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Abstract

We study the distribution of fractional part of ap + 8 modulo 1, with
irrational o and p prime of the form p = ar? + 1.

Key words: distribution modulo one, primes in quadratic progressions

2020 Mathematics Subject Classification: 11J71, 11N32

1. Introduction and statements of the result. In 1923 HARDY and
LITTLEWOOD |[1] state the hypothesis:

Conjecture 1. Suppose a, b, ¢c € Z with a >0, GCD(a, b, ¢) =1, a+b and
¢ are not both even, and D = b* — 4ac is not a square. Let P¢(x) be the number
of primes p < x of the form p = f(n) = an® + bn + ¢ with n € Z. Then

o(D)x D
P = D(2 —_— —_—
(@) < GC (’a+b>\/alogxpglbp—l’

p>2

where
o(D) = ]} (1 — ﬂ)
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To date, there are numerous results related to this hypothesis. Assuming
the extended Riemann hypothesis for L-functions on Hecke characters in 1952
ANKENY |[2] proved that there are infinitely many primes of the form 2+ y?
with y = O(logz). In 1978 IWANIEC [3] established that there are infinitely
many numbers of the form n? + 1 which have at most two prime divisors. Later
MERIKOSKI [4] showed that there are infinitely many numbers of the form n? + 1
with greatest prime factor at least n'2™. Using Brun’s sieve it can be proved that
the density of primes up to = which having the form p = n? + 1 is O(v/z/log z).
So almost all numbers of the form n? + 1 are composite.

In 2006, BAIER and ZHAO [5] proved that for e > 0 there exist infinitely
many primes of the form p = am? + 1 such that a < p*/**¢. Later MATOMAKI 6]
improved their result and proved that for € > 0 there exist infinitely many primes
of the form p = ag® + 1 such that a < p"/?>*¢ and ¢ is prime.

In the present paper we consider another popular problem with primes. Let
a be irrational real number, 8 be real and let ||z| = 15161% |z —n|. In 1947 VINO-

GRADOV [7]| proved that if 0 < 6 < 1/5 then there are infinitely many primes p
such that

lap + Bl <p~?

Later the upper bound for § was improved and the strongest published result is
due MATOMAKI [8] with 6 < 1/3.

Our result is a hybrid between the two problems mentioned above. We shall
prove the following

Theorem 1. Let « € R\Q, 8 € R and let 0 < 0 < 1/108. Then for any
arbitrary small € > 0 there are infinitely many primes p such that p = ar® + 1
with a, r € N, )

a < p*PH%e and Jlap+ Bl <p~

2. Notation. Let x be a sufficiently large real number,

(1) §=06x)=a"? K=06"log? y=2a""2%172 ¢< L
108’

where n is arbitrary small and positive number, which we will choose later. By p we

always denote prime. As usual p(n), A(n), 7x(n) are Euler’s function, Mangoldt’s

function and the number of solutions of the equation mims - - - mj; = n in natural

numbers myq, ..., mg, 72(n) = 7(n) and

Y(x, d, a) ZA

n<x
n=a(d)

With ||y|| we denote the distance from y to the nearest integer, e(y) = ¢*™ and
if X <z <2X, we will write z ~ X. Instead of m = n (mod k) we write for
simplicity m = n(k). The letter € denotes an arbitrary small positive number,
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not the same in all appearances. For example this convention allows us to write
z°logx <« x°.

3. Some lemmas.
Lemma 1. Let X > 1 and a, d € N. Then

> ctam)| <min (Zopozy):

n<X

n=a (d)
Proof. See [9], ch.6, §2. O
Lemma 2. Let e and A be arbitrary positive constants. If (logz)4T! < y <

22/97¢ then
T
An+1) S 1= o(),
2 A2 J(iog )"

Q\n

where the O-constant depends only on € and A.
Proof. See Lemma 10, [5]. O
Lemma 3. Let z, M, J € R", p, ( € N and o € R\ Q satisfy conditions

(2) CLEZ,;(]EN, (CL,Q):I, QZ1

Then for every arbitrary small € > 0 the inequality

3 o i . oy

m~M g~J
1/2,1/2
- x x x'/*q
< <M‘]+ e gt T )

18 fulfilled.
Proof. See Lemma 8, [10]. O

4. Auxiliary results.
Lemma 4. Let x, M, J € R", u, ¢ € N and o € R\ Q satisfy conditions
(2). Then for any e > 0 the inequality

7 1

1 x x s qs
7¢(7) min _— MJ+ + + )

2 mulm) 2 (i) { ||am4y|r} ( z M3

2 1
m~M jrod Ms  M3qgs
is fulfilled.

Proof. Our proof is similar to the proof of Lemma 8, [10]. Let
x
3 = .
( ) M4J
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If H <2, then using that 7;,(n) <, . n° we get
(4) G < x*MJ.
So we can assume that H > 2. It is obvious that
x 1
G < xf in{ ——, ——— 5.
o 3 ) min {m4y Jamj] }
m~M j~J

T 1
We apply the Fourier expansion to function min § ——, ———— ¢ and get
m*j" [lam?j]|

min{ L 1}: S w(h)e(am*jh) + Olog ),

mij’ [lamj]|

0<|h|<H?2
where
) H
(5) w(h) < mln{logH, |h|}
Then
(6) Gl <ot > Jwm) | D e(am‘{jh)‘ + MJlogz.
0<|h|<H? j~d P meM
So if
G(Ho) = > Y _| D elam*jn)|.,
h~Ho j~d ' m~M
then using (5) we have
(7) Gz MJ+ max G(Hp)+ max £G(HQ) .
1<Ho<H; Hi<Hy<H? HO

We shall evaluate the sum G(Hj). Applying the Cauchy—Schwarz inequality we
obtain

2

G?*(Hp) < x*HoJ Z Z Z e(am®jh)

h~Hg jrd ' m~M

< z°HyJ Z Z Z Z e(a(m%—m‘f)jh).

h~Hg jrd mi~M ma~M

Substituting mo = my + ¢, where 0 < |t| < M we get
(8) G*(Hy) < z° (H&JZM + HOJGl(H0)>,
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where

Amit + 6mit® + 4mqt®)jh)|.

)= > 2.

h~Ho jd 0<|t|<M ‘ mi~M
Applying again the Cauchy—Schwarz inequality we obtain

h~Hg j~J 0<|t|<M ma~M

< 37 efa(d(md —md)t +6(m3 — m)E + 4(my — m)E)jh).

mi~M
Substituting mg = my + ¢, where 0 < |¢| < M we get
(9) G3(Hy) < HEJ*>M? + HoJMGo(Hy),
where
- YY YT ‘ S e(12a(m3t + it -+ mati?)jn) |
h~Hg j~J 0<|t|<M 0<|¢|<M ' mi~M
Applying again the Cauchy—Schwarz inequality we obtain

GiHo) < HoaM* Y N S Y %

h~Ho j~J 0<|t|<M 0<|f|]<M ma~M

X Z (12a((m3 — m3)tl + 6(mo — mq )%t + (mo — ma )€¢%)jh).

mi~M

Substituting mg = my + 2z, where 0 < |z| < M we get
G3(Ho) < H§J*M®

55 MDD SED Wl SRR

h~Hy j~J 0<|t|<M 0<|(|<M 0<|z|<M ' mi~M

Let uw = 24tz¢zjh. Then using Lemma 1 we obtain

G3(Ho) < H3J?M® + HoJM? )~ 74(u) min{
u<24HqyJ M3
HZJ? MO
q

HoJM* 1 }
u o]

(10) < zf <H02J2M5 + + HOJM2q>.
From (8) we obtain

G(Ho) Lz (H(]JM7/8
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Choosing Hy = H from (7), (8), (9), (10), (3) and (4) we get
71

x T T8qs
M25/8 + M3q1/8 + M3 )

(11) G<<af<JmI+

O

5. Proof of Theorem 1. Let s(n) = n/r?, where n € N and r? is the largest
square dividing n. It is clear that s(n) = 1 if and only if n is a perfect square.
Let p be a prime. Then s(p—1) < p?/314040 it and only if there exists r € N such
that r%|p—1 and r > (p— 1)1/6*29*”/2. Therefore the number of primes p ~ v —1
such that s(p — 1) < p?/3+49 and |lap + 8| < p~? is greater than I'(z)/logz

with A(n)
n
I'(z) = —_— 1 — Cozt/?te,
nr\;—l T(n N 1) ;
|an+8]|<n~? r2|n—1

1/6—260—n/2

where y = x and the residual member has been received from addends

of the form n = s*, k > 2 and s-prime. Using that 7(n) < n°/? we get
(12) T(z)>Ciz™? Y A(n) Y 1—Co!/**
n~x—1 r>
llan+p]|<n=* i
> Cae/? Z A(n) Z 1 — Cyz'/?te,
n~x—1 T~y
llan+8ll<n=? r2in—1
As in [11] we take a periodic with period 1 function such that
0<x(t)<1l if —-d<t<yd;
x(t) =0 if §<t<1—34,
which has a Fourier series
(13) X(t) =0+ > clke(kt),
|k|>0
with coeflicients satisfying
(14) c(0) =0, c(k) <6 for all k, Z le(k)| < =™

|k|>K

and § and K satisfying the conditions (1). The existence of such a function is a
consequence of a well-known lemma of Vinogradov (see 9], ch. 1, §2). Then from
(12) we get

(15) [(z) > C1z7%/% (z) — Coz'/#*e,
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where

Z A(n)x(an + B) Z 1.

n~zr—1 T~y
r2|n—1

From the Fourier expansion (13) of x(t) we get

(16) Iy (z) = 5<F2(:1:) +Ts(2) +0<;>>,
where

Z Z A(n) and Ts(z) = Z Z Z (akn)A

~y n”;(jcg) 0<|k|I<K revy nj;(ﬁ)

Here we have laid c(k) := c(k)e(Bk).

From Lemma 2 we have
T

2@y O<y<loggc:c>A>‘

5.1. Estimate of the amount I's(x). First we decompose the sum I'3(x)
into O(log z) sums of type

:Z ZZA e(akn),

kNKO ™y n:n;(sz)

(17) Iay(z) =

where
(18) 1< Ky < KJ/2.

Then by Vaughan’s identity we can decompose the sum W into O(logx) type I

Wy = Z c(k)z Z a(m) Z e(amlk),

k~Ko r~y m~M /:NlL( 2)
= Z C(k)z Z a(m) Z e(amlk)log¥,
k~Ko re~y m~M /:~1L< 2)

where ML ~ 2z, M < z'/3 and into O(log ) type II sums

Wo= > k) > alm) > b(t)e(amlk),

k~K, e ~M L~ L
0 ym me=1 (r2)

where ML ~ z, '3 < M < 2*/3 and a(m) < 7(m)logm, b(l) < (1) logl.
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First we estimate type I sums rather straightforwardly. We have

Wir S5 |3 comi)|

k~Kqg T~ ~M e~L
0 ym me=1 (r2)

As L > 2%3 > 4? > r? we get £ = f +r*t, where f = f(m, r). Using Lemma 1
we obtain

eI DI ’ 3 damtrzk)'

k~Ko T~y me~sM tNL

I mm{ﬂ \|am7“2k||}

k‘NKU re~y m~M

.%'KO 1
<ot ¥ s mn{T

u~KoM ey

Applying Lemma 3 and bearing in mind (18) we get

K K 1/2 172,172
(19) Wi < af (yml/?’K + ° ° a >

+
y3/2 " yql/? y
Now we will estimate the sum W5. It is enough to consider the case

We start by applying the Cauchy—Schwarz inequality, obtaining
(20) W3 < a'te <:cMK2 + W21> ;

where

Wo=yMKo 3 3 > D, bl)ble(am(ty — E)k).
k~Kg r~y m~M 41,42~ L
mey=1(r2)
mZQEI(TQ)
1@7@2

L
If 01 # ly from ml; = 1 (r?) follows £1 = U5 (r?). So €1 = lo + tr? with t < 7 and

using Lemma 1 we receive

W2 < 2°yM K Z Z Z Z

k~Ko movy bo~Lp< L
> yg

> e(amtTZk)‘

mn~ M
mly=1(r2)
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.M 1
<<f1}'€xyK0 Z Z mln{r27 Ww}

kKo T~y < L
= y2

it follows that

LK
By substituting u = tk < 20
Y

2 5 . CL‘KO 1
W5 < zfzyKy Z T(U)me{m, ||047’4U||}'

u<<% revy

Using Lemma 4, (20) and (18) we get

K K 1:3KT 16
(21) Wy < xa(xiK—i-xw +ml+xq).
ym o ygs y

From (19), (21) and (5) follows

sK oK x16KT16qie
(22) F3<<x5<g:3K+17+ -+ a )
Yy ygE y
From the denominators ¢; < g2 < --- of approximation of irrational o we choose
K 1
x; such that the equality mo_ q is fulfilled. We take 8 = 108 ~ 2¢ and n = 8e¢.
Yy
So y = z'/6729=% and we get a sequence

T <XTo<xz < "+ —> 0

such that

l1—¢
(23) I's < .CL‘y .

Hence from (15), (16), (17) and (23) we get

1—e
F>C:v.€/25< i +0<xi ))
= 2¢(2)y; Yi

and the proof is complete.
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