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Abstract

We prove that the symmetric version of the dual of Schlumprecht space
contains a subspace isomorphic to /;.
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1. Introduction. A central question of the structure theory of Banach spaces
is whether every infinite-dimensional space contains an isomorphic copy of a “nice”
infinite-dimensional space. The first question in that direction was if any Banach
space contained a subspace isomorphic to ¢y or l,,1 < p < oo, or, more generally,
a symmetric basic sequence. In 1974 TSIRELSON |[1] constructed a Banach space
without any symmetric sequence. He did it by defining the unit ball of his space
as the closed convex hull of a carefully chosen set of vectors. Later, FIGIEL and
JOHNSON [2] found a nice formula for the norm of the dual of that space and
named it “Tsirelson space T”. Now everywhere in literature the original space
constructed by Tsirelson is referred to as the dual 7.

In 1991 SCHLUMPRECHT [3| constructed another Tsirelson-like space which
was the first example of an arbitrarily distortable Banach space. It became the
foundation for the celebrated space of GOWERS and MAUREY [4] which has no
unconditional basic sequence. The canonical basis of Schlumprecht space S us
subsymmetric but not symmetric.
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The natural symmetrization S(7") of the Tsirelson space T contains a subspace
isomorphic to lj, while the symmetrization S(7™) of the original Tsirelson space
is reflexive, so it does not have the same property [5]. In an unpublished note
Schlumprecht showed that the symmetric version of his space S does contain a
subspace isomorphic to [; (a similar result can be found in [6]).

In this note we prove that, in contrast to the case of S(T7), the symmetriza-
tion S(S™) of the dual of Schlumprecht space does contain isomorphically the
space 7.

2. Definitions and main result. A sequence (z,);2; in a Banach space is
a basic sequence if it is a Schauder basis of its closed linear span. Two normalized
basic sequences (x,),~; and (yn)n—; in a Banach space (X, || - ||) are said to be
C-equivalent, C' > 1, provided that

0o
§ AnTn
n=1

for any choice of real numbers (ay,)pe

<C

o) 0o
E anYn E nTn
n=1 n=1

n=1-
The following are standard definitions from [7]. A basic sequence (zy)pe;

is C-unconditional if for any choice of signs (e,)o2;, the sequence (e,xy,)pe; is
C-equivalent to (z,)p—;. A Banach space with a C-unconditional basis can be
easily renormed so that the basis is 1-unconditional. A basic sequence (x, ),
is K-symmetric if the rearranged sequence (7 (n)),=; is C-equivalent to (z,,)p2,
for any permutation 7 of the natural numbers. Closely related to symmetry is
the notion of subsymmetry. Similarly, a basic sequence (x,);2; is said to be
subsymmetric if it is unconditional and any subsequence ()52, is equivalent to
(@n)nz1-

Let (e;);2; be an unconditional (say l-unconditional) Schauder basis of a
Banach space (X, | -||). One can define a natural symmetrization of X, denoted

by S(X) [5] by

n=1

7=1

12 = sup

S(X)

)

Z Qi€ (i)
i=1

where the supremum is taken over all permutations 7 of N.
Let (e;);2; be the canonical basis of ¢qg, the linear space of all finitely sup-
oo

ported real-valued sequences. For z = Zaiei € cgo, suppx denotes the set

i=1
{i € N:a; #0}.
Let E, F be finite nonempty sets of natural numbers. We write £ < F pro-
vided max ¥ < min F. For x,y € cgp we say x < y if suppx < suppy. For
o

T = Z a;e; € cgp and E a finite subset of N, Fx = Z a;e;.
i=1 icE
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We shall now define Schlumprecht space S. Let f : [1,00) — [1,00) be the
function f(x) =logy(x + 1). Then (S,] - ||) is the completion of cop with respect
to the norm || - || that satisfies the following implicit equation:

1 n
2]l = max § [[#llc, — sup =< > Bz .
i 2

FEi<EBo<--<FEp
Clearly, (e;);2; is a 1-unconditional, 1-subsymmetric basis of S, and thus so is the
basis (€] )2, of the dual space S™.
Like in the case of Tsirelson space one can give an alternative definition

through the unit ball of S*, see [6].
Let Koy = {=%e}, : n € N}. Define inductively for every j > 0

d
1
Kj+1:KJU {f(n)zg“f cxy € Kjyd<neNn>2suppz] < -+ < supple}.
1

1=

Finally, let K = U K. The unit ball Bg- of S* is the closed convex hull of K.

j=0
Then for x € cgo, ||z]| = ||z||s = sup(z™,x). We shall denote the dual norm
again by || - ||, that is, (5™, || - []).
Fact 1. For every n > 2,
I«
— | = 1.
H oy 2
=1
1 « 1 «
Indeed, el € K1 C Bgx, 50 ||— ef|| < 1. On the other hand,
o) 2 ) 2
n
from [3], fn) eill =1, and
=1

We prove now our main result.
Theorem 2. The symmetrized version of the dual of Schlumprecht space,
S(S*), contains a subspace isomorphic to .

Proof. Recall that for v* € S(S*), v* = Zaief,
i=1

; aie;(i)
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where the supremum is taken over all permutations 7 of N.
We shall say that two vectors z and y in S have the same distribution if

k k
T = Zajenj and y = Zajemj, where n1 < no < -+ < ni and my < mg <
j=1 j=1
- < my. Since the canonical basis of S is 1-subsymmetric, ||z|| = |ly||. The

situation is the same for vectors with the same distribution in S* and S(S™), since
the basis (e]);2, in S* is also 1-subsymmetric and (e} )52, in S(S™) is similarly
1-subsymmetric.

The main tool in our proof is the “yardstick” construction from [8], Theorem
3, which gives for arbitrary n € N a set of disjointly — but not successively —
supported vectors (with respect to the canonical basis), which set is uniformly
equivalent to the unit vector basis of [7,. More precisely, there exists an increasing
sequence (pg)h— of natural numbers, with py = 1, and for & > 0, pry1 = prdy,
dr, € N and (di)32, rapidly increasing, with the following properties. For every
n € N, there exist n disjointly supported vectors v; € S, 1 < j < n, such that for
all 1 < k <n, v has the same distribution as

Pk
= S (pr) S e

PrE 4

and
n
ZU]' S 2.
j=1

By [3], ||lvj]| = 1. The yardstick construction is defined as follows.
Let {wmhm%m,mj i< n,m; <di—1 Vi < j} be any sequence of natural num-
bers such that

Wmy,ma,...;mj < Wryrg,..m

if one of the following conditions holds:
e there exists i < max{j,1} such that ms; = rs for all s < i, and m; < r;;
e j<land mgs=rs forall s <j.

Then we define for each 1 < j < n,

1) vy f(?j)

do di d
p :

j—1
E E E ewil,iQ ,,,,, i

i1=lis=1  ij=1

n
By [8] we have || ZU]'HS <2.
j=1
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Now, we define inductively vectors (v7)52; such that for all j € N, v} has the

same distribution as
pPj

1

and their supports are consecutive with respect to ()2, that is to say,
supp vy < suppvy < --- < suppv; < ---

Let n € N and (a;)7_; be any sequence of n real numbers. Since (e;)72; is 1-
unconditional in both S* and S(S*), without loss of generality we may assume

n
for convenience that all a; > 0. We want to estimate || Z a;jv; || s(se)-
j=1
First, by the fact presented in the beginning, [|v}||s+ = 1. Since for each j, all
the nonzero coefficients of ’U; are equal, v;«‘ will have the same distribution under
any permutation 7 of N. Since (€]);2; is 1-subsymmetric in S*, it follows from
the definition of the norm in S(S™) that [|v}][g(g«) = 1 for all j € N.
Now choose a permutation 7 of N, depending on n, such that 7 sends vj,
7=12 ... n, to a vector u; such that supp u; = supp vj, described in 1 for this

particular n. We can do this since suppv; N supp fu;'f = @ for i # j. Consider

n n
Up = Zvj. By [8], ||unlls < 2. We shall compute <Z aju;f,un>. Remark that

J=1 J=1

n n
g aju;f is the image of g ajv§ under the permutation 7 chosen above. Then
j=1 j=1

n n n

* f— . * . f— .
g ajuy, un ) = E aj(uj,vj) = E aj
=1 j=1 j=1

Since |lun|ls < 2, we obtain that

flo) 1~
p; fo)” ;%'

n
. 1
Z a;u; > 3 aj.
j=1

S*

By the definition of the norm of S(S™), we also have

n 1 n
Zajv;‘ > 3 Zaj.
j=1 Jj=1

Therefore, the sequence (v7)52; in S(S*) is 2-equivalent to the unit vector basis

of ll. ]

2 C. R. Acad. Bulg. Sci., 78, No 1, 2025 17



Acknowledgement. The author thanks Professor Denka Kutzarova for pos-

ing the question and for helpful suggestions.

[1]

2]
3]
4]
[5]
[6]

7]

18]

REFERENCES

TSIRELSON B. S. (1974) It is impossible to imbed ¢, or ¢¢ into an arbitrary Banach
space, Funkcional. Anal. i Prilozen., 8(2), 57-60 (in Russian); English translation:
Not every Banach space contains an imbedding of ¢, or c¢g, Functional Anal. Appl.,
8, 138-141.

Frcier T., W. B. JOHNSON (1974) A uniformly convex Banach space which contains
no l,, Compositio Math., 29, 179-190.

SCHLUMPRECHT T. (1991) An arbitrarily distortable Banach space, Israel J. Math.,
76(1-2), 81-95.

Gowgrs W. T., B. MAUREY (1993) The unconditional basic sequence problem, J.
Amer. Math. Soc., 6(4), 851-874.

Casazza P. G., T. J. SHURA (1989) Tsirelson’s Space, Lecture Notes in Math., vol.
1363, Berlin, Springer-Verlag.

MANOUSSAKIS A. (2001) On the structure of a certain class of mixed Tsirelson spaces,
Positivity, 5(3), 193-238.

LINDENSTRAUSS J., L. TzAFRIRI (1977) Classical Banach Spaces I, Ergeb. Math.
Grenzgeb., Band 92 [Results in Mathematics and Related Areas|, Berlin-Heidelberg-
New York, Springer-Verlag.

Kutzarova D., P.-K. LiN (2000) Remarks about Schlumprecht space, Proc. Amer.
Math. Soc., 128(7), 2059-2068.

Institute of Mathematics and Informatics, Bulgarian Academy of Sciences,
Akad. G. Bonchev St, Bl. 8, 1113 Sofia, Bulgaria

e-mail: erejnion@gmail . com

18

S. Stankov


mailto:erejnion@gmail.com

	Introduction.
	Definitions and main result.

