in a body-fixed coordinate
system Hxy;

• GRH(θ) =

[
cos θ − sin θ

sin θ cos θ

]
∈ SO(2) represents an orthogonal rotation

matrix of angle θ, where H and G stand for the beginning and destination coor-
dinate frames, respectively;

• S(ωH) =

[
0 −ωH

ωH 0

]
∈ SS(2) represents a skew-symmetric matrix,

where ωH is the angular velocity of a rotating frame Hxy with respect to the
global coordinate system Fxy.

The following parameters and variables of the car and the reference path are
defined as follows: l is the distance between the front and rear wheel axles; ϕ is the
orientation of the car with respect to Fxy; β, δ(β) is the orientation of the front
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and rear virtual steering wheels with respect to body-fixed coordinate frames Sxy
and Pxy, respectively; ϕr is the orientation of the reference coordinate system
Rxryr with respect to Fxy.

In the inertial frame Fxy, the system configuration can be described by the
following generalized coordinates

(1) q = [xs, ys, ϕ, β]
T ∈ R4.

The kinematic nonholonomic constraints arising from the pure rolling without
slipping condition of the front and rear car wheels, can be expressed in local wheel-
fixed coordinate frames W1xy and W2xy, as follows

(2) W1vW1y = 0; W2vW2y = 0.

In order to obtain expressions of the nonholonomic constraints, in terms of the
generalized velocities q̇ = [ẋS , ẏS , ϕ̇, β̇]

T , the velocity of pointsW1 andW2 relative
to the inertial coordinate system Fxy and expressed in frames W1xy and W2xy,
respectively, are sequentially determined. First, it should be noted that, since the
centres of the coordinate systems Sxy and W1xy coincide, the velocities of points
S and W1 are the same, i.e., SvS = SvW1 . Rotation matrices SRW1(β) ∈ SO(2)
and FRS(ϕ) ∈ SO(2) are used to obtain relationships between the components of
the velocity of point W1 and S in coordinate systems Sxy and Fxy as

(3) SvW1 = SRW1(β)
W1vW1 ;

F vS = FRS(ϕ)
SvS .

Using (3), we obtain expressions for the components of the velocity of point
W1 expressed in the frame W1xy, as follows

(4)

W1vW1 = SR−1
W1

(β)FR−S (ϕ)
F vS

=

[
ẋS cos(ϕ+ β) + ẏS sin(ϕ+ β)

−ẋS sin(ϕ+ β) + ẏS cos(ϕ+ β)

]
.

With respect to the rear virtual steering wheel, it should be also noted that,
since the centres of the coordinate systems Pxy and W2xy coincide, the ve-
locities of points P and W2 are the same, i.e., P vP = P vW2 . Furthermore,
SvP = P vP , because the body-fixed frames Sxy and Pxy are stationary relative
to each other and have mutually parallel axes (Fig. 1). The following expression,
as well as rotation matrices PRW2(δ(β)) ∈ SO(2) and FRS(ϕ) ∈ SO(2) are used
to obtain relationships between the components of the velocity of point W2 and
P in coordinate systems Pxy and Fxy

(5)
SvP = SvS + S(ωS)

Sl

P vW2 = PRW2(δ(β))
W2vW2 ;

F vP = FRP (ϕ)
P vP

′ ,
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where Sl = [−l 0]T ∈ R2 and ωS is the angular velocity of the car with respect to
inertial frame Fxy.

Using (5), we obtain expressions for the components of the velocity of point
W2 expressed in the frame W2xy, as follows

(6)

W2vW2 = PR−1
W2

(δ(β))[FR−1
S

F vS + S(ωS)
Sl

=

[
ẋS cos(ϕ+ δ(β)) + ẏS sin(ϕ+ δ(β))− lϕ̇ sin(δ9β))

−ẋS sin(ϕ+ δ(β)) + ẏS cos(ϕ+ δ(β))− lϕ̇ cos(δ9β))

]
.

The two nonholonomic constraints (2) are obtained from the fact that the
wheels move without lateral sliding in lateral direction. They are derived from
the y-component of W1vW1 and W2vW2 in (4) and (6), respectively, which are equal
to zero. The constraints on the generalized velocities q̇ can be written in matrix
form as

(7) N(q)q̇ = 0,

where

(8) N(q) =

[
− sin(ϕ+ β) cos(ϕ+ β) 0 0

− sin(ϕ+ δ(β)) cos(ϕ+ δ(β)) −lϕ̇ cos(δ(β)) 0

]
∈ R2×4.

The car has two degrees-of-freedom in the plane. The system (7) can be
converted in an affine driftless control system

(9) q̇ = C(q)ς,

where

(10) C =


cos(ϕ+ β) 0

sin(ϕ+ β) 0

sin(ϕ− δ(β))
cos(δ(β))

0

0 1

 ,

and

(11) ς =

[
v
ω

]
∈ R2×1

is a vector of independent quisi-velocities, where v = W1vW1x and ω = β̇ denote
the linear and angular steering velocities of the front steering wheel.
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We define a new variable ϕβ
def
= ϕ+ β. In the new coordinate variable, the

system (9) is obtained in the form

(12) q̇β = Cβ(qβ)ς,

where

(13) Cβ(qβ) =


cosϕβ 0

sinϕβ 0

sin(ϕ− δ(β))
cos(δ(β))

0

0 1

 ,

and qβ = [xs, ys, ϕβ, β]
T ∈ R4.

2.2. Problem formulation. The path following geometry used in this paper
is presented in Fig. 1. A reference coordinate frame Rxryr is defined such that the
xr axis is tangent to the path and oriented in the direction of motion to follow.
The yr axis passes through the reference point S of the car. It is supposed that
the distance between the points S and R is smaller than the reference curvature
radius ρr in point R, which ensures that the reference frame Rxryr is uniquely
defined.

The coordinates and orientation of the car in the reference coordinate frame
Rxryr are [10,11]

(14)

 xe
ye
ϕβe

 =

 cosϕr sinϕr 0
− sinϕr cosϕr 0

0 0 1

 xs − xr
ys − yr
ϕβ − ϕr

 .
Differentiating (14) and taking into account the nonholonomic constraints

(2), after some work, the error kinematics of the car is obtained in the form

(15)

ẋe = −vr + v cosϕβe + ωrye

ẏe = v sinϕβe

˙ϕβe = −ωr + ωβ

,

where ωr = ϕ̇r, ωβ = ϕ̇β , and vr is the velocity of the centre R of the reference
frame Rxryr.

It is assumed that the car velocity v is bounded and does not converge to zero,
i.e., 0 < v ≤ vmax. Since the reference frame Rxryr is partially linked to the car
(the yr passes through the reference point S of the car), from the first equation
of (15) it follows that xe = ẋe ≡ 0, and using the relationship ωr =

vr
ρr

= vrcr,

where ρr and cr are the curvature radius and the curvature of the reference path
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at point R, respectively, the following relationships are obtained for the linear and
angular velocity of the reference frame, as follows

vr = v
cosϕβe
1− crye

,(16)

ωr = v
cr cosϕβe
1− crye

.(17)

Finally, using (15), (16), (17) and the last two equations of (12), the error
kinematics for path following applications is derived in the form

(18)

ẏe = v sinϕβe

ϕ̇βe = −v
cr cosϕβe
1− crye

+ v
sin(β − δ(β))
l cos(δ(β))

+ ω

β̇ = ω

.

In this case, using the parameterization (ye, ϕβe) and given a reference path,
the path following problem consists of finding a feedback control ω = f(v, ye, ϕβe,
cr) for the first two equations of system (18), such that

(19)
limt→∞ ye(t) = 0

limt→∞ ϕβe(t) = 0
.

3. Control design and stability analysis. 3.1. Lyapunov-based path
control design. In this section, we present a feedback path following controller
for a bi-steerable car, described by (18). We propose a control law design based
on a reduced-order model consisting of the first two equations of (18) rewritten
bellow for the clarity of exposition, i.e.

(20)
ẏe = v sinϕβe

ϕ̇βe = −v
cr cosϕβe
1− crye

+
sin(ϕ− δ(β))
cos(δ(β))

+ ω
.

The control objective is to regulate the state (ye, ϕβe) to zero. To facilitate
the subsequent control design, we consider the following change of coordinates

(21)
z1 = ye

z2 = sinϕβe
.

We also define a new input variable

(22) w =

(
−v

cr cosϕβe
1− crye

+ v
sin(ϕ− δ(β))
l cos(δ(β))

+ ω

)
cosϕβe.
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The advantage of this transformation is that it easily leads to Lyapunov
control design. In the new coordinates (21) and input (22), the system (20) takes
the form

(23) ż1 = vz2

ż2 = w
.

We chose the following Lyapunov function candidate

(24) W =
1

2
z2

1 +
1

2
(k1z1 + z2)

2,

where k1 is a positive gain. The derivative of (24) is obtained in the form

(25) Ẇ = vz1z2 + (k1z1 + z2)(k1vz1 + w).

By choosing the control input w in the form

(26) w = − k1vz2 − vz1 − k2v(k1z1 + z2),

where k2 is a positive gain, we obtain the derivative of W as follows

(27) Ẇ = −vk1z
2
1 − k2v(k1z1 + z2)

2 < 0.

The resulting closed-loop system is obtained in the form

(28) ż1 = vz2

ż2 = −v(1 + k1k2)z1 − v(k1 + k2)z2
.

3.2. Stability analysis. The proof of the stability of the closed-loop system
(28) is based on Lyapunov-like analysis. We now summarize our stability result
in the following Proposition.

Proposition 1. Assume that the car velocity v(t) and its derivative v̇ are
bounded differentiable functions, and v does not tend to zero as t → ∞, then the
control (26) asymptotically stabilizes the system (23).

Proof. The function (24) is positive-definite radially unbounded and its time
derivative (27) along the trajectories of (28) is negative definite. Therefore, V is
non-increasing (W (t) ≤ W (0)), and this in turn implies, that z1(t) and z1(t)
are bounded. Since v(t) is bounded continuous function, and its derivative is
bounded, v(t) is uniformly continuous. Thus, Ẇ is uniformly continuous (W (t) is
lower-bounded), since its derivative is bounded, and by application of Barbalat’s
Lemma [12], it follows, that Ẇ (t) → 0 as t → ∞. From the expression for Ẇ
(27), it follows that vz1(t) → 0 and v(k1z1(t) + z2(t)) → 0, as t → ∞. In view
of the last expression, since z1(t)→ 0, it follows that z2(t)→ 0, as t→∞. From
the first equation of (28), it follows that ż1(t) → 0, as t → ∞, since z2(t) → 0
and v(t) does not tend to zero. From the second equation of (28), it follows that

C. R. Acad. Bulg. Sci., 78, No 3, 2025 435



ż2(t) → 0, as t → ∞, since z1(t) → 0 and z2(t) → 0, and v(t) does not tend to
zero. This completes the proof.

It should be noted that from (26), it follows that the control w is bounded,
since v(t), z1(t) and z2(t) are bounded.

The next step in the stability analysis is to establish that β is bounded.
Defining z3 = β, and the same control (26) designed for the second-order error
dynamics (23) is applied to the third equation of (18), leads to the first-order
internal dynamics given by

(29) ż3 =
−k1vz2 − vz1 − k2v(k1z1 + z2)

cos(arcsin z2)
+ v

xr cosϕβe
1− crz1

− v sin(β − δ(β))
l cos(δ(β))

.

To study the stability of the internal dynamics of the closed-loop system,
we analyse the so-called zero dynamics of z3. The zero dynamics is defined as
ż3 = f(z1, z2, z3) = f(0, 0, z3). Provided that this dynamics is asymptotically
stable, the proposed control will stabilize the overall closed-loop system (28).
Letting z1(t) ≡ 0 in (29) and z3(t) 6= 0, the following equation for the zero
dynamics is obtained

(30) β̇ = vcr − v
sin(β − δ(β))
l cos(δ(β))

.

For brevity of exposition, we will provide stability analysis in a particular
case, when the car follows a rectilinear path (cr = 0) with constant velocity
v = vc = cte. We also specify δ(β) = −kβ, 0 < k ≤ 1, where k is the rear-to-
front steering angle ratio. In this case equation (30) for the zero dynamics takes
the form

(31) β̇ = −vc
sin(β + kβ)

l cos(δ(β))
.

Proposition 2. Consider the dynamics (31) and assume that for all t ≥ 0,
0 < vc and 0 < k ≤ 1, then the zero dynamics of z3

∆
= β is asymptotically stable.

Proof. Consider a Lyapunov function candidate

(32) V = 1− cos(kβ).

The derivative of (32) along the solutions of (31) is

(33)
V̇ = −kvc

l

sin(kβ) sin[(k + 1)β]

cos(kβ)

= −kvc
2l

cosβ − cos[(2k + 1)β]

cos(kβ)
< 0.
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Fig. 2. (a) Following a circular path: The path drawn by the car reference point S (red
line), the rear point P (blue line) and the point R of reference path (green dashed line); (b)
Evolution in time of the front steering angle β(t) (red line) and rear steering angle δ = −kβ

(blue line)

Since cosβ − cos[(2k + 1)β] > 0 for k > 0, the derivative of V is negative
definite for k > 0. Hence, the zero dynamics is asymptotically stable. This
completes the proof.

Therefore, the proposed feedback control stabilizes the overall third-order
system.

4. Simulation results. Simulation results were performed to verify the
functionality and illustrate the effectiveness of the proposed path following con-
troller. The algorithm developed in Section 3 was implemented in MATLAB. A
circular reference path with radius ρr = 5 m was chosen for the simulations. The
wheel base of the car was chosen to be l = 2 m, and the rear-to-front steering angle
ratio k = 0.7. The controller parameters were specified as k1 = 4, k2 = 0.2. The
time-varying linear car velocity was set to be v = 2+ sin(0.8 ∗ t) m/s. The initial
conditions for the tracking errors were set to be ye(0) = −1 m, ϕβe(0) = π/4 rad
and β(0) = 0 rad.

Simulation results of the planar car path in the x−y plane traced by the
front reference point S (red line), as well as rear point P (blue line) and point R
associates with the reference path (green dashed line), are shown in Fig. 2a. It
can be seen that the path drawn from the front axle centre point S (red line),
which is the reference point of the bi-steerable car, asymptotically approaches
the reference circular path (green dashed line), and it takes about 5 s before the
reference path is successfully tracked. The trajectory of the rear centre point P
(blue line) in steady-state is similar to those of point S. The smaller turning
radius of 4.93 m or 0.07 m difference compared to the turning radius of 5 m of the
front axle centre point S, is due to the fact that rear-to-front steering angle ratio
k = 0.7 is smaller than 1. It is to note that, in the case of symmetric steering
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Fig. 3. (a) Evolution in time of the error coordinates: the lateral error ye(t) (red line) and
orientation error ϕβe(0) (green line); (b) Evolution of time of the control input ω(t) (steering

angular velocity) of the front steering wheel

β = −δ (k = 1), during the vehicle motion along a circular reference path, at
steady-state, the rear centre axle point P will follow exactly the same path of the
reference front axle centre point S, i.e., the two points will draw concentric arcs
of circles of same radii. Therefore, when using front and rear wheel steering, the
turning capabilities of the car are improved considerably The evolution of the front
and rear steering angles β (red line) and the rear steering angle δ = −0.7β (blue
line) with respect to time t, are presented in Fig. 2b. At steady-state, the front
wheel steering angle β is approximately 0.238 rad (13.6 deg), whereas the rear
wheel steering angle δ is equal to −0.167 rad (−9.5 deg). From the simulation,
it can be seen that front wheel steering angle, (as well as the rear wheel steering
angle) is bounded and asymptotically converges to finite value, when the car
reaches the circular reference path, which confirm that the zero dynamics of the
system is asymptotically stable, and this is in conformity with Proposition 2 in
Section 3. The evolution of the lateral and orientation error coordinates ye(t)
(red line) and ϕβe(t) (green line) with respect to time t, are given in Fig. 3a. It
can be seen that the tracking errors converge asymptotically to zero, which is in
conformity with Proposition 1 in Section 3. Time-domain variation of the control
input ω(t) (steering angular velocity) of the front steering angle, is shown in Fig.
3b. It can be observed that the control is bounded and after approximately 5 s its
value approaches zero, since the automated car tracks a circular reference path.
Simulation results demonstrate the ability of the controller to follow precisely a
curvilinear reference with time-varying vehicle velocity. They also confirm the
validity of the proposed control design approach based on a reduced-order model
and the theoretical results obtained in the previous Section, that the proposed
controller successfully stabilizes the entire third order system.

5. Conclusion. This paper presents a path following controller for a bi-
steerable car. The path tracking controller addresses the need of the autonomous
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bi-steerable vehicle to precisely follow a given path with various radius of cur-
vature and with time-varying vehicle velocity. The proposed controller relies on
a developed kinematic model of a nonholonomic bi-steerable car using a single
track model. The path following error kinematics is derived with respect to the
lateral position error and orientation error with respect to the reference path,
which are used as indexes for performance evaluation of the designed controller.
The path following problem is solved by a control, which is designed via Lyapunov
techniques, and asymptotic path tracking convergence is proved. Moreover, a sta-
bility property of the internal dynamics is established, showing that asymptotic
stability of the overall closed-loop system is preserved. Simulations are carried out
which show the effectiveness of the proposed controller to achieve a good tracking
accuracy. The results from the simulation tests also show the benefit of rear wheel
steering which can provide enhanced manoeuvrability during manoeuvres in con-
fined spaces at lower speed, and which is important for accurate path following in
clutter environments.
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