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Abstract

In this article, we study a new generalization of the lacunary strongly con-
vergent sequences and introduce the concept of lacunary strong convergence ac-
cording to g* for sequences of complex (or real) numbers, where g¥ = gogo---og
(k times) represents a composite modulus function. After that, we determine
the connections of lacunary strong convergence and lacunary statistical con-
vergence to lacunary strong convergence according to gk'. Furthermore, we
investigate several properties of this generalization.
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1. Introduction. In this article, the spaces of all bounded and convergent

sequences, respectively, are indicated by the symbols £, and c as well as the sets

of all complex and natural numbers, respectively, are indicated by the symbols C
and N.

The concept of the modulus function has been introduced for the first time by

NAKANO [!] in 1953. For this, we remember that g is indeed a modulus function
from RT U {0} into R U {0} such that the next properties hold:

(i) g(c) =0 if and only if ¢ = 0,
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(i) g(c1 + c2) < gler) + g(ca) for every c1, ¢ € RT U{0},
(iii) g is increasing,
(iv) g is continuous from the right at 0.

Since |g(c1) — g(c2)] < g(Jer — e2]), then from property (iv), it is clear that g
is continuous on R U{0}. It is conceivable for a modulus to either be bounded or
not. For illustration, the function g(c) = ;{5 is a bounded modulus, but (c) = v/c
is being an unbounded modulus function. Additionally, from the second property
of the modulus functions, we have g(mc) < mg(c) for every m € N.

COLAK [?], BHARDWAJ and DHAWAN [3], ALTIN et al. [*|, MOHIUDDINE et
al. [°], CANDAN [6], BEKTAS and ATicI [7] and many other authors have built
and discussed certain sequence spaces with the help of modulus functions.

The natural density 6(E) of a subset E in N is defined by
5(E) = lim ||
T kheo kT RD

where |Ex| = |{i < k: i € E}| indicates the number of elements of E not more
than k. It is clear that 6(N) = 1 and §(E) = 0 if E is a finite subset in N and
S(NNE)=1-4(F).

From FREEDMAN et al. [?], the sequence § = (k) of non-negative integer
numbers is implied as a lacunary sequence such that kg =0 and h, =k, —k,._1 —
oo as r — 00. And the periods provided by 6 are indicated by I, = (k,_1, k| and
kfil is shortened by ¢,.. These notations shall be implemented throughout the
article.

Lacunary sequences were studied by many authors in [+ 7917],

The following expression is the definition that FRIDY and ORHAN [*¥] meant
from lacunary statistical convergence.

Suppose that 8 = (k) is a given lacunary sequence. A sequence (&;) of
numbers is defined to be lacunary statistically convergent (or Sp-convergent) to

&, if

1
lim —|{i€l:|&—¢€ >e} =0

r—oo R,

for each given € > 0. In this manner, we shall write & — £(Sp) or Sp —lim¢; = &.
From the entire paper, the class of Sp-convergent sequences is indicated by Sp,
that is

Sy = {(fz) Tlggohi]{z €l.: )& — & > e} =0 for some £ € (C}.

Lacunary statistical convergence has also been talked in ['%12:14:19:20] and studied
by many other authors.
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According to Freedman et al. [*], the space Ny of lacunary strongly convergent
sequences has been introduced as follows:

Ny = {(@): lim Z & — €] = 0 for some 5}

ZEIT

This space is indeed a BK-space with the norm defined below

€l = sup 5 > 6

ZEIr

The set of sequences in which & = 0 in the definition of Ny is indicated by N(g) .
It is also a BK-space with the given norm || - |g. After that, by the use of a
modulus function, the concept of lacunary strong convergence was generalized by
PEHLIVAN and FISHER ['4].

Definition 1.1 (['¥]). Suppose that § = (k) is a given lacunary sequence,
and let g be a modulus function. Then the space of lacunary strongly convergent
sequences with respect to f is indicated by Ny(g) and defined as follows:

No(g) = {(&): lim *Zg\& §]) = 0 for some &}

ZEIT

In the case of g(c) = ¢, the space Ny(g) will become the space Ny.

Lemma 1.1 ([*]). If g is a modulus function, then for each k € N the function
g* =gogo---og (k times) also becomes a modulus.

This notation is implemented throughout the next sections.

2. Main results. In this part of our study, we shall prove some results on
the sequence space Ny(g*) which involves determining the relations between Ny
and Ny(g*), No(g*) and No(g"), Ng/(g*) and Np(g"), Sp and Ny(g*), where g
represents a modulus function under certain properties and k,n € N.

Definition 2.1. Suppose that § = (k,) is a given lacunary sequence and let
g be a modulus function. Then the sequence (;) in C is defined to be lacunary
strongly convergent according to g* (or Ny(g*)-strongly convergent) to some & €
C, if

Jim - =S e - €)=

7,€Ir

In this manner, we shall write & — &(Np(g¥)) or Ng(gF) — lim¢& = £. The
collection of all Ny(g*)-strongly convergent sequences is indicated by Np(g*). That
is

No(g") = {(&): Zg (& — &) = 0 for some ¢ € C}.

zelr
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Notice that in this definition the function g is not required to be an unbounded
modulus. If we put g(c) = ¢, then the Ny(g"*)-strong convergence is reduced to
the Ny-strong convergence. Ng (¢"*) is indicated as the collection of all sequences
in which ¢ = 0 in the definition of Ng(g"). It is clear that if k = 1, then the spaces
Np(g"¥) and NJ(g*) will, respectively, become the same as Ny(g) and N§(g) of
Pehlivan and Fisher [*]. In the case of # = (27) and g(c) = ¢, we see that
Ng(g*) = |o1|, where |o| is the set of strongly Cesaro summable sequences [?] as

defined by
]aﬂz{(fz hm —Z\{z f\—Oforsomeg}

Theorem 2.1. Consider a lacunary sequence 0 = (k,) and let g be a modulus
function. Then the sets No(g*) and N§(g*) are linear spaces.

Proof. We here only consider Ny(g*). Let (&), (&) € Ng(g¥) and o, 3 € C.
Then there will be natural numbers A, and Bg such that |a| < A, and |5] < Bg.
According to the definition of g, we have

5 g0+ BG) — (a€ + 80D = - 3 g (Jal6 — ) + (G — O
" iel, hr iel,
1 1
< Ao 30 gM (6 — €D+ Boom S 616 — <))
T el " el

Then adding the limits on both given sides as r tends to oo, we have

lim — h Zg 0452 + /BCZ) (O‘{ + BC)D =

r—00
ZEI’/‘

Therefore Ny(g*) is indeed a linear space. Hence the proof. O
Theorem 2.2. Consider a lacunary sequence 8 = (k) and let g be a mod-

ulus function. If g(c) < ¢ for every ¢ € RT U {0}, then every lacunary strongly

convergent sequence implies No(g*)-strongly convergent, i.e., Ny C Np(g¥).
Proof. Since g is increasing and g(c) < ¢, then

(2.1) Q) < g < < glo) < e

Now if (&;) € Ny, the proof follows from

1 1 _

O AR S A (RS Zg 6i—¢]) < Z|§z él-
" iel, "iel, for i€l for i€l

That is,

D ILA(CRIEa) B CE!

T icl, hr iel,
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Then adding the limits on both given sides as r tends to oo, we have

i LS4l -
i€l
Therefore, we obtain that (£;) € Np(g*). Hence the proof. O

The instance, which is mentioned below, clarifies the strictness of the above
inclusion relationship.

Suppose 0 = (k,) is a given lacunary sequence. Define (y;) as ~; is assumed to
be [v/h;] for the first [/h,] integers in I, and v; = 0 otherwise, where [c] indicates
an integral component of the real number c¢. Now let (§;) = (v;) and g(c) = =5

c+1?
then g(c) < ¢ for every ¢ € R* U {0} and ¢g*(c) = For that, we have

kc+1

| WAV
L o deh = g -

ZEIT

But

Hence (fl) S Ng(gk) — Npy.
Corollary 2.3. Suppose that 0 = (k) is a given lacunary sequence and let g
be a modulus function. If g(c) < ¢ for every c € RT U {0}, then

Ny C Ny(g) C -+ C No(g*™) € Np(g").

Theorem 2.4. Consider a lacunary sequence 0 = (k,) and let g be a modulus
function. If g(c) > c for every c € RYU{0}, then every Ng(g*)-strongly convergent
sequence implies lacunary strongly convergent, i.e., No(g*) C Np.

Proof. Since g is increasing and g(c) > ¢, then

(2.2) g"(e) =g )= > gle) = ¢

Now if (&) € Ny(g¥), the proof follows from

hiZg’“ufi—sDz DPAI(CEN EERET ) SPR:)

" iel, " iel, " el

ZEI’I‘

| \%

That is

Zg (1& — &) >f2|& 4

’LEIr ZEI‘/
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Then adding the limits on both given sides as r tends to oo, we have

gggoth& gl =0.

’LEI’P

Therefore, we obtain that (£;) € Ny. Hence the proof. O
Giving example for showing the strictness of the above inclusion relationship
is omitted, so we leave it as an open problem.
Corollary 2.5. Suppose that 0 = (k) is a given lacunary sequence and let g
be a modulus function. If g(c) > ¢ for every c € RT U {0}, then

Ny(g") € No(gF™') € -+~ C Ny(g) C Ny.

Corollary 2.6. Suppose that 0 = (k) is a given lacunary sequence and let g
be a modulus function with k < n.

(i) If g(c) < ¢ for every c € RT U {0}, then Np(g*) C Ny(g").
(ii) If g(c) > ¢ for every c € RT U {0}, then Ny(g™) C No(g¥).

The proof of (i) and (ii) is clearly done by using (2.1) and (2.2), respectively.
Theorem 2.7. Consider a lacunary sequence 8 = (k) and let g and h be
two modulus functions. If g(c) < h(c) for every c € RT U {0}, then:

(i) No(g"oh) C Ny(gFth).
)-

(ii) Np(hF*t1) C Np(hkog

Proof. (i) Let (&) € Ny(g¥ o h). Since g(c) < h(c), then according to (2.1),
we may have g"*1(c) < g¥(h(c)) and so
72 k+1 ’& €| < h Zg )
lelr i€l

Then adding the limits on both given sides as r tends to co, we have

lim — ngﬂ & — &) =

T‘*)OO
1,617‘

So, we conclude that (&) € Ny(g**1). The proof of (ii) follows from h¥(g(c)) <
h**1(c). Hence the proof. O

Providing examples to demonstrate the strictness of the aforementioned in-
clusion relationships are omitted, so we leave them as open problems.
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Theorem 2.8. Consider the lacunary sequences 6 = (k) and 0’ = (w,) such
that I, C I for all v € N, and let g be a modulus function. If lgn ﬁ—r =1 and
r—oo T

(&) € loo, then Ng(gk) C Ng;(gk),

Proof. Let (&) € £oo N Ny(g*). Since (&) is a bounded sequence, then there
is some H > 0 such that |§; — &| < H for all i € N. Since I, C I and h, < {, for
all r € N, we shall write

DU CEIIEr oD S (SR R SYA(E)

i€l el —1I, " el
b —hy
< (5 ) Z g"(1& - €])
r " iel,
0
< (1) b+ Yk -6
T ze]

Then adding the limits on both given sides as r tends to co, we have

Tlggofzg (& — &) =

i€l

since Tli_)rgo fL—T = 1. Therefore, we obtain that (&) € Ng/(g*). Hence the proof. [

Corollary 2.9. Suppose that g is a modulus function and k < n. If g(c) < ¢
for every c € RT U {0}, then from Theorem 2.8 we obtain:

(i) No C Ng(g").
(ii) No(g*) C Nor(g").

Corollary 2.10. Suppose that g is a modulus function and k < n. If g(c) > ¢
for every c € RT U {0}, then from Theorem 2.8 we obtain:

(i) No(g*) C Ny
(ii) Ng(g™) C No(g¥).

Theorem 2.11. Consider the lacunary sequences 6 = (k) and 0 = (w,) such
that I, C I for all v € N, and let g be a modulus function. If limsup fL—: < 00,

T—00
then Ng/(g*) C No(g").
Proof. Assume that ¢ is a modulus function and (&) € Ny (g*¥). Since
I, C I we shall write

r Zg (& — €l < Zg (1& — £I)

i€ly zEI’
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and so

A () sh—rgiz (& -
7

T‘ ’LEIT

Then adding the limits on both given sides as r tends to oo, we have

Jim o~ =S M€l =

i€l

Therefore, we obtain that (&;) € Ng(g*). Hence the proof.
Corollary 2.12. Suppose that g is a modulus function and k < n. If g(c) < ¢
for every c € RT U {0}, then from Theorem 2.11, we obtain:

(i) Ngr C No(g").
(i) Ner(g*) C No(g™).

Corollary 2.13. Suppose that g is a modulus function and k < n. If g(c) > ¢
for every c € RT U {0}, then from Theorem 2.11, we obtain:

(i) Ner(g") C Ne.
(ii) Nor(g™) C No(g¥).

Theorem 2.14. Consider a lacunary sequence 0 = (k,) and let g be a mod-
ulus function. If a sequence is Ng(g¥)-strongly convergent to &, then it is Sp-
convergent to &, i.e., Ng(g*) C Sp.

Proof. Suppose that (&) € Ny(f*) and £ > 0 be given, then we may write

EX - =y X ety X a6 -6

7" (s

" el iel, i€l
|&:i—&|>e 1€ —¢l<e
1 k
24 Z g (1& - €))
’LEI’r
|§i—¢|>e

v

hi\{i €I & — €| > e}lg"(e).

Then adding the limits on both given sides as r tends to co, we obtain that
(&) € Sp. Hence the proof. O

Theorem 2.15. Consider a lacunary sequence 0 = (k) and let g be a mod-
ulus function. If a sequence is bounded and Sp-convergent to &, then it is Ng(g*)-
strongly convergent to £, i.e., Loo M Sy C Np(g*).
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Proof. Suppose that (¢;) is a bounded sequence and Sy — lim¢; = £ with a
given £ > 0. Then there is some H > 0 such that |§; — &| < H for every i. Now
we may write

OISR BT SEFA (R Rl DRPASR)

iel, iel, T el
\&—Elza |§i—¢&|<e
1 1
<— Y FHEH+— D g
hy - hy
i€l i€l
|§i—€l>e |&—€|<e

1 h,
<" (H)—[{i € L |6 — €] > e}l + 576" ().

Then, by adding the limits on both given sides as r tends to co, we obtain that
the sequence (&;) is Ny(g*)-strongly convergent to £&. Hence the proof. O
Theorem 2.16. Consider a lacunary sequence 0 = (k,) and let g be a mod-
ulus function. Then Np(gF) —lim&; = € is unique.
Proof. Suppose that Np(g*) —lim&; = &; and Ny(g*) — lim & = &. Then

Zg (161 — &I) Zg — (& —&)))

" iel, " iel,
< — Zg |£z 51’+|£z 52’)
ze]r
< S g6 -Gl + - Y o6 - &)
" el T iel,

Then adding the limits on both given sides as r tends to oo, we have

1
Jim o= 6" (|6 - &f) =0

i€l

So we obtain that £ = £. Hence the proof. O

3. Conclusions. In the view of this article, the concept of the lacunary
strongly convergent sequence according to a composite modulus function has been
introduced. After that, by the use of a modulus function g depending on certain
properties, and lacunary sequences 6 = (k) and 6’ = (w,) with positive integers k
and n, the relations between the sets Ny and Ny(g*), Ny(¢g*) and Ny(g™), Ne:(g*)
and Ny(g"), Sy and Ng(g"*) have been determined.

In addition, there is a strong chance that further findings can be obtained
from this research field. In fact, by selecting distinct modulus functions g and h
and including positive integers k and n, many spaces are possibly obtained for
sophisticated applications in relevant subjects.
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