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Abstract

Formulas about the side lengths, diagonal lengths or radius of the circum-
circle of a cyclic polygon, cyclic ideal polygon and cyclic hyperideal polygon in
hyperbolic geometry can be unified.
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1. Introduction. In [1], the authors proved that a polynomial relation sat-
isfied by the side lengths, diagonal lengths and circumradius of a Euclidean cyclic
polygon is also satisfied by those of a hyperbolic or spherical cyclic polygon.

In this paper such a polynomial relation can be generalized to truncated ideal
and truncated hyperideal polygons in hyperbolic geometry.

Suppose a hyperbolic polygon in the hyperbolic plane has vertices Py, Ps, ...,
P,,. The distance between the vertices P; and P; is denoted by |P;P;| which is the
length of either a side or a diagonal of the polygon.

If the points Py, Ps, ..., P, are on a circle with finite radius, the polygon is a
cyclic polygon.

Let Hy, Ho, ..., H, be n mutually disjoint horocycles in the hyperbolic plane.
For each pair {H;, H;}, there is a unique geodesic segment perpendicular to both
H; and Hj, and the length of the segment realizes the distance between H; and
H;. The distance between H; and H; is denoted by |H;H;|. In fact, if H; and H;
are tangent to the ideal boundary of the hyperbolic plane at points @; and @,
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the geodesic determined by @; and @ is perpendicular to both H; and H;. With
these geodesic segments, the horocycles Hy, Ho, ..., H, determine a truncated
ideal polygon.

If the horocycles Hy, Ho, ..., H, are tangent to a circle with finite radius, the
truncated ideal polygon is a cyclic ideal polygon.

Let G1,Go, ..., G, be n mutually disjoint geodesics in the hyperbolic plane.
For each pair {G;, G}, there is a unique geodesic segment perpendicular to both
G; and G, and the length of the segment realizes the distance between G; and Gj.
The distance between G; and G is denoted by |G;G;|. With these geodesic seg-
ments perpendicular to them, the geodesics G1, Go, . .., G, determine a truncated
hyperideal polygon.

If the geodesics G, Go,...,G, are tangent to a circle with finite radius, the
truncated hyperideal polygon is a cyclic hyperideal polygon.

2. Triangle. For a triangle in the hyperbolic plane, assume that it has the
side lengths a, b, ¢ and the radius of circumcircle . Then
(1) % sinh?r = - (Si]:h 3 Sinh % .Sinhb%)2 . )

Ai(A; — 2sinh §)(A; — 2sinh 5)(A; — 2sinh §)

where A; = sinh § + sinh g + sinh 5.

For three mutually disjoint horocycles tangent to a circle with finite radius r
in the hyperbolic plane, assume the distances between the three pairs of horocycles
are a, b, c. Then

1 ) €a+b+c
(2) 167’: a b c a b c a b c a b e\’
(e2 —+ e2 —|—ez) (—62 + e2 —|—e2> (e2 —e2 —|—ez) (ez + e2 —32)

For three mutually disjoint geodesics tangent to a circle with finite radius r
in the hyperbolic plane, assume the distances between the three pairs of geodesics
are a, b, c. Then

(cosh ¢ cosh & cosh £)?
A_1(A_1 —2cosh2)(A_y —2cosh 8)(A_y —2cosh &)’

1
(3) 1 cosh?r =

where Ay = cosh § + cosh g + cosh 5.
The three cases can be unified using the function introduced in [2]:

sinh] for s =1,

1
Ts(l) = 5(61 —se7l) = sl for s =0,
coshl for s =—1.

Equations (1), (2) and (3) are unified as, for s € {1,0, -1},

@ 17 =
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where A = 7,(§) + Ts( )+ 7s(5).

In the followmg, we present a proof of equation (4). This proof serves as an
example of the proof of the main result, Theorem 1.

Proof of (4). Let «, § and « be angles in (0, 27) satisfying o + 5 + v = 2.

Then
sinl = sin <a + 6) = singcosé +sinécosg.
2 2 2 2 2 2 2
Therefore )
(sin J_ sin & cos B) = sin? é cos? @
2 2 2 2 2’
or

sin® Y_ QSinlsingcosé + sin? @ 1 — sin? é =sin? = B <1 — sin? a)
2 2 2 2 2 2 2

which simplifies to

sin? % + sin? % — sin? g = 2Singsin%cos g

Squaring both sides yields

(sin2 % + sin? g sin? B) = 4sin? % sin? % (1 sin? g)

which is equivalent to

(5)

2
4 <sin§sin§sing> - <sin3+sin§+sing> <—sin3+sin§+sing>

X (sing—sing—i—sin;) (sing—i—sing—sin;).

Equation (4) will be derived from equation (5).

First, suppose P;, P> and P3 are vertices of a hyperbolic triangle with cir-
cumcentre O and circumradius r. Suppose the side lengths of the triangle are
|P1P2| = a, |P2P3| = b and |P3P1| = C.

In the triangles AOP, Py, AOP,Ps and AOP; Py, by trigonometry

«a  sinh§ B sinh?® ~v sinh§
6 sin — = 2 sin — = 2 sin — = 2,
(6) 2 sinhr’ 2  sinhr’ 2  sinhr

Second, let Hy, Hs and Hs be mutually disjoint horocycles tangent to a circle
with centre O and radius r. Suppose |HiHa| = a, |H2Hs| = b and |H3H;| = c.
For each ¢ = 1,2, 3, let R; denote the point of tangency between H; and C. For
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each ¢ = 1,2, 3, consider the generalized triangle of type (0,0,1) with sides OR;,
OR; 11 and the common perpendicular to H; and H; 1, where Hy = H;. For more
discussions of generalized triangles in hyperbolic plane, see [2].

In the three generalized triangles of type (0,0,1), by trigonometry [2], we
obtain

o
Nl

7) a e B e .7 e
Sl — = —— Sl — = —— Sl — = ——.
2 e’ 2 ’ 2 e

3

Third, let G1, G and G3 be mutually disjoint geodesics tangent to a circle
with centre O and radius r. Suppose |G1G2| = a, |G2G3| = b and |G3G1| = c.
For each i = 1,2, 3, let R; denote the point of tangency between G; and C. For
each i = 1,2, 3, consider the generalized triangle of type (—1,—1,1) with sides
OR;, OR;41 and the common perpendicular to G; and Gj41, where G4 = Gj.

In the three generalized triangles of type (—1,—1,1), by trigonometry [2]|, we
obtain
o cosh§

(8) sin —

p  cosh g . v coshg

= , sin= , sin— = .

2 coshr 2 coshr 2 coshr
)

The equations in (6), (7) and (8) can be unified as

9) sin 5=

Substituting the expressions of sin §, sin g and sin 3 in equation (9) into equa-

tion (5), we get

2

4 (r(@nBn(9) = 720) (r(®) +Ts(3> 1 <g>) ( r(3)+ <3> +Ts< )
X (1s(5) = 7o(5) +75(5)) (7:(5) + 75(3) — 7(5))
which is equivalent to equation (4). O

3. Cyclic quadrilateral. For a convex quadrilateral with vertices P, Ps,
P53, P, which lie on a circle with finite radius r in the hyperbolic plane, suppose the
distance between the vertices are | Py Py| = a, |PaPs| = b, |P3Py| = ¢, |PyP1| = d,
|P1P3| =€, |P2P4| = f

For four mutually disjoint horocycles Hy, Ho, Hs, H4 which are tangent to a
circle with finite radius r in the hyperbolic plane, suppose the distance between
the vertices are |HyHs| = a, |HyHs| = b, |HsHy| = ¢, |HyHy| = d, |H H3| = e,
|HoHy| = f

For mutually disjoint geodesics G1, Ga, G3, G4 which are tangent to a circle
with finite radius 7 in the hyperbolic plane, suppose the distance between the
vertices are |G1Ga| = a, |GaGs| = b, |G3G4| = ¢, |G4G1| = d, |G1G3| = e,
G2Ga| = f
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In the three cases, the formulas representing diagonal lengths in terms of side
lengths are

220e) — (7. ()7 (& ~ (0)r (4 Ts(%)Ts(%)JrTs(%)Ts(%)
A O E AT
2205y = (r.(a)Vr (¢ o (0)r (d 7’5(%)7—8(%)""7'8(%)78(%)
A @) = (@) GG s sy

The multiplication of the two equations implies Ptolemy’s theorem

7'3(%)7'8(5) = TS(%)TS(%) + 7‘5(%)7‘3(%).

When s = 0, it becomes

es(eth) — ezlate) 4 oz(b+d)

PENNER |[3] proved that this formula holds for any decorated ideal quadrilat-
eral and the distances a, b, ¢, d, e, f are allowed to be negative.

In fact, for example, if the horocycle H; is shrunken away from the tangent
circle by a distance = > 0, the distance |H; H2| becomes a+z, the distance |H H3|
becomes e + x, and the distance |HyH1| becomes d + x. Then Ptolemy’s theorem

still holds
e%(e+x+f) _ e%(a—i—x-ﬁ-c) + e%(b-‘rd—i—x)‘

For more discussion on this formula and its applications in theory of Teich-
miiller space and mathematical physics, see [4].

Proof of (10), (11). Let «, B, v and § be angles in (0,27) satisfying
a+B+v+06=2m.

We claim that

5\ sin & sin ¢ + sin 2 sin

12 Sin2a+62 singsinl—i—sinésinf e 22
B s

2 2 2 2 2) sin§ sin § + sin  sin §

0 &\ sin < sin 2 + sin 2 sin &

(13) sin2 o+ — <Sin @ sin b + sin é sin ) 2 g 2 2
2 2 2 2 sin § sin § + sin 5 sin 3

To verify them, we start with

cosa+ﬁ+cos7+620,
2 2
or
Lo f a B 4 (sin2 s J vy 0 0
sin — sin = — cos — cos = sin —sin — — cos —cos — | = 0.
2 2 2 2 2 2 2 2
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B
2

y

Multiplying 2sin § sin 5 sin § sing on both sides of the above equation yields

2 B a « B . v. 0
2 sin? —sm — — 28In — sin — cos — cos — | sin — sin —
2 2 2 2 2 2 2

) ) 0
+ <2sin2;sin2 3~ QSin%sinicos%cos 2) sin%sing =0,

which is equivalent to

1)
(sln2 % + sin® g sin? a—;—ﬁ) sin % sin B

5 5
T (sin2 % + sin? 5 - sin? 7;) sin % sing —0.

Rearranging the terms yields

2a+ﬁsinzsin§+sin27+5singsin—
2 2 2 2

= (si 3 + sin? ﬁ) sin 7 siné + (sin2 % + sin? 5) sin @ sin é

sin

2 2 2 2 2 2

Using the fact sin +ﬁ = sin VTM to the left-hand side and factorizing the right-
hand side of the above equation, we have

sin? M sin & sin é + sin J sin é
2 2 2 2 2

B AP - B N A T T ¢ S |
= (sm 5 sin 5 —+ sin 5 sin 2) <s1n 5 sin B + sin 5 sin 2) ,
which is equivalent to (12).
Equation (13) is derived by switching § and ¢ in (12).
Using similar construction as in the case of triangles, for a cyclic quadrilateral,
a cyclic truncated ideal quadrilateral or a cyclic truncated hyperideal quadrilateral
with side lengths a, b, ¢, d and lengths of diagonals e, f, by trigonometry, we obtain

.o Ts(g) . B Ts(é) Y 75(5) .0 B Ts(d)
1) Smi_@@’sm§ @é’smi_né’smi_@é’
_a+pB Ts(§) o+ Ts(g)
sin = , sin = ,
2 (1) 2 75(7)

where the angles a, 5, v, § have vertex O, the centre of the circumcircle, and are
opposite to the sides of lengths a, b, ¢, d, respectively.

Then equations (10) and (11) are obtained by substituting (14) into equa-
tions (12) and (13). O
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4. Cyclic polygons. Recall that, in [1], H,, is defined as the set of polyno-
mials A of n( L) + 1 variables! such that

P;
h<sm | J‘ smhr> =0
2 2

for any n points Py, Ps,..., P, on a circle of radius r in the hyperbolic plane.

n(n=1)

Now we define H} to be the set of polynomials f of ul + 1 variables such

that
P,P;
f <sinh |2]|, sinh r) =0

for any n points Pi, Ps,..., P, on a circle of radius r in the hyperbolic plane.
There exists a bijection between H,, and H.. A polynomial h(y12,13,- .-,
Yn—1,n, 2) belongs to H,, if and only if the polynomial

1
fWi2, 9135 - - - s Yn—1,n,2) = h <y12,y13, s Yn—1,ns 22>

belongs to HL.

As an analogue, H0 is defined as the set of polynomials f of @ +1
variables such that

for any n mutually disjoint horocycles H1, Ho, ..., H, tangent to a circle of radius
r in the hyperbolic plane.

And #H,, ! is defined as the set of polynomials f of @ + 1 variables such
that

f<c Sh|GG | coshr) =0

for any n mutually disjoint geodesics G1,Go, ..., G, tangent to a circle of radius
r in the hyperbolic plane.

Theorem 1. H! = H? =# 1.

In fact, a polynomial in the set H.L = HY = H1 can be expressed uniformly

f (Ts(l;j)ms(r)> =0,

where [;; is the distance between two points, two disjoint horocycles or two disjoint
geodesics.

as

!The error in [1] regarding the use of “2 "H) variables” is corrected here.
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5. Homogeneity. To prove Theorem 1, we need the following lemma.

Lemma 2. If f € HL UHO UH L, then f is homogeneous.

Proof. It is proved in [1]| that any f € H, is homogeneous. The bijection
between #,, and H} implies that any f € H. is also homogeneous.

Assume f € H2. Then
1 1H:H;l ]
f(f T 2> =0

for n mutually disjoint horocycles Hy, Hs, ..., H, tangent to a circle C' of radius
r in the hyperbolic plane. Let C’ be the circle with the same centre of circle C'
and radius r + = with > 0. Let H] be the horocycle which is tangent to the
ideal boundary of the Poincaré disk at the same point as H; and is tangent to
the circle C'. Then |H;H}| = |H;H;| + 2z. So the relation is also satisfied for the
horocycles H!’s and the circle C":

f leg‘HngHiw 167"4»:)3 _
2 "2

Therefore f is homogeneous since the above equation holds for any x > 0.
Assume f € H, . Then

f (cosh |Gi2Gj | , cosh r) =0

for n mutually disjoint geodesics G, Ga,...,Gy,, each of which is tangent to a
circle C' with centre O and radius r in the hyperbolic plane. Suppose O is the
origin. Let R; denote the point of tangency between G; and C, for each i =
1,2,...,n.

A hyperbolic geodesic G; is a portion of a Euclidean circle with centre O;
and perpendicular to the ideal boundary of the Poincaré disk. Let [ be a straight
passing through O and O;. Then [ is perpendicular to G; and passes through the
point R;.

Consider the generalized triangle of type (—1,—1,1) with sides OR;, OR;
and the common perpendicular to G; and Gj;. It has side lengths 7, r and |G;G}|.
Half of this triangle forms a right triangle, to which we apply the sine law for a
generalized hyperbolic triangle [2], yielding

. ZR,OR;
n—5

. i T
S1 _ sing

cosh |Gz'2Gj\ ~ coshr’

Let C' be the circle with centre O and radius r + z with z > 0. For each
i, let G} be the hyperbolic geodesic tangent to the circle C’, and be a portion of
Euclidean circle with centre O € [ and perpendicular to the ideal boundary of
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the Poincaré disk. Let R. denote the point of tangency between G and C. Then
[ is perpendicular to G and passes through the point R;.
In fact, G; and G determine a hyperbolic pencil of geodesics perpendicular
to [. For more discussion on hyperbolic pencils, see [5, p. 72| and [6, p. 168].
Similarly, by the sine law for a generalized hyperbolic triangle, we have

/R.OR’,
. /R/OR)] -
sin—5— _ sinj
IGiGil cosh(r +z)
cosh —5

Since AR;OR; = ZR;OR;, we have

e aa
cosh |GG | cosh(r + z) _ cosh M
2 coshr

Since the relation holds also for the geodesics GI’s and circle C”:

f (cosh ¢ J
2

¥all ’

,cosh(r + a:)) =0.

Then
G,G; h G,G;
0=7f cosh’ iGj| cos (T+x),cosh(r+x) =f ycoshw,ycoshr
2 coshr 2

for an arbitrary y = Coschogiﬁx) Therefore f is homogeneous. O

6. Relations of angles. Let O be a point in the hyperbolic plane, and
let I1,...,l, be a family of geodesic rays emanating from O, with each ray l; 1
obtained from [; by a counterclockwise rotation, for ¢ = 1,...,n, and l,41 = [;.

Let 6;; € (0,27) denote the angle between [; and [;. The ambiguity between 6;;

and 27 — 6;; is irrelevant, as only sin % il be used.

2
Let A, be the set of all polynomials g in the @ variables x;;, where

1 <i< j <n,such that g (sin%,sin%,...,sinen_%) =0.
For a polynomial g(z12,213,...,Zn—1n) € Ay, of degree m, the homogeniza-
tion of g produces a homogeneous polynomial g*, defined by the relation
Y12 Y13 Yn—1,
9*(9127%3; cee yn—l,'rw Z) - ng (77 R EERE] u) .
z oz z
To prove Theorem 1, we will show that each of H!, HY and H,! equals
A ={g*: g€ A, }.
Proof of Theorem 1. First, let P;,..., P, be n-points in a circle with
centre O and radius r in the hyperbolic plane. Let I; be the geodesic ray from O
to P;.
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In the triangle AOP;P;, by trigonometry, we have

. 97{] . b
Sin 5 . Sin bl

sinh 22021 ~ sinhr

then
. Hij SinhIPi72le
i 2 sinhr
Second, let Hi, ..., H, be n mutually disjoint horocycles tangent to a circle
with centre O and radius r in the hyperbolic plane. Let I; be the geodesic ray
from O to the tangent point in H;.
For each i, let R; denote the point of tangency between H; and the circle.
In the generalized triangle of type (0,0, 1) with sides OR;, OR; and the common

perpendicular to H; and Hj, by trigonometry [2|, we have

|H; Hj|
B ge 2
Sl —— = 1
2 §€T

Third, let Gy, .. .,G, be n mutually disjoint geodesics tangent to a circle with
centre O and radius r in the hyperbolic plane. Let I; be the geodesic ray from O
to the tangent point in G;.

For each ¢, let R; denote the point of tangency between G; and the circle. In
the generalized triangle of type (—1,—1, 1) with sides OR;, OR; and the common
perpendicular to G; and G, by trigonometry [2], we have

G;G;
. 0;; cosh %
sin =+ = —=—
2 coshr

The three cases can be unified as

0ij T (lT])

STy T Ts(r)

where [;; is the distance between two points, two disjoint horocycles or two disjoint
geodesics.
If a polynomial ¢ in n(n2_1) variables belongs to A, then

sin @ sin @ sin On—1.n =0
g 2 bl 2 AR | 2 b

() o(8) ()
=0.

Ts(r) 7 oTs(r) T ()

which implies
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Let m be the degree of g, multiplying 7."(r) on both sides of the above equation

which yields
(7 b - hs - In—1n Ts(r) ) =
g s\ ) Ts o) Ts 5 » Ts

This establishes that g* € H? for s € {1,0,—1}.

n(n—1)

On the other hand, if a polynomial f in T_l + 1 variables belongs to H;
for s € {1,0,—1}, then

(e (1) (). () i) =

Since f is homogeneous, we have

Ts <1172> Ts (l173) Ts (7&721’”)
f 1] =o0.

ms(r) T oms(r) T Ts(r)
It becomes 0 p p
f(sin;,sin;g,...,sin n21’n,1> =0.
Rewrite g(212, 213, ..., Tn—1n) = f(Z12,213,...,2Zn—1,n,1). Then g is a polyno-
mial in A4, and f = g*. O

Remark. This proof also works for Euclidean and spherical geometry. So
there is a one-to-one correspondence between &, (or S,) and A¥. This provides
another proof of Theorem 1 in [1].
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