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Abstract

We investigate Cauchy problem to double dispersion equations with poly-
nomial type nonlinearities with variable coefficients. Necessary and sufficient
conditions for nonexistence of global weak solutions and nonblowing up ones
are found for subcritical initial energy. For supercritical energy a sufficient con-
dition for finite time blow up of the weak solutions, independent of the scalar
product of the initial data, is developed.
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1. Introduction. We study the nonexistence of the weak solutions to the
Cauchy problem for double dispersion equations with linear restoring force

Ut — Uttgr — Ugz + Ugzee + U+ f(l‘)u)x:t = O’ (t,l‘) S RT x R,
(1) U(O,.CL‘) = u0($)7 ug € Hl(R)v (_A)_l/2u0 € LQ(R)a
us (0, 2) = up(z), up € L2(R), (=A)"12u; € LA(R).
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Here (—A)~lv = F7Y(|¢|~2F(v)) for I > 0, F(v), F~1(v) are the Fourier and the
inverse Fourier transform, respectively.
We consider two polynomial type nonlinearities f(x,u):

@ faw= > a@ @)l s e [Lm], m>2,
k=1,k#s
(3) fla,u) = ap(@)|uP*~u, m > 2,
k=1
where
(4) 1<p1<p2<"'<pm<007
ar(z) € C(R), |ag(z)| < Ak, Yk € [1,m], Vo € R.

The coefficient as(x), s € [1,m], is a sign-changing function and for every x € R
we assume one of conditions (5), (6) or (7)

(5) fors=1:aj(x) >0, Vje[2,m]
(6) forse (1,m):aj(z) <0, Vjel,s—1]; aj(z) >0, Vje[s+1,m];
(7)  for s=m:aj(x) <0, Vj € [l,m—1].

For the special case of a single nonlinearity
(8) fla,u) = as(@)ulP*"tu or f(z,u) = as()|ufP

the function as(x) is an arbitrary nontrivial function such that (4) holds.

Equation (1) arises as a model in the nonlinear dynamics in weakly disper-
sive media. For example, (1) describes the transverse deflections of an elastic rod
subject to axial extension. The term w4, corresponds to the so-called rotational
inertia (see [!]). Moreover, the cubic-quintic nonlinearity appears in the propa-
gation of longitudinal strain waves in an isotropic cylindrical compressible elastic
rod [?| and in shape memory alloys [?|. The double dispersion equation (1) is also
a model of pulse propagation in biomembranes and nerves (see [*]).

The global behaviour of the weak solutions to double dispersion equation (1)
is intensively investigated. By means of the potential well method (see [°]) and
the concavity method of LEVINE (see []) the case of subcritical initial energy
E(0) < d is studied for single nonlinearities f(u) = alu/P and f(u) = alu[P~lu,
p > 1 with constant coefficient a, see |’| and the references therein. Further on,
the potential well method is extended for power-type nonlinearities with constant
coefficients in [3719].

For supercritical initial energy E(0) > d sufficient conditions for finite time
blow up of the weak solutions for combined power-type nonlinearities with con-
stant coefficients are given in [%11].
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In the present article we give a complete answer of the question for finite
time blow up of the weak solutions or nonexistence of blowing up solutions for
equation (1), when the initial energy is subcritical and the nonlinearities (2), (3),
and (8) are with variable coefficients. For supercritical initial energy we propose a
new sufficient condition for nonexistence of global solutions to problem (1). This
condition is independent of the sign of the scalar product (ug,u;) of the initial
data.

2. Preliminaries. Further on we use the short notations Jull = [lut, )2 m)

lulle = llult; )l @) (u,0) = (ult, ) = Jpult,z)v(t, z) dz,

(9) mwzwmmmnwzwﬂrmweM*%Q+mw.
The function
u(t,z) € C([0,T,,); HY(R)) N CH([0, Trn); L2(R)) N C2([0, Tr,); HH(R))

defined in the maximal existence interval [0,7},), 0 < T, < oo is a weak solution
of (1) if for every w(z) € HY(R) with (—A)"2w € L2(R) the identity

((—A)*%ut, (—A)*%w> + (ug, w) + /Ot[(u,w) + (ug, wy) — (f(z,u),w)]dr
= () + ((=2) " uy, (-2) " Hw)

holds for every ¢ € [0,T},). It is easy to check that the following conservation law
of the energy holds for every ¢ € [0,T},)

where

u(t,x)
10) Bt = g () + ) + ol?) = [ [ fGa)dy e

We introduce the definitions of the Nehari functional I(w), the potential energy
functional J(w), the Nehari manifold N and the critical energy constant d, which
are important for the potential well method:

IW%ZWWHW%W—/ﬂ%M@W@M%

J(w) := ((w w) + |Jw,||*) //wx f(z,2)dz dx,
—{weHl( ): lwlly #0,I(w) =0}, d= jnf J(w).
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The proof of nonexistence of global solutions is based on the concavity method of
Levine, proposed for the wave equation in [6]. The idea of the method is to replace
the blow up of H*(R) norm of the solution with blow up of its L?(R) norm.

For problem (1) the blow up occurs in the norm (9). Thus we focus on the
investigation of the function ¥(¢) = (u(t,-),u(t,-)), which satisfies the following
differential equation

(11)  WO(t) = (ps + 3)(ug, ue) — 2L (u(t, ) + 2(ps + 1) [J(u(t, ) — E(0)] .

We recall our previous results for blow up of the nonnegative solutions to ordinary
differential equations in the improved concavity method.

Theorem 1 (['!], Theorem 2.3, [*?], Theorem 3.2). Suppose v > 1 and
[0,T),), 0 < T), < o0 is the mazimal existence time interval of the nonnegative
solution W(t) € C2([0,T,)) to the problem

{‘I’”(t)‘lf(t) — U (t) = Oé‘Pz( ) — BY(

6+ H(t), tel0,Tn),
a>0, >0, H(t) € C([0,T},)), H(t

) >0 fortel[0,T,)
or to the problem

{‘P”(t)‘l’() YU (t) = G(t), t € [0, Tm),
G(t) € C([0,T)), G(t) >0 fort € [0, Tp).

If W(t) blows up at Ty, then T, < cc.

Let us mention, that the properties of the Nehari functional I(w) are precisely
investigated for nonlinearities (2), (3) and (8) with variable coefficients in ['3].
Further on, we use the following axillary proposition.

Lemma 1 (['%], Lemma 3). For each of the nonlinearities (2), (3) or (8)
under restriction (4) and for one of the assumptions (5), (6) or (7), the inequality

(12) I(w) < (ps + 1)(J(w) — d)

holds for functions w € H*(R) with ||w||; # 0 satisfying I(w) < 0.

3. Main results. Our first result is about the global behaviour of the solu-
tions with subcritical initial energy. The success of the analysis in the potential
well method, when 0 < E(0) < d, is due to the invariance of the basic sets W
and V

V={we H'R): I(w) <0}, W ={we H'R): I(w) > 0}uU{0}.

Theorem 2. Suppose u(t, x) is a weak solution to (1) with one of the nonlin-
earities (2), (3) or (8) in the mazimal existence time interval [0,T,,), 0 < Tp, <
oo. Let (4) and one of (5), (6) or (7) hold.

(i) If 0 < E(0) < d and there exists some ty € [0,T,,) such that u(ty,x) €
W, then u(t,z) € W for every t € [0,T),);
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(ii) If 0 < E(0) < d and there exists some tog € [0,T,,) such that u(ty,z) €
V, then u(t,z) € V for everyt € [0,T),);

(iii) If E(0) <0, then I(u(t,-)) <0, i.e. u(t,z) € V for every t € [0,T,,);

(iv) If E(0) = 0, then for every nontrivial solution u(t,z) we have
I(u(t,-)) <0, i.e. u(t,x) € V for every t € [0,T,).

Proof. From the conservation law (10) we have

(ps +1) Ps —
- 2 <ut(t7')7ut(t7‘)> - 2 <u(t7 ')7u(t7 )>

2L~ (o DB(u(t, )

with B(t) defined as follows

S Ps) / 1
B(t):=B (@) |u(t, z)PeT da.
b Lks pk—i-l ps—i-l)

Under assumptions of the theorem we have B(t) > 0.

Case (i). Suppose by contradiction that there exists some t1 € [0,T},), t1 # to,
such that u(t1, ) ¢ W. From the continuity of u(t, z) we have a time to # t1, such
that u(ta, x) € OW, i.e. I(u(ta,-)) = 0. Since I(Aw) > 0 for every w with ||Jw||; # 0
and all sufficiently small A > 0 it follows that 0 ¢ OW. Hence u(ta,x) # 0, i.e.
|lu(ta,-)|l1 # 0 and u(tz,z) € N. From (10) we get the following impossible chain
of inequalities

(14) d= ul;Ielsz J(w) < J(u(te,-)) = E(0) — % (ut(ta, ), ut(ta, ) < E(0) < d.

Case (ii). Suppose by contradiction that u(ts,z) ¢ V for some t3 € [0,T},),
ts # to, i.e. I(u(ts, ) = 0. If |Ju(ts,-)|1 = 0, i.e. u(ts,x) =0, then u(ts,z) € W.
From (i) we have that u(t,z) € W for every t € [0,7},), which contradicts that
u(to,x) € V. If ||u(ts, z)||1 # O, then u(ts, z) € N, and repeating (14) for u(ts, x),
we get an impossible chain of inequalities.

Case (iii). The proof follows from (13).

Case (iv). Assume u(t, x) is a nontrivial solution, i.e. there exists t4 € [0, T},)
such that ||u(ts,-)|1 # 0. Let (¢5,ts) be the maximal neighbourhood of ¢4 such
that ||u(¢,-)]l1 # 0 for t € (t5,t6). We will prove that ||u(t,-)||1 # 0 for ev-
ery t € [0,T,,). If not, then either |lu(ts,-)|[1 = 0 or ||u(ts,-)|[i1 = 0. Sup-
pose ||u(ts,-)|[1 = 0. Then we can find t7 € (t5,t6) such that 0 < ||u(tz,-)|1 <

1
min {1, [4 pIy AkC;’;jrrll] p1-1 } Here Cp, 41 are the constants of the Sobolev
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embedding theorem ||z rar)y < Cgllz|l1. From (10) and the choice of time t7 we
get the impossible chain of inequalities

1
Slluttz, T S/R u(ty, ) f(z,u(ty, z)) do < ZAk/ lu(tr, ) [PEH da

k=s

+1 +1 +1 -1
< ZAkCS:+1rru tr, )P = [t ~)H%ZAkCﬁHHU(tn-)!W’“

m
—1
< lultz, I lultz, )T~ ACEE < —||u(t7,-)||§.
k=s

Hence [Ju(t,-)||1 # 0 for every ¢ € [0,T,,). The assertion (iv) holds from (13). The
proof of Theorem 2 is completed. O

Theorem 3. Consider problem (1) with one of the nonlinearities (2), (3)
or (8). Suppose 0 < E(0) < d, (4) and one of (5), (6) or (7) hold. Then

(i) for ug € V, problem (1) has no global in time weak solution;
(ii) for ug € W, problem (1) has no blowing up weak solution.

Proof. Case (i). Suppose by contradiction that (1) has a weak solution
u(t,z) for every ¢ > 0 and define ¥(t) = (u(t,-),u(t,-)). Since up € V, from
Theorem 2(ii) we have u(t,x) € V, i.e. I(u(t,-)) < 0 and ||u(t,-)||1 # 0 for every
t > 0. From (11) and the definition of d we get the inequalities

(t) = (ps + 3) (ue(t, ), we(t, ) — 21 (ult, ) + 2(ps + 1) [T (u(t, ) — E(0)]
> (s +3) (ue(t, ), ue(t, ) + 2(ps + 1)(d — E(0))
(1) =2(ps +1)(d - E(0)) > 0.

By integrating (15) twice, we obtain
(16)  W(t) > (ps + 1)(d — E(0))t* + ¥'(0)t + ¥(0), hence lim ¥(t) = occ.

t—o00

Moreover, using (11), we get that function W(¢) satisfies the equation

where

G(t) = (ps + 3){{ue(t, ), we(t, ) (ult, ), ut, ) — (ue(t, -),
+ 2 (u(t, ), u(t, ) {(ps + D(J (u(t, ) = d) = I(u(t,-)) + (ps + 1)(d — E(0))}.
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From (12) we have G(t) > 0. We apply Theorem 1 with v = % > 1 since ¥(t)
blows up at T, = oo from (16). We conclude that u(t,z) blows up for a finite
time, which contradicts our assumption.

Case (ii). Suppose by contradiction that u(¢, x), defined in [0,7,), 0 < T),, <
00, blows up at T),. Since ug € W, from Theorem 2(i) we get u(t,z) € W and
hence I(u(t,-)) > 0 for ¢ € [0,T},). According to (13) the estimate

2(ps + 1)

<u(t7 .)’ u(t, )> + ||U:c(t7 )H2 < ps — 1

E(0) < o0

holds for every ¢t € [0,7},), and u(t,z) does not blow up at T;,. The proof of

Theorem 3 is completed. O
Corollary 1. Suppose (4) and one of assumptions (5), (6) or (7) holds for

problem (1) with one of nonlinearities (2), (3) or (8). Then problem (1)

(i) with E(0) <0, has no global in time weak solution;

(ii) with E(0) = 0, except the trivial solution, has no global in time weak
solution.

The proof of Corollary 1 is similar to the proof of Theorem 3 and we omit it.

In the case of supercritical initial energy E(0) > d we have the following
nonexistence result.

Theorem 4. Suppose (4) and one of assumptions (5), (6) or (7) holds. Then
problem (1) with one of nonlinearities (2), (3) or (8) has no global in time weak
solution if

\/ps_l ps_l
17 0< E(0 _— _ .
(17) < E(0) < P (ug,u1) + et 1) (uo, uo)

Proof. Suppose by contradiction that u(t, z) exists for every ¢ > 0. From (10)
and (11), the function W(t) = (u(t, ), u(t,-)) satisfies the equation

(18) V() = (ps — 1)U(t) — 2(ps + 1) E(0) + G1(t),
where
G1(t) = (ps + 3)(ut, ur) + (ps — VJua]|* + 2(ps + 1) B(t) > 0.

For a =ps—1>0, 8 =2(ps+ 1)E(0) > 0 the solution of (18) is given by

(19) ¥(t) = g + \/la/o G1(7)sinh(v/a(t — 7)) dr

s {0+ v - 2o fuo - v - 2o
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Since condition (17) is equivalent to ¥(0) 4+ - ¥’(0) — g > 0, it follows from (19)

that
(20)

N

lim ¥(t) = oo.

t—o00

Straightforward computations give us the equality

(21)

_pst3

U7 (1) W(t) 1

U2(t) = aW%(t) — BU(t) + H(1),

where

H(t) = (s +3) {(un(t, ), wa(t, ) (u(t, ), ult, ) = (ult, ), wi(t, ) |

+(ps = Dl (ult, ), ult, ) + 2(ps + 1) (u(t, ), u(t, ) B(t) > 0.

From (20), (21) and Theorem 1 it follows that W(¢) blows up for a finite time,
which contradicts our assumption. Theorem 4 is proved. ]
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