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Abstract

Lewis determined the structure of finite groups whose irreducible character
odd-degrees are square-free. In this paper, we give an identification of the
structure of non-solvable groups whose proper subgroups have only square-free
degrees.
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1. Introduction. All groups under consideration are finite. Let Irr(G) be
the set of all complex irreducible characters of a finite group G and denote the
set of character degrees of G by cd(G), that is ¢cd(G) = {x(1): x € Irr(G)}. Let
SLa(q) (PSL2(g)) denote the (projective) special linear group of degree 2 over a
field of order q. And a degree always means an irreducible character degree in this
paper.

In [1], HuPPERT and MANZ determined finite groups whose degrees are
square-free. In particular, they showed that if G is non-solvable group with this
property, then GG has a section isomorphic to A7, where A,, is an alternating group
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of degree n. Also DoLFI1, PAciFict and SANUS 2| furthered Huppert and Manz’s
results and explored that if each of the real-valued irreducible character degrees
is square-free, then G is either solvable or has a section isomorphic to Az; see |2,
Theorem 3.1|. Furthermore LEWIS and WHITE in [3] investigated the structure
of non-solvable groups all of whose degrees are odd-square-free. Some scholars
considered the relationship between the degrees of subgroups and the structure
of finite group, for instance, HUMPHRIES and SKABELUND [4] determined the
structure of metacyclic groups and L1U [5,6| gave the structure of almost simple
groups whose proper subgroups have either prime-power degrees or at most two
real-valued degrees.

Let Zp G and ) G be the set of proper subgroups and subgroups of a group
G, respectively. We see that G € 3G, and 3} G ={G}U}_ G. Inspired by the
above works [1-3], we introduce the following concept.

Definition 1.1. A group G is called a PD-group if for each H € ) G and
any x € Irr(H), x(1) is square-free and a non-PD-group otherwise. A group G is
named an SPD-group if for each H € Zp G, H is a PD-group and a non-SPD-
group otherwise.

We always think of an abelian group as a PD-group or an SPD-group.

Example 1.2. A group whose degrees are square-free does not mean that it
is a PD-group or an SPD-group. For instance, let G = Ay, the alternating group
of degree 7. It is easy to see from [7, p. 10] that

cd(47) ={1,2-3,2-5,2-7,3-7,3-5,5-7}.

Obviously all degrees of A7 are square-free. Since PSLy(7) is a subgroup of Ay
and 8 € cd(PSL2(7)), we have that PSLy(7) is a non-PD-group, so A7 is neither
a PD-group nor an SPD-group.

In comparison to Huppert and Manz’s result [1], we first prove that a PD-
group is solvable, namely the following result is obtained.

Theorem 1.3. Let G be a finite PD-group. Then G s solvable.

In Theorem 1.3, we consider all subgroups of which only have square-free
degrees. A finite group whose degrees are square-free was first studied by Huppert
and Manz in [1] and groups with this property are possibly non-solvable; see [1,
Theorem 2.8]. Thus if we consider only the proper subgroups whose degrees are
square-free, then we have this result.

Theorem 1.4. Let G be a non-solvable SPD-group. Then G is isomorphic
to one of the following groups:

-1

(1) PSLa(q) for certain q € {2P,3P,r} such that p, r are primes and m

s square-free.
(2) SLo(3P) with 3P — 1 is square-free.

(3) SLa(q) with q an odd prime such that g—1 is square-free, and ¢ = +3,+13
(mod 40).
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2. Minimal simple groups and basic properties of SPD-groups.
Lemma 2.1 ([8, Corollary 1]). A simple group of composite order all of whose
proper subgroups are solvable is isomorphic to one of the following simple groups:

(1) PSLo(2P) for p a prime;

(2) PSLa(3P) for p an odd prime;

(4

)
)
(3) PSLa(p), for p any prime exceeding 3 such that p*> +1 =0 (mod 5);
) Sz(2P) for p an odd prime;

)

(5) PSLy(3).

Lemma 2.2. (1) A group G is an SPD-group if and only if for each
proper subgroup H of G, H is a PD-group.

(2) Let G be an SPD-group. Then for any non-trivial normal subgroup N of
G, N and G/N are PD-groups.

(3) Let G be an SPD-group. If N is a normal subgroup of G, then G/N is

an SPD-group.

Proof. (1) We can get by the definition of an SPD-group.

(2) It is easy to see from Irr(G/N) C Irr(G) and (1).

(3) It follows from [9, Corollary 11.29]. O

3. PD-groups and non-solvable SPD-groups. Let E, be an elementary
abelian 7(g)-group of order ¢, and C), be a cyclic group of order n. Let E, : Cy—
or ¢ : (¢ — 1) be a Frobenius group of order ¢(¢ — 1) with complement Cy_; or
(¢ — 1) and kernel E; or g, respectively. In a group G, denote by max G the set
of maximal proper subgroups with regard to subgroup-order divisibility.

Proof of Theorem 1.3. Let G be a counterexample of minimal possible
order. Then G is a nonsolvable group but its subgroups are solvable. So by
Lemma 2.1, G is isomorphic to PSLy(q) for certain ¢, Sz(2P) or PSL3(3).

Consider PSLa(q).

Note that cd(PSL2(q)) contains ¢ as a member and that ¢ is a prime power,
so hypothesis shows that ¢ is a prime. If ¢ = 2, then PSLy(2) = S5 is solvable. If
q = 3, then PSL9(3) = Ay is solvable too.

Observe that for ¢ > 4, ¢ — 1, + 1 € cd(PSLa(q)) by [10]. Soif ¢ > 5is a
prime, then one of the numbers ¢ — 1 and ¢ + 1 is divisible by 4, a contradiction.

Consider Sz(2P). Then 2% € cd(Sz(2P)) by [11, Theorem 5|, a contradiction.

Consider PSL3(3). Then by [7, p. 13], 24 = 16 € cd(PSL3(3)), a contradic-
tion.

It follows that the minimal counterexample does not exist, so GG is solvable.
O
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Corollary 3.1. Let G be a non-solvble SPD-group. Then G is a non-PD-
group.

Proof. Since G is non-solvable, there is a section K/H isomorphic to a non-
abelian simple group. Note that K/H is a normal subgroup of G/H, and that
G/H is an SPD-group, so K/H is a PD-group. By Theorem 1.3, K/H is solvable,
a contradiction. O

Theorem 3.2. Let G be a non-abelian simple SPD-group. Then G is iso-
morphic to PSLa(q), where q is satisfying one of the following conditions:

(1) ¢ =2f, and q — 1 is square-free with f a prime;
(2) ¢ =3P and % is square-free with p an odd prime.
(3) ¢ =p is a prime, % is square-free with ¢ = p # +1 (mod 10).

Proof. A PD-group is solvable by Lemma 1.3. From the definition of an
SPD-group, it follows that the proper subgroups of a group are solvable. Now
Lemma 2.1 gives that G is possibly isomorphic to PSLy(2P) for p a prime; PSL2(3P)
for p an odd prime; PSLy(p), for p any prime exceeding 3 such that p? +1 = 0
(mod 5); Sz(2P) for p an odd prime; PSL3(3). In what follows, we will analyze all
these cases.

Case 1. PSLy(2?) for p a prime.

In this case PSL2(2P) contains F; : Cy—1, Dy(q—1), and Dy 1) as its maximal
subgroups. Observe that cd(E, : Cy—1) = {1, — 1}, and cd(Dy(4+1)) = {1,2},
so hypothesis shows that ¢ — 1 = 2P — 1 is square-free. Thus PSLy(2P) is an
SPD-group with 2P — 1 square-free.

Case 2. PSLy(3?) for p an odd prime.

Now Table 1 shows that max PSL2(37) = {E, : C(4—1)/2, Dg+1, Dg—1}. Note
that A; ¢ max PSLy(3P) (in fact, we see that 3* = 1 (mod 10). Since p is an
odd prime, p = 4r + 1 or p = 4r 4 3 say, we get that ¢ = 37 = +3 (mod 10), so
g = %1 (mod 10) has no solution in N, the set of positive integers). We know that
% € cd(Esr : C(zp_1)/2) and so 3,,2_ L is square-free by hypothesis. Therefore
PSL2(3P) is an SPD-group if (37 — 1)/2 is square-free with p a prime.

Table 1
PSL2(q), ¢ > 5 [12, Chap. III, Theorem 8.27]

max PSL2(q) Condition
Ci | Eq:Clq=1)/m m = ged(qg — 1,2)
C2 | Dag-1)/m q¢ {57,911}
Cs | Dagg+1)/m q ¢ {7,9}
Cs | PSLa(go).(m,b) | ¢ =g, b a prime, qo # 2
Ce | Sy g=p==1 (mod 8)

Ay qg=p=3,5,13,27,37 (mod 40)

S | 45 q==+1 (mod 10), Fy = F,[v/5]
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Case 3. PSLy(p) for p any prime exceeding 3 such that p? +1 =0 (mod 5).
If p =5, then PSLy(5) = PSLa(4) is considered. If p = 7, then by |7, p. 3],
max PSLy(7) = {S4,7 : 3}; if p = 11, then by |7, p. 7|, max PSL(11) = {A5, 11 :
5,Di2}. If p > 13 is odd prime, then by Table 1, we get that maxPSLy(p)
has possibly Ej, : C(,_1)/2, Dp+1, Dp—1 Sa, Ay and Ajs as its members. If p
+1 (mod 10), then A5 € maxPSLy(p) and As is a non-PD-group. Thus p
+3 (mod 10) as p is a prime. Meanwhile, FE, : C(,_1)/2 € maxPSLz(p), so by
assumption, % is square-free. Since p?> + 1 = 0 (mod 5), we have p = +3
(mod 5). It follows that PSLa(p) is an SPD-group when p is a prime such that
% is square-free and p = £3 (mod 10).
Case 4. Sz(2P) for p an odd prime.
In this case, by Table 2, Cy,, 555, @ C1 € maxSz(2P), so 22 = 4 ¢
cd(Cypy 33541 : C1), a contradiction. So Sz(2F) is a non-SPD-group.

Table 2
Sz(q), ¢ =2"*" ([13, p. 385))

max(Sz(q)) Condition
qu : qul
Dyg-1)
Cotvrgsr : Ca
Co—vagr1 i Ca
Sz(q0) 4 = g5, a prime, go > 8

Case 5. PSL3(3).

By [7, p. 13], 32.2.5; € max PSL3(3) and by [14], cd(3%.2.5,)={1,2, 3,4, 8, 16}.
Thus PSL3(3) is a non-SPD-group. O

Now we will give

Proof of Theorem 1.4. As G is non-solvable, [15, Lemma 2] shows that G
has a normal sequel 1 < H < K < G such that K/H is isomorphic to the direct
product of isomorphic non-abelian simple groups and |G /K| divides |Out(K/H)],
where Out(A) denotes the outer-automorphism group of a group A. We can get
from Lemma 2.2(3) that K/H is an SPD-group, so K/H is isomorphic to

SXx 8% xS,

k times

where S is isomorphic to the groups listed as in Theorem 3.2. If £ > 2, then by [9,
Theorem 4.21|, K/H is a non-SPD-group (in fact, we can choose a subgroup of
the form

SXSXx--x8xC3 from §x85x---x8.

Observe that Sx .S x- - -x.5x (3 is non-solvable, so by Corollary 3.1, Sx.Sx---xC}3
is a non-PD-group). Thus K/H is isomorphic to a non-abelian simple group. Now
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we have S < G/H < Aut(S), where Aut(A) is the automorphism group of a group
A. We see from Corollary 3.1 that for any M with S < M < Aut(S), M has a
non-PD-subgroup S. It follows that G/H is isomorphic to PSLa(q) for certain g.
In what follows, three cases are investigated.

Case 1. ¢ is a 2-power.

Then the fact that GLa(q) = SLa(q) = PSLa(q) gives that HNCg(PSLa(q)) =
1, so G is isomorphic to H x PSLa(q). If H # 1, then G has PSLs(q) as its
subgroup. By Corollary 3.1, PSLs(q) is a non-PD-group, a contradiction. So G =
PSLz(q). By Table 1, we know that max PSLa(q) = {E, : Cy—1, Day(g41), Da(g—1) }
so hypothesis shows that ¢ — 1 is square-free. Thus PSLy(q) is an SPD-group if
q=2P, and 2P — 1 is a prime.

Case 2. ¢ = 3" with r an odd prime.

Now G'H/H is isomorphic to PSLy(3"). We know from [7, p. xvi] that the
order of the Schur multiplier of PSLy(3") is two, so G'NH < Cy. T G'NH =1,
then G’ = ;& = GH ~ Pgr,(3"), so G = PSLy(3") x H. Obviously H = 1
as above arguments. If G' N H = Cy, then G is isomorphic to SLy(3")H. Also
we see that H = C3 (note that Cy = Z(SL2(3"))), for otherwise, SLa(3") is
a proper subgroup of G and so it is a PD-subgroup, but this is impossible as
PSLy(3") = % and Irr(PSL2(3")) C Irr(SL2(3")). Now G is isomorphic to
SL2(3")Cq = SL2(3"). Since r is an odd prime, we have that by Table 3, SLa(3")
has E3r : C3r—1, Qa3r—1), Q2(37+1), SL2(3) and PSLa(3) as its subgroups. Observe
that cd(Esr : Cgr_1) = {1,3" — 1}. Thus SLy(3") is an SPD-group if 3" — 1 is
square-free for an odd prime r.

Table 3
SLa(q), ¢ > 4 ([13, p. 377])

max(SL2(q)) Condition
E;:Cyqn
Qag1) q+#5,7,9,11; ¢ odd
N1lifg=7,11; N2ifg=9
Doq-1) q even
Q2(q+1) q#7,9; qodd
Nlifg=7;N2ifqg=9
D11y q even
SL2(qo).2 q=qp, g odd
SL2(qo) q = q5, q odd, r odd prime
PSL2(qo) q = qp, q even, go # 2, r prime
2.9 qg=p==+1 (mod 8)
2.A4 qg=p=43,5£13 (mod 40)
N1ifg=p==+11,+19 (mod 40)
2.A45 qg=p==+1 (mod 10)
g =p? p=+£3 (mod 10)

where N1 maximal under (0) with |§| = (¢ — 1, 2);
N2 maximal under subgroups not contained in () with |¢| = e, ¢ = p®, p a prime.
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Case 3. ¢ > 5 is a prime.

Then G'H/H = PSLy(q). Note that the order of the Schur multiplier of
PSLa(q) is 2, so G'NH < Cy. If G N H = 1, then G’ = PSLy(q), so G =
PSLa(q) x H as above arguments. It is easy to get H = 1. If G N H = Oy,
then G is isomorphic to SLy(¢)H. Also we have H = (5 as in Case 2. We see
from Table 3 that max SLa(q) possibly contains F, : Cy_1, Qa(gt1), 2-54, 2.44
and 2.45 as its members. We see that ¢ — 1 € cd(Ey : C4—1), so by hypothesis,
q — 1 is square-free. If ¢ = +1 (mod 8), then 2.5, € maxPSLs(q); if ¢ = £1
(mod 10), then 2.45 € maxPSLa(gq). Observe that 2.A45 and 2.5, are non-PD-
groups because cd(2.45 = {1,2,3,4,5,6}) and cd(2.54) = {1,2,3,4} by [14]. It
follows that ¢ = 4+3,+£13 (mod 40). Therefore SLy(q) is an SPD-group if ¢ is a
prime such that ¢ — 1 is square-free, and ¢ = £3,£13 (mod 40). O

Theorem 3.3. Let G be finite SPD-group which has no section isomorphic
to PSLa(q). Then G is solvable.

Proof. Assume the contrary, that G is a nonsolvable SPD-group, and so by
Theorem 1.4, G is isomorphic to

(1) PSLa(q) for certain ¢ € {2P, 3P, r} such that p, r are primes and ﬁﬂ{l)
is square-free.

(2) SLy(3P) with 37 — 1 square-free;

or

(3) SLa(gq) with g an odd prime such that g—1 is square-free, and ¢ = +3, £13
(mod 40).

It follows that G has a section isomorphic to PSLs(q), a contradiction. O
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