Jokimaau Ha Bbiarapckara akameMmnsi HA HAyKUTe

Comptes rendus de I’Académie bulgare des Sciences

Tome 78, No 1, 2025

MATHEMATICS

Functional analysis

A NOTE ON AN ASYMPTOTIC PROPERTY
OF THE CONVEXITY OF NORMS

Petar Evgeniev

Received on August 8, 2024
Presented by S. Troyanski, Member of BAS, on December 17, 2024

Abstract

We observe that the recently introduced property local asymptotically
midpoint uniform convexity (LAMUC) is isomorphically distinct from AMUC.
Specifically, we show that ¢y or T, with any locally uniformly rotund norm
are strictly locally AMUC. We introduce local AUC in the same spirit and give
an example of locally AMUC, not locally AUC and not isomorphic to AMUC
space. Following the proof in [10] we observe that these local properties are
stable under finite sums with outer space having 1-unconditional basis and
uniformly monotone norm.
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1. Introduction. Throughout the paper, cof (X) will denote the set of closed
subspaces of finite codimension in a Banach space X. With Sy we denote its closed
unit sphere.

The property of asymptotic uniform convexity (AUC) is due to MILMAN [1],
and in modern terminology is due to [2]. While asymptotic midpoint uniform
convexity was defined in [3].

Definition 1.1. A norm of a Banach space (X, ||-||) is asymptotically uni-
formly convex AUC if for every ¢ € (0, 1], there exists §(¢) > 0 such that for all
x € Sx there is a subspace Y of finite codimension so that yler}gf |z + ty|| > 140(¢).

Y
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Definition 1.2. A norm of a Banach space (X, ||-||) is asymptotically mid-
point uniformly convex AMUC if for every t € (0,1], there exists 6(t) > 0
such that for all z € Sx there is a subspace Y of finite codimension so that
inf max{|z + tyll, ||z — ty||} > 1+ 6(¢).
yESy

In this case for each ¢ € (0, 1], the corresponding §(¢) is called modulus of the
corresponding asymptotic property of the norm. By §(t) we denote the AMUC
modulus

(5H |(t) = inf  sup mf [maX{Hw +tyl|, |l — ty|| } — 1]
T€SX Eecof(X) YES

By d(t) we denote the AUC modulus

S (t) == xle%fx sup mf |z + ty|| — 1.
Eeccof(X) YES
These definitions are equivalent to SH_H(t) > 0 (resp. &) (t) > 0) for all ¢ € (0, 1].
Recently, in [4] the concept of local AMUC was introduced. In the same
paper it is proven that any locally AMUC space Y which has either normalized
symmetric basic sequence that is not equivalent to the unit vector basis of ¢, or
a normalized sequence with upper p-estimates for some p > 1, does not satisfy
Lindenstrauss’s property for norm-attaining operators, i.e. the norm attaining
operators X — Y are norm-dense in the space £(X,Y) of all linear bounded
operators X — Y for every Banach space X.
Definition 1.3. A norm of a Banach space (X, ||-||) is locally asymptotically
midpoint uniformly convex LAMUC if for every = € Sx its local modulus is
positive

SH,H(t;x) ;= sup inf |max|z=£ty|—1| >0, forallte(0,1].
Eeccof(X)¥E€Sm | *

In the same manner we define

Definition 1.4. A norm of a Banach space (X, ||-||) is locally asymptotically
uniformly convex LAUC if for every x € Sx its local modulus is positive

d(t;x) := sup mf (||:L‘+ty\| —1) >0, forallte (0,1].
Eccof(X) Y€

We remark that the local properties generate distinct isomorphic classes. The
following assertions are either known or obvious. Note that the arrows with bar
indicate that the implication does not hold isomorphically up to an equivalent
norm.

(chsometricallgsAU QeomefmcalllgAMUC

isomorphic 11//{1/%

(LUR) ——» (LAMUC)

2, ometrzcal

gL/LAUC

1$ometrical
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For convenience we prove the one we use for our main result since it has not
been stated formally to the best of our knowledge.

Theorem 1.5. FEvery locally uniformly rotund LUR norm is locally asymp-
totically uniformly convexr LAUC.

Proof. Assume ||-|| is LUR but not LAUC. Then there are € Sx,t >
0 s.t. for all 6(t,z) = 6 > 0 and all Y € cof(X) we have yiergfy |z +ty|| <

140, ie. i%f |z + ty|| < 1. Thus for the spaces Yy € cof(X), on which we
yESy
have inf |z +ty|| > 1 we actually have an equality inf |z +ty|| = 1. Such
yESy, YESy,

subspaces are the kernels of supporting functionals at z. Fix one such pair xg € Sx
and ty > 0 and pick a supporting functional f € Sx+ at g, i.e. f(xg) = 1. Denote
Yy := ker f. So for all y € Yy we have ||xo + toy|| > f(zo + toy) = f(zo) = 1.
Denote the convex function g,(u) := ||z + uyl| for 1 <u < .

Pick a sequence (yn)n, C Sy, realizing the infimum ||zg + toyn|| — 1 as

2
t t
n — 0o. Now ||zg + (z¢ —|—toyn)H2 = 4 ||zg + gyn I || + Eoyn > 1, then
i
In <2O> > ¢gn(0) = 1 and so by convexity we must have
lo
L<gn| 5 ) < gnlto) =1, n— oo

(Once a convex function starts to increase it cannot strictly decrease). Thus

t t
To + —Oyn — 1 as n — o0o. And in case ||zg + Eoyn = 1 for all sufficiently

2
large n there is nothing to prove. In both cases we obtain that

lim 2||zo]|* + 2|20 + toynl® — [|1220 + toyall* = 0,
n—oo

but ||xg — xo — toyn|| = to > 0 a contradiction with the analytic characterization
of LUR (see [5], Prop. 1, 2). O
2. These local asymptotic properties of convexity of a norm are
isomorphically distinct from the corresponding global ones. Note that cg
with its sup-norm is not AMUC. Trivially for 0 < ¢t < 1 follows from the fact that
leill, =1 = |ler £ tey |, for all n > 2. Thus its AMUC modulus is zero.
Proposition 2.1. The space ¢y does not admit an equivalent norm which is

AMUC.
Proof. One direct proof utilizes that ¢y in its supremum norm is not AMUC
and James’s distortion theorem. Suppose |[|-|| is an equivalent norm on ¢y and fix

arbitary ¢ > 0, > 0 and Y € cof(cp). Then there exists a block-basic sequence
Yly- - Yk, - - - of the standard basis (dependent on € and ||-||) s.t. |lyx|| = 1 for all

C. R. Acad. Bulg. Sci., 78, No 1, 2025 5



integers k and

o0
Z Ay

k=1

(1—£)ml?x\ak\ < < (1+E)mkax\ak\, V(ak)k € co.

In particular y; — 0 is weakly null as a block-basic sequence in cg.

We claim that dist(yx,Y) — 0 as & — oo. There are vectors of norm one
Ply..yPs & Y st co = [p1,...,ps) @Y. Equivalently every = € ¢y has representa-
tion of the form x = A\ip1+. .. Agps+y, where y € Y. From Hahn-Banach theorem

oo

there are functionals Zb;-e;f = fi € {1 s.t. fi(pr) = 0i and f;(Y) = {0}, for

j=1
S
1=1,...,sand k € N. Thus for each k € N thereisv, € Y s.t. y = ZA?pj—ka.
j=1
Thus fi(yx) = A¥. Combined with the weak nullity of (y ) yields \¥ = f;(yx) — 0
as k — oo for each ¢ = 1,...,s. In particular

S
lye — vkl = Z)‘?e"j —0 as k — oo.
j=1

So (vx)r C Y is a seqence minimizing the distance from (yx)x to Y. Denoting
2 = v/ ||vk|| we obtain norm one vectors minimizing the distance. Now finally
we calculate the local AMUC modulus of y; as

Oeo ) (&5 Y 591) =

= Zie%fy(mfx llyr £tz — 1) < max lyr £tzx]| — 1, Vk € N.

Estimating that

lyr + tzell = |lyr £tz + tyr — tyell = lyr + (26 F yr) £ tyel] <
<y £ tyr £t(ze — ye)l| < (14 &) max{1, £t} + ||z — yrll -

Hence

o) EY3y1) S (L+e)l—1+tlzk —yull = (1+e) =1 as k — cc.

But Y € cof(cp) was arbitrary so S(CO,H~|I)(t§ y1) < (14+¢) —1. And finally

5(007”.“)(75) = ||aicIH1£13(CO’|HD(t;x) < (5(00,“,”)(75; y1) < (1+¢)—1. And since € > 0

is arbitary we get that that for each ¢ € (0,1) the AMUC modulus of (co, ||-||) is
Zero. O
Theorem 2.2. The properties AMUC and LAMUC, respectively, LAUC and

AUC, generate distinct isomorphic classes.
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Proof. An easy corollary of Proposition 2.1. Indeed suppose ||-|| is an equiv-
alent locally uniformly rotund (LUR) norm on c¢g. (For example Day’s norm.)
Since

LUR = LAUC = LAMUC isometrically

this norm is in particular LAMUC. But by Proposition 2.1 it cannot be AMUC.
So any LUR norm on ¢q is locally asymptotically midpoint uniformly convex but
not globally so. O

3. Reflexive example of strictly locally AMUC space. We combine
known results to obtain reflexive example of LAMUC space which has no equiva-
lent AMUC norm.

Definition 3.1 ([6]). Let X be a Banach space. For n € N suppose F is
an n dimensional Banach space with normalized basis (e;)j—;. We say FE is in
the n-th asymptotic structure of X and write E € {X},, if for every ¢ > 0
and all Xy € cof(X) there are z € Sx, for k € {1,...,n}, so that (z;)7_; is
(1 + &)-equivalent to (e;)7_;.

Theorem A in |7] states that if for all n € N the space £, is in the n-th
asymptotic structure of a Banach space Y, then countably branching diamonds
of arbitrary height can be equi-bi-Lipschitzly embedded into Y.

The original TSIRELSON [8] space T™* in the notation of FIGIEL and JOHNSON
[9] is a reflexive space whose canonical basis (e;)72; is asymptotic £». That is
there is C' > 0 s.t. for every n € N there is M(n) > 0 s.t. for any sequence
()i, of normalized block-basis of (e;)7Z/(, is C-equivalent to the unit vector
basis of £ . Thus T™ contains ¢ in its asymptotic structure for all n € N by the
distortion theorem of James (Lemma 3.1 [7]).

Therefore by Theorem A, countably branching diamonds of arbitrary height
equi-bi-Lipschitzly embed in 7. On the other hand, it was proved in [7]| that such
graphs do not equi-bi-Lipschitzly embed in any Banach space with an equivalent
AMUC norm. Therefore T™ has no equivalent AMUC norm. On the other hand,
every separable Banach space can be LUR renormed. So T* with any LUR norm
is locally AUC and in particular strictly locally AMUC Banach space, yielding a
reflexive example and thus proving the following:

Theorem 3.2. The Tsirelson space T* does not admit an equivalent AMUC
norm, while any locally uniformly rotund norm on it is locally AMUC.

4. Finite sums of locally AMUC spaces.

Definition 4.1. A space (E, ||-||) with 1-unconditional basis (ey) is uniformly

o
monotone if for every € > 0 there is M(e) > 0 so that for all a = Zanen with

n=1

ap > 0 for all n, so that ||a|| = 1 and all b = anen with b, > 0 for all n, so
n=1

that ||b]] > € it holds ||a + b|| > 1+ M (). On the other hand, the norm is strictly
monotone if ||a 4 b|| > 1.
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Note that in finite dimensional space E strict monotonicity and uniform
monotonicity coincide. The following sufficient condition is essentially due to
[10] but holds true for finite sums of LAMUC and LAUC spaces with slightly
modified proof, which we provide for completeness.

Theorem 4.2. Suppose (Xy, ||||,,)2_, are locally AMUC infinite dimensional

n=1
Banach spaces and (E, ||-|| 5) is a Banach space with 1-unconditional basis (e,,) and
N
uniformly monotone norm ||-|| ;. Then their sum X := (Z Xn) 18 also locally
n=1 E

AMUC.
Proof. Pick arbitrary ¢ > 0 and = (2,))_; so that ||z|| = 1. We claim

that
Sx(e;2) > min <iM (%) M <A (%x) . min {i; éM G) })) >0,

< < x
where A(t;z) < min ~ 6x, (t;——— ) > 0 is smaller than minimal local
1<n<N,z, 70 lznll,,

modulus of its normed nonzero coordinates in the respective spaces Xy, and M (¢)
is a constant obeying the definition of uniform monotonicity.

(a) For each integer 1 < n < N pick a supporting functional f, € Sx, i.e.
fn(xn) = ||zn||,, and denote by

Vi = {yn € Xy fn(yn) = 0} = ker fn

its kernel. It is subspace of codimension one in X,. Then the following holds
|lzn £ynll,, > fulzn £yn) = fulzn) = [|zall,,, 1 < n < N. We can choose

€
Uy € cof(X,,) in V, so that y, € Uy, s.t. |lynll,, > 3 ||z ]|, implies

mﬁx”xn L ynll,, > llznll,, - (1 +A (%,ac)) forall 1 <n < N.

Indeed, since

~ /€
1 A(a )) < inf + ,
2l >e /2

for all 1 <mn < N, there is Z,, € cof(X,,) such that

~ £ X
lwall, (144 (F52)) < inf - max o = 2 fleall ), -
lzn |, >e/2

Now we can take U, := V;, N Z, for each n € {1,..., N} and we get the desired
spaces of finite codimension.
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(b) Take y = (y)h_1,9n € Unllyll > e and note that the space
U : { Yn) n 1:Yn €Uy } € cof(X) is of finite co-dimension in X. Denote sets

A={1<n < Nlpall, < §||a:n||n},B:={1<n<N Iyl = < lizall, }-

Z Yn€n Z Tn€n

neA neA
E Yn€n

Z Yn€n
neB

neB

g Tn€n

neB
for € {£1} and y € U with ||ly|| > € so that

By 1l-unconditionality of (e, ) we have

Z Yn€n

neA

<
E il —
- 2

we must have >

%' But since € < ||y|| <

< min <;, iM <€>> Then estimate

(c) Case 1: Assume first 1

max |z £yl = [l + 0yl = Z(a;n + Oyn)en + Z(x” + Oyn)en|| >
neA neB
Z Tpepn + Z(a:n + Oyn)en|| =
neA neB
Z Zneénll . ZneA Tn€n v ZnEB(xn + Qyn)@n >
neA HZnEA xnenH HzneA xnenH
€ 1 c
S waeal| - (14 M (5)) 2 | 3 auen| + 50 (5)
neA neA

anen >l + g (5) — 1M (2)

() -z-

neB

1 €
> 7M(7>.
= +4 1

Here we used that ||z, + Oyy||,, > ||zn||, 1-unconditionality, the reverse triangle

n o n)€En
Zl‘nen‘ ZnGB(‘T + Y )6

> —.
e I nea@nenl ||~ 4
observe that since for each n € {1,..., N} the function h,(t) := |[tzn + yul,
is convex hence h(0) < max(h(—1);h(1)) meaning |ly,|, < miaxHxniyan.

For the latter

1
inequality, > 3 and that

Pick 6, € {1} so that ||z, + Opyn|,, = max |zn = ynll,,- By l-unconditionality

Z Yn€n

neB

Z(mn + Onyn)en > g as noted in (b). Now partition B =

neB
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B, UB_ where By ={n€B:0,=1} and B_. ={ne€ B:60, =—1}. Then

<

Z (mn + enyn)en

neB

< Z (mn + yn)en + Z (xn - yn)en

S
2
neBL nebB_

Thus they cannot both be strictly smaller than i, i.e. either for # = 1 holds by

1l-unconditionality Z(mn + yn)en|| > Z (T + yn)en|| = Z or for 8 = —1 we
neB neBy
€
have ;(:Un — Yn)enl|| > EEE; (Tn — Yn)en|| > T Thus for 6 € {£1} so that
n n —

Z (xn + Oyn)en

neB

|z + 0y|| = max |z £ y|| we must have > Z.

11
(d) Now let us consider Case 2: Z Zpeén|| > min (2 4M(4)) Estimating
neB
N
Z(xn‘i‘yn |an €n+z [0 + Ynll,, = l2nll,)en
n=1 E

N

< € < 5
zzluxn‘nen"’_ Z ||$n||nA(§§x)en 21+ M ;) Z |2n en )
n—=

TL€B+ E TLGB+
where we used for n € By the inequalities ||z, + ynll,, — |2nll,, = ||:cn\|nA(§,m)

while for n € {1....,N} \ By simply used ||z, + 0pynll,, — ||znll,, = 0 and 1-
unconditionaility of the basis (e,) of E.

N
Similarly Z(ﬂsn —ynlenl| =1+ M A(= ;) Z Inenll |. From Case 2,
n=1 neB_
min 11M(§> er < er + er ields
neB neBy neb_

11
max Z Tpén|| > min (4 gM (Z)) Finally by 1-unconditionality we have

neB4
- 11 €
} : > .min | —; - 1 :
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Note that the necessary condition for finite sums is clearly true for any finite
sum of LAMUC or LAUC spaces, i.e. if the sum of finitely many LAMUC (resp.
LAUC spaces) is LAMUC (resp. LAUC), then each of the summands is necessarily
LAMUC (resp. LAUC).

Corollary 4.3. Suppose (E, ||-||g) is a Banach space with 1-unconditional
basis (ex) and uniformly monotone norm. Let Y := ({a,]|-]|) be the renorming of
Uy in [3|, where the norm is defined as

(Bess [I11) := conv 2 ((Bey, |11 ,) U {£(e1 + en)nz2})-

It is constructed as an example of AMUC and not AUC space. Then the space
X e{c®p Y, T" ®g Y}, where cyg and T™ are renormed with any LUR norm, is
LAMUC, not LAUC and not isomorphic to AMUC space.

Proof. It is clear from Theorem 4.2 that X is LAMUC space. Also it is not
LAUC and is never AMUC since one of the summands is not. Note that T* QY
is reflexive example. O
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