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Abstract

In this article, an exact formula for the mean square worst-case error of
the integration in the weighted anchored Sobolev spaces Hgop s y,w Presented
in terms of the functions of the system I'g, is delivered. The notion of the
so-called weighted anchored diaphony is introduced and is shown that it is a
quantitative measure for the irregularity of the distribution of sequences. The
relationship that exists between the mean square worst-case error and this type
of the diaphony is established.
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1. Introduction. Let s > 1 be a fixed integer which will denote the dimen-

sion throughout the article. Let £ = (x,)n>0 be an arbitrary sequence in the
unit cube [0,1)°. For an arbitrary integer N > 1 and a subinterval J C [0,1)*
let us denote A(J;N) = #{n: 0 < n < N —1,x, € J}. Let A\s denote the
Lebesgue measure on [0, 1)°. Following KUIPERS and NIEDERREITER [1], we re-
call that the sequence £ is called uniformly distributed in [0, 1)® if the limit equality

A}im A(J;N)/N = Xs(J) holds for each subinterval J of [0,1)%.
—00

To assess the quality of the distribution of the points of sequences, various
special quantitative measures, including different types of the discrepancy and the
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diaphony, are used. It is worth noting that ZINTERHOF [2] introduced the concept
of the so-called classical diaphony.

Some classes of complete orthonormal function systems have been successfully
used as a tool for investigation of the uniformly distributed sequences. These
systems are the trigonometric system, the systems of the Walsh and the Haar
functions of base b, the systems of functions constructed over finite groups, the
system of the b-adic functions.

We note the fact that in the last few years exists an increasing interest to use
functions constructed in Cantor systems in the theory of the uniformly distributed
sequences and the quasi-Monte Carlo integration in Hilbert spaces.

More information about the construction of these function systems and their
applications the reader can find in the monograph of BAYCHEvVA and GROZ-
DANOV [3].

2. The function system I'g,. Let Ngo = NU{0} denote the set of the non-
negative integers. The constructive principle of the Cantor systems, which are
natural generalizations of the ordinary b-adic number system, is given as follows:
Let B = {bg,b1,...: b; > 2 for i > 0} be a given sequence of integers. The so-
called generalized powers are defined as: By = 1 and for ¢ > 0 we put B;11 =
B; - b;. Thus, to the sequence B of bases corresponds the sequence {By, B, ...}
of generalized powers.

Every nonnegative integer k has a unique representation in the B-adic Cantor

v
system of the form k = > k; B;, wherefor 0 <i: <wvk; € {0,1,...,b;—1} and k,, #
i=0

0. An arbitrary real z € [0, 1) has a representation in this system of the form = =
o0

> xi/Biy1, wherefori > 0z; € {0,1,...,b;—1}. Let us assume that for infinitely
ingny 1 we have that x; # b; — 1. Under this assumption the B-adic representation
of = is also unique. To the end of the article the B-adic representations of integer
and real numbers will be subordinated to this supposition.

The multidimensional Cantor systems are constructed in the following man-
ner: For 1 <j <slet B; = {b(()]),bgj), e bl(»j) > 2 for i > 0} be given sequences
of bases. Let us denote Bs = (B, ..., Bs). PETROVA [4] proposed the concept of
a new function system constructed in Bs-adic Cantor systems.

Definition 1. For an arbitrary integer £ > 0 and a real number x € [0, 1),

14
which in the B-adic system have the representations k¥ = Y k;B; and z =
i=0

[e.°]

> xi/Bit1, the k-th function ,v;: [0,1) — C is defined as
1=0

’Yk(x) B eQﬂi(%-i—l%-i-m-f— B];:_1>(I0+I131+"~+IVBV)
B = .
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For an arbitrary vector k = (k1,. .., ks) € Nj the k-th function , y: [0,1) —
S
C is defined as ; k(x) = ][] &
j=1
The set T'p, = {5, n(x): k € N§, x € [0,1)°} we will call Bs-adic function
system.

-ij(xj)v X = (71,...,75) €0, 1)8'

J

o0 o0
For arbitrary real numbers z = > x;/B;+1 and y = Y vy;/Bi+1 we define the
1=0 1=0
o0
operation T ®[§,1) y = > zi/Bi+1, where the sequence {z, z1, 22, ... } is defined
=0
by the following rules:

ro +yo = to-bo+ 20, to €1{0,1}, 20 €{0,1,...,b0—1},
r1+y1+to=ti-bi+2z1, t1€{0,1}, 2 €{0,1,...,b1 —1}

Let 653’1) be the opposite operation to the operation @[](3),1).

For arbitrary vectors x = (z1,...,25) € [0,1)% and y = (y1,...,ys) € [0,1)°

we define x @[L(g);l)s y = (1 69[3’11) Ylye--, L @Eg;l) ys) and x 9[&1)5 y = (71 @53’11)
Yly -y T 6[](3)’51) ys). The functions of the system I'g, with respect to the above

operations satisfy the equalities

B, k(X @[13;1)5 y) = 5.%(X) - B, k(y) and  pyk(x 9[12;1)5 y) = B,7%(X) - 8,7 (Y)
for all k € N§.

3. Quasi-Monte Carlo integration in Hilbert spaces. We will present
some details of the Quasi-Monte Carlo integration in reproducing kernel Hilbert
spaces. Thus, following ARONSZAJIN [5] we will remind the notion of a reproducing
kernel for a Hilbert space. Let F' be a class of functions defined on E forming
Hilbert space with an inner product () and a norm || - ||. The function K(z,y) of

x,y € F is called a reproducing kernel for the space F' if the following properties
hold:

1. For every fixed y € E K(x,y) considered a function of x belongs to F;

2. (reproducing property) For every function f € F and every y € E the equal-
ity f(y) = (f(x), K(z,y)), holds. Here, the subscript x indicates that the
inner product is given with respect to the variable x.

Let Hs(K) be a Hilbert space generated by the reproducing kernel K with
an inner product (-) g, (&), which engenders the norm || - ||z, (-
The technique of the numerical integration in reproducing kernel Hilbert
spaces is given as follows: The integral I5(f) = / f(x)dx, f € Hy(K) is ap-
[0

1)
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N—-1
proximated by a Quasi-Monte Carlo algorithm Qs(f; Py) = % > f(xn), where
n=

Py = {x0,...,XxN_1} is a deterministic sample point net in [0, 1)*.
Definition 2. The worst-case error of the integration in the space Hs(K) by

using the net of nodes Py is defined as

e(Hs(K); Pn) = sup |L:(f) = Qs(fs Pw)-
FEHE), [l <1

The main advantage of the Quasi-Monte Carlo algorithm in reproducing ker-
nel Hilbert spaces is that there is a formula in explicit form for the worst-case
error of the integration. Thus, following SLOAN and WOZNIAKOWSKI [6], the
worst-case error of the integration in the space Hs(K) by using the net of nodes
Py satisfies the presentation

(1) €*(Hy(K); Py)
N-1 N—-1N-1

2 1
= /[0 e K(XaY) dx dy — N Z 0.1]° K(XnaY) dy + W Z Z K(Xnaxm)'
) n=0 ’ n=0 m=0

Let Py = {x0,...,Xny_1} be an arbitrary net of N points in [0,1)®. Let o €
[0,1)° be an arbitrary and fixed vector and define the net Py(c) = {xo EB[lg;l)s o,

e XN @[g;l)s O'}, which we will call a Bs-adic digitally shifted net.

Definition 3. The mean square worst-case error of the integration in the
space Hy(K) by using the net Py is defined as

¢*(Hy(K); Py) = / e*(Hy(K); Py(0)) do.
[0,1]¢

Definition 4. For an arbitrary reproducing kernel K we define the associated
digitally shifted kernel as

Kas(x,y) = /

K (X 69[59’51)5 o,y 69[1(3);1)5 O’) do, Vx,y €10,1)°.
[0,1]*

In the following lemma, we will show the special form of the Fourier’s ex-
pansion of the digitally shifted kernel associated with an arbitrary reproducing
kernel.

Lemma 1. Let K be an arbitrary reproducing kernel. Then, the associated
digitally shifted kernel Kgs has a Fourier’s expansion with respect to the system
I'n, of the form

Kus(x,y) = Y Kk k)pw(x)sFy), Yxye[0,1),
keNg
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where for each vector k € N§ we have that

~

Rk, k) = / K(x,y)5.7(x)5. 1 (y) dx dy.
[0,1]* J[0,1]

We will prove the following theorem:

Theorem 1. Let Hy(K) be an arbitrary Hilbert space generated by the repro-
ducing kernel K and Py be an arbitrary net of points in [0,1)%. Then, the mean
square worst-case error of the integration in the space Hy(K), by using the net
Py, satisfies the equality

é(Hs(K); PN) = e(Hs(de)S PN)-
Proof. By using Definition 3 and formula (1) we consecutively obtain that

(2) E(H,(K); Py) = / ¢2(H,(K); Py(0)) do
[0,1]¢

N—-1
2 3 0.1)°
= K(x,y)dxdy| do— — / K(x, ®p"’ o,y)dy| do
/[0,1]3!/[0,1]23 x¥) ] N~ [o,us! 0.1]° e . )

K (x0 0" o, xp 0V o) do
n=0 m=0 [0’1]5
We will use the following property: For each integrable over [0, 1]° function

f and an arbitrary and fixed vector ¢ the equality

/ f(x @Eg’l)s o)dx = / f(x)dx
[0,1]° ) [0,1]°

holds. This property was announced by CHRESTENSON |[7] and it is not difficult

to adapt it to our operation @[12;1)5. Now, we will consider the expressions in
equality (2). Consecutively, we obtain that

(3)
_ [0,1)* [0,1]°
/ [ K(x,y)dxdy da—/ [/ K(x ®g 0,y Dy a) dxdy] do
(0,1]* /[0,1]> [0,1]= /[0,1]? : )
[0,1)°

= / K(x @Eg’l)s o,y ®g’ o)do|dxdy = / Kys(x,y) dx dy;
[0,1]2¢ | J[0,1]* : ) [0,1]2¢

4

/ [/ K<Xn @Eg;l)s o, y) dy da:/ [/ K(Xn @g;l)sa,y @L?;”Sa) dy] do
[0,1]¢[ /[0,1]* [0,1]#( /[0,1]°

= / [/ K <Xn EBE?;I)S 0,y @g;l)s O'> dO’] dy = de(xna Y) dy;
[0,1]° | /[0,1]® [0,1]°
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(5) /[ } K (Xn 69[0 ) 0, Xm @[0 b* > do = Kgs(Xpn, Xm,)-
0,1]°

Equalities (2)—(5) prove the statement of the theorem. O

4. The weighted anchored Sobolev space Hgon,s,y,w- Let y=(71,...,7s),
where 1 > 79 > -+ > 5 > 0 be an arbitrary vector of coordinate weights. The
weighted Sobolev spaces are tensor product of Hilbert space of univariate func-
tions. Let Hs = H1 4, ®---® Hi,, where H1,,, 1 < j <s, be Sobolev spaces of
absolutely continuous real functions defined on [0, 1) whose derivatives belong to
L»(]0,1)). According to the tensor product structure of the Sobolev space H, ,
for each vectors x = (x1,...,xs), y = (y1,--.,ys) € [0,1)% its reproducing kernel

has the product form K, (x,y) = H K1, (x5,y;), where K1 ., 1 < j <, is the
reproducing kernel of the space H 1J7%

Hence, to complete the definition of the s-dimensional space H , it is enough
to specify the one-dimensional spaces Hj ,; or equivalently their kernels Kj ;.
In our work, we will consider the so-called anchored case. Following HICK-
ERNELL [8], see also NOVAK et al. [9], we briefly will remind the details. Let
w = (wy,...,ws) € [0,1]° be a fixed vector, which we will call anchor. For an ar-
bitrary subset u C {1,...,s} let |u| denote its cardinality. For an arbitrary vector
x = (x1,...,x5) € [0,1)® and a subset u the notation (x,,w_,,) will denote the
vector from [0, 1)® with coordinate z; when j € u and w; when j € {1,...,s}\ u.
For two functions f, g their inner product is defined as

3 aIUI olul
<f7 g>57'y7w = Z ! /0 Xuaw—u)aix“g(x’UJW—u) qu

0x
uC{l,....s 1iul OXu

Then, the space Hsop, s y,w is defined as Hgop s vw = {f: || flls,7,w < +00}.
For arbitrary reals v > 0 and w € [0, 1] the function

Kiyw(®y) =145 (!w—ley wl—=lz—yl), =zyel01)

is the reproducing kernel of the space Hsop, 1,4,,. For arbitrary vectors v and w the
S
function Ks7'y,w(xay) = H Kl,'yj,wj (xja y])) X = (33‘1, cee 7935)7 y = (y17 cee 7ys) €
j=1

[0,1)* is the reproducing kernel of the space Hgol, sy, w-
For 1 <5 < s let de’l’%wj be the digitally shifted kernel associated with
the function K 4, .,;. Then, the digitally shifted kernel Ky s w associated with

S
the function K., w is defined as Kgssqw(X,¥) = [I Kuas1,;0,(75,95), X
j=1
(xlv [ 7$S)7 y = (yla L 7y5) S [O) 1)8
The statement of Lemma 1, applied to the reproducing kernel Ky, w, gives
us the following result:
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 Lemma 2. For an arbitrary integer k > 0 let the Fourier coefficient
K1 ~w(k, k) be as in the condition of Lemma 1. Then, the equalities hold

1
1+fy(w —w—|—3> if k=0,
Ky yw(k, k) =S 7 ! L)1 if kyBy < k < (k
(s AN . — , <k<(ky+1)B, —1,
2 sin27r’;9 3 B§+1 e ! !
g>0, kg e{l,...,by—1}.

For an arbitrary vector k = (ki,...,ks) € N§ let the Fourier coefficient
w(k, k) be as in the condition of Lemma 1. Then, the equality K, ~w(k k) =

[? 1,75 w; (kj, kj) holds and the kernel Kgs s w has an expansion of the form

T:]m =)

de,s,'y,w(xa }’) = Z ]?s,'y,w(kv k)BSVk(X)BSW(Y)’ \V/Xa y €< [07 1)8
keNg

In Theorem 2, we will present the formula for the mean square worst-case
error of the integration in the space Hgop sy,w

Theorem 2. Let Py = {xq,...,xny_1} be an arbitrary net composed by N
points in [0,1)%. Then, the mean square worst-case error of the integration in the
space Hgon s~ w by using the net Py satisfies the equality

s 1 N—-1N-1
éQ(HSob,s,%w§ PN) = - H [ + ;5 ( —w; + %)]"’W Z de,s,’y,w(xnaxm)'
j=1 n—0 m=0

5. The weighted anchored (I's,;~; w)-diaphony. For arbitrary vectors
Y= ,7s), W= (w1,...,ws) and k = (k1,...,ks) € Nj let us denote

(6) p(v;w; By K) = [ [ K1y, (ks ).
j=1

where the coefficients & 1,;,w; (Kj, k;) are determined in the condition of Lemma 2

and to put C(v;w;Bs) = >, p(v; w; Bs; k). Then, the quantity C(v; w; Bs)
keN=\{0}

satisfies the presentation

(7) C( 'W'B)_ﬁ 1+ wz-—w’—i-} —i—ﬁmb‘gj)_l
77 9 S *' f)/] Vi J 3 6 B(])
j=1 g=0 g+1
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In the following definition, we will introduce the concept of the so-called
weighted anchored (I's,;7; w)-diaphony.

Definition 5. For an arbitrary integer N > 1 the weighted anchored
(I's,;v; w)-diaphony of the first N elements of the sequence & = (x5, )n>0 of points
in [0,1)° is defined as

1
2\ 2
1

Fn(Tpg;v;wi§) = ClyiwiBy)

> p(viw; Bsik)

keNg\{0}

1 N-1
n=0

where the coefficient p(v; w; Bs; k) and the constant C(vy; w; Bs) are defined by
equalities (6) and (7), respectively.
In Theorem 3, we will show that the weighted anchored (I'g,;y; w)-diaphony
is a quantitative measure for the irregularity of the distribution of sequences.
Theorem 3. The sequence £ is uniformly distributed in [0,1)® if and only if
for each choice of the vectors v and w the limit equality ]\}gnoo Fy(Tg;v;w;€) =0

holds.

Theorem 4 will give us the relationship that exists between the mean square
worst-case error of the integration in the space Hgsgp s~,w and the weighted an-
chored (I'g,;~; w)-diaphony of the net of the nodes of the integration.

Theorem 4. Let Py be an arbitrary net of N points in [0,1)°. Then, the
mean square worst-case error €(Hsoh s~ w; PN) of the integration in the space
Hgol 5,yiw, by using the net Py, and the weighted anchored diaphony F'(I's,;v;w;Py)
of this net are related with the equality

€(Hsob,s,y,wi PN) =/ C(viw; Bs) - F(T's,;v: w; Py),

where the constant C(vy;w; Bs) is defined by equality (7).

Proof. We will use the exact formula for é%(Hgops.w; Pn) presented in
Theorem 2, the Fourier expansion of the kernel Ky, s w(X,y) shown in Lemma 2,
and the denotation (6) to obtain that

s 1 N—-1N-1
€ (Hson,s s Px) = = [T [1 475 (0] —wj + 3)] + 555 D D Katosaryaw (30, Xm)
j=1 n=0 m=0

N—-1N-1

= % Z Z Z p(v; w3 Bs: K) B, Yk (%Xn) B, Vi (Xm)

n=0 m=0keNj\{0}

N-1 N-1
= Z P(’Y; w; Bs; k) []1[ Z Bs’Yk(Xn)] : []17 Z Bsf)/k(xm)]
n=0 m=0

keNg\ {0}
N-1 2
1 2
= D ppwiBak) | Y s(xa)| = ClyiwiBe) - FX(Tp: 7w Py).
kel (0} =0
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Thus, we obtained the equality

e (HSob,s,'y,w; PN) = C(Py;w; BS) ’ F(FBS;PY;W; PN)

and Theorem 4 is finally proved. O
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