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Abstract

This study presents flexible conditions of the inertial extrapolation pa-
rameter for easy implementation that is added to the algorithm in faster con-
vergence. Modified inertial forward-backward splitting algorithms for solving
variational inclusion problems are introduced to apply to solve the LASSO
problem for image restoration and signal recovery, and the elastic net model
for classification problem. Projection methods are used in the final step for
narrowing down the search field, resulting in a better solution.
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1. Introduction. Regularized least square problems (RLSB) have a variety
of specific applications. In this paper, we consider three applications of the RLSB
that are defined as follows:

(i) image restoration
. (1
(1.1) min <2||B—Hx||%+)\|]ar\|1>
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which is the process of recovering a degraded image B = Hx — €, where
x € R" is an original image, € is additive noise, H € R™*" is the blurring
matrix, and A > 0 is a regularized parameter with || - ||1;

(ii) signal recovery
(1 9
(1.2) min QHB—H.@HQ—&-/\Hle

which is the model of recovering a disrupted signal B = Hx — €, where
x € RY is a vector with m nonzero components to be recovered, B € RM
is the observed or measured data with noise €, H: RV — RM (M < N)
is a (bounded) linear operator, and A > 0 is a regularized parameter;

(iii) data classification by extreme learning machine (ELM |[5])
(1 2 2
(1.3) min | o ||B = Hallz + Adllzll + Azllz]lz ),

where x is the optimal output weight, H is the hidden layer output
matrix, B is the training target data, and A;, A2 > 0 are regularized
parameters.

The regularized least square problems (1.1)—(1.2) are called least absolute
shrinkage and selection operator (LASSO). Problem (1.3) is called elastic net
problem.

Many problems in optimization can be formulated to solved problems (1.1)—
(1.3), see [1,6,7,10,12,18]. We focus on variational inclusion problems (VIP)
which are defined in a real Hilbert space H: to find an element & € H such that

(1.4) 0€(F+G)z,

where G: H — 2 is a multi-valued maximal monotone mapping and F: H — H
is a monotone and Lipschitz continuous mapping. The set of solutions of the
VIP (1.4) is denoted by (F + G)~1(0). By setting F(z) = V(3B — Hz|3) for
problems (1.1)-(1.2) or F(z) = V(3||B — Hz||3 + A2||z||3) for problem (1.3) and
G(x) = 9(\||z||1) or G(z) = d(\1]|x|1), it is well known that VIP (1.4) can be
reduced to solve problems (1.1)-1.3.

To solve VIP (1.4) many algorithms [2,4, 13| were proposed via the resolvent
mapping J¢: H — H which is defined by J%(z) := (I +7G) () for all z €
H since VIP (1.4) is equivalent to the fixed point equation & = J&(I — 7F)i.
The famous one is called the forward-backward splitting algorithm [3, 8] which is
defined by z; and

(1.5) Tpal = Jg (xn — T Fxy), n>1,
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where 7, > 0 is the stepsize. Algorithmic convergence theorem and convergence
acceleration techniques have been of great interest to many mathematicians. The
well-known inertial technique for speeding-up the convergence was first introduced
by POLYAK [14] which initiated from the heavy ball method. The different two
inertial forward-backward splitting algorithms are the basic algorithms of adding
the inertial technique which combines the inertial technique with the forward-
backward splitting algorithm proposed by MOUDAFI and OLINY [11] in 2003, and
LorENZ and POcCK [9] in 2015. The inertial forward-backward splitting algorithm
of Moudafi and Oliny [11] is in the form:

Yn = Tp + an(xn - xnfl)v

(1.6)
Tn4+1 = JG (yn - TnFCEn)a n>1,

Tn

where F: H — H and G: H — 2. They obtained the weak convergence theorem
provided 7, < 2/L with L the Lipschitz constant of F' and the condition on the
inertial extrapolation «;. The inertial forward-backward splitting algorithm of
Lorenz and Pock [9] is in the form:

(1 7) yn:xn"i_an(xn_xn—l)a
. T+l = ng(yn —Fyn), n>1,

where {7,} is a positive real sequence. It is observed that algorithms (1.6)
and (1.7) are different since operator F' in algorithm (1.6) is still evaluated at
the point x,,.

In this paper, we discuss the conditions of inertial extrapolation a,, of modi-
fied inertial forward-backward splitting algorithms for easy implementation used
in three applications (1.1)—(1.3). We also introduce two methods for modifying
new inertial forward-backward splitting algorithms and show their advantages.
The first one is adding the projection method in the last step to get the next it-
eration and the second is combining with nonexpansive mapping to approximate
a common solution of VIP (1.4) and fixed point problem.

2. Algorithms. In this research, we focus on inertial technique and projec-
tive method for modifying new algorithms to solve VIP (1.4). Figure 1 shows
the advantage of relax condition of the inertial extrapolation a; and adding the
metric projection Pg to get x9, where C' is nonempty closed convex subset of R2.

Remark 2.1. From Figure 1, we see that

(i) x1 (black vector) is updated to new x; (blue vector if oy > 0 and red
vector if @y < 0). This shows that if a;, € (—o00,+00), then finding
acceleration sequence {x,} is more general.

(ii) x2 (green vector) is updated by Pc to new zo (orange vector if C =
{x: ||z||1 < B}, blue vector if C = {z: ||z||3 < B}, and light blue vector
if O ={z: ||zl < B})-
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Fig. 1. The structure of an inertial projective method

By Remark 2.1, we present two projection inertial forward-backward splitting
algorithms modifying those of Moudafi and Oliny [11]|, and Lorenz and Pock [9],
respectively, as follows:

(2.1)

(2.2)

Yn = Tp + an(xn - $n,1),
Tn41 = PC(JgL(yn - TnF-Tn))a n>1,
Yn = Tp + an(fbn - fbnfl)»

Tn41 = PC(JgL(yn - TnFyn))7 n =1,

with the inertial extrapolation oy, € (—o0,400).
Remark 2.2. From algorithms (2.1) and (2.2), we see that

(i)

(ii)
(iii)

if C = H, algorithms (2.1) and (2.2) reduce to algorithms of Moudafi
and Oliny [11], and Lorenz and Pock [9], respectively, but «,, is chosen
more general;

algorithms (2.1) and (2.2) converge to a solution in (F + G)~*(0) N C;

algorithms (2.1) and (2.2) are applied to solve three applications (1.1)—
(1.3) which is more general on constrained set C', where C' is nonempty
closed and convex subset of H. Then LASSO (1.1)—(1.2) and the elastic
net problem (1.3) can be considered in constrained set C, respectively,
as follows:

. 1
(2.3) Lrélg <2||B—Hx||§+)\|]x\|1>
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and

. 1
(2.0 iy (15— Hal + el + Mgl

(iv) we can modify a new projection inertial algorithm by modifying the pro-
jection Pp in the last step and relax the inertial extrapolation parameter
Q.

Also for algorithms which solve a common solution of VIP (1.4) and fixed
point problem of nonexpansive mapping 7' (that is 7: H — H such that ||Tx —
Ty|| < ||x—y| for all z,y € H) are useful to apply to solve three applications (1.1)—
(1.3) with constrained set C. By setting T = P¢, then C = F(T), where F(T')
is the set of fixed points of T'. In recent years, approximating a common solution
of VIP (1.4) and fixed point problem have been proposed, see in [15-17|, its
applications by considering on constrained set C have not appeared.

We next give an example in Euclidean space E? for solving the following
minimization:

) 1
(25 iy ( (1 = 417) + Mllels + Aallel).

Example 2.3. Let F(z) = V (3(lz — 4[?)) , G(z) = 9 (A1]|z[l1 + Ao|/z]3)
and C = C1 = {z: ||z|1 < 3}. Applying algorithm (2.2) to solve problem (2.5),
Table 1 shows numerical results in different cases.

Remark 2.4. From Table 1 and Fig. 2, 3, 4, we see that

(i) the extrapolation parameter «,, affects the convergence of the algorithm;
the inertial algorithm (o, 7# 0) converges faster than the standard al-
gorithm (a;, = 0) in the cases of Ay = Ao = 0 and \; = 3, A2 = 0;
conversely, in the case A} = 0, A2 = 5/3.

(ii) it is clear that the metric projection Po also affects the algorithm’s
convergence; choosing the right C for the algorithm speeds up the con-
vergence.

Table 1

Numerical results of algorithm (2.2) to solve problem (2.5) for different cases

Parameters c=H c=0G

an=0 an#0 a,=0 a,#0

A= Ao =0 Number of iterations 62 46 55 41
CPU times 0.0125 0.0196  0.0388  0.0271

A =3 Ap =0 Numbejr of iterations 6 6 6 5
’ CPU times 0.0565  0.0308  0.0504  0.0505

M =0, \s = 5/3 Number of iterations 23 25 23 25
’ CPU times 0.0160 0.0248 0.0265  0.0293
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Fig. 4. Cauchy errors plots for Ay = 0, A2 = 5/3
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3. Conclusion. This paper studies the concept of speeding up the conver-

gence techniques of algorithms that solve variational inclusion problems to apply
in image restoration, signal recovery, and machine learning. The numerical exam-
ple shows that adding the inertial term and metric projection are two good ways
to improve convergence.
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