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Abstract

Padovan sequence (P,) is given by P, = P,_o + P,_3 for n > 3 with
initial condition (P, P1, P») = (1,1,1). A positive integer is called a repdigit if
all of its digits are equal. In this study, we examine the terms of the Padovan
sequence, which are the sum of two repdigits. It is shown that the largest term
of the Padovan sequence which can be written as a sum of two repdigits is
Pig =114 =111+ 3.
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1. Introduction. A repdigit is a positive integer whose digits are all equal.
Repdigits in the linear recurrence sequence have been investigated by many math-
ematicians. In later years, some authors investigated the terms of these sequences
which are the sum of two repdigits. In [}] and [*], the authors showed that the
largest of this type of Fibonacci number is Fog = 6765 = 6666 + 99 and the largest
of this type of Lucas number is Li4 = 843 = 777 + 66. In [*], the authors showed
that the largest Pell and Pell-Lucas numbers which are a sum of two repdigits
are Ps = 70 = 66 + 4 and Qg = 198 = 99 + 99, respectively. In [!], the au-
thors showed that the largest Perrin number expressible as sum of two repdigits
is Rog = 277 = 222 + 55. Padovan sequence (P,) is given by P, = P,_2 + P,_3
for n > 3, where (Py, P, ) = (1,1,1). P, is called n-th Padovan number. See
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[>"7], etc., for more information about Padovan sequence. In this study, we show
that the largest Padovan number which can be written as a sum of two repdigits
is Pig = 114 = 111 4+ 3. In order to do this, we will solve the equation

di (10" —1) = da(10™ —1)

1 P. =
(1) % 5 + 9 :

where d1, ds, k,n, and m are positive integers with 1 < m <n,1 <d;,ds <9.
2. Preliminaries. Let n be an algebraic number of degree d with minimal

d
polynomial agz? + a1z ' 4 -+ +ag = a0H <w — n(i)> € Z[z], where the a;’s are
i=1

relatively prime integers with ag > 0 and the n(i)’s are conjugates of 7. Then the
logarithmic height h(n) of n, is defined by

h(n) = é <log ag + zd:log (max {|17(i)|, 1})) )
i=1

In particular, if n = a/b is a rational number with ged(a,b) = 1 and b > 1, then
h(n) = log (max {|a|,b}). We give some properties of the logarithmic height whose
proofs can be found in []:

h(n+v) < h(n) + h(vy) + log2,
h(nv=') < h(n) + h(v),
h(n™) = [m|h(n).

Let o, 3, v be the roots of the characteristic equation 2® — 2 — 1 = 0, where

Y V108 +12/69 + /108 — 12/69
- - :

B=7

—(V/108+12v/69+1/108—121/69)+iv/3(1/108412/69— v/108—121/69)
12 ‘

The Binet formula for the Padovan numbers is

k
(2) Pr=a-of+b-gF+c- v,

where 23a = a3+ 7a%+2, 23b = 32+75%2+2, ¢ = b. Then we have 1.32 < a < 1.33,
1

0.86 < |8 = || = a2 < 0.87, 0.72 < a < 0.73 and h(a) < Slog23. In

addition, the minimal polynomial of a over Z is given by 232> —232%+62—1, where

b and c are also zeros of this equation. By induction method, it can be seen that
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"2 <P, <o 'fork>1andk # 3. Let e(k) = Pk—a-ak:b-ﬁk%—c'vk.

3) le(B) = b6 +c-7"| < b - a2 +|¢[-a "

for k > 1. Let F := Q(a, 8) be the splitting field of the polynomial ¢ over Q.
Then

|Gal(F/Q)| = [F: Q] =6, [Q(a): Q] =3
and

Gal(F/Q) ~ {(1), (af), (ay), (B7), (aBv), (ayB)} ~ S3.

The following lemma is deduced from Corollary 2.3 of MATVEEV [?] (also see
Theorem 9.4 in ['9]).

Lemma 1. Assume that vy1,79,...,7% are positive real algebraic numbers in
a real algebraic number field K of degree D, bi,by..., b are nonzero integers,
and A = ’yi’l~--*yft — 1 is not zero. Then log|A| > —1.4 303 . ¢45. D2
(1+1logD)-(1+logB)A1Ay--- Ay, where B > max{|b1],...,|bs|}, and A; >
max {Dh(v;),|logvil,0.16} for alli=1,...,t.

Now we give a lemma which was proved in [']. Tt is a version of the lemma
given by DUJELLA and PETHO ['?]. The lemma given in ['?] is a variation of a
result of BAKER and DAVENPORT ['3]. Tt will be used to reduce the upper bound
for the subscript k in equation (1). Let the function || - || denote the distance from
x to the nearest integer. That is, ||z|| = min {|x —n|: n € Z}.

Lemma 2. Let M be a positive integer, let p/q be a convergent of the contin-
ued fraction of the irrational number v such that ¢ > 6M, and let A, B, i be some
real numbers with A > 0 and B > 1. Let € := ||ug|| — M||vq||. If € > 0, then there
exists no solution to the inequality 0 < |uy — v+ u| < AB™Y, in positive integers
log(Ag/e€)

logB

Lemma 3 (['Y]). Let a,z € R. If0 < a < 1 and || < a, then [log(1 + z)| <
M-|x!and|x!< — - |e® —1].

a 1—e@

Lemma 4 ([**]). The largest Padovan number that can be written as a repdigit
15 P10 =9.

3. Main Theorems. In this section, we will give a lemma and a theorem
about Padovan numbers and we will use Matlab for all our calculations. The
following lemma will be used to prove our main theorem.

Lemma 5. Let 10 < d < 18. Then all positive integer solutions to equation

u, v, and w with u < M and w >

d- (10" —1)

(4) P, = 9

are given by Py, € {12,16} .
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Proof. Suppose that equation (4) holds. Suppose that 1 < k£ < 159. In
this case, it can be shown that all positive integer solutions to this equation are
Py =12, P;; = 16. Now suppose that & > 160. Then n > 19. By (2), we write

d- (10" -1
Pk—a-ak+b~6k+c-fyk—((;).

We arrange the above equation as

d- 10" d
(5) a-of — =—0b-B+c-AF)—-.
9 9
Taking absolute value of this equation and dividing by a - o, we get
d-10" - a7k (b-BF +c-+%) d
1-— <
9a - a-ak 9-a-ak
k 2 —k/2 2 2.78
(6) Se()lc k—a k ES R
a-« a-« a-« a-« o
by using (3). To apply Lemma 1, we take
—k n
a 10" -d d
7 A bi1,bo,03) =1 — ——— 10, —, —k,n,1].
( ) ( » V1572573, 01, 02, 3) ( 9a y Oy ' 9a’ » 1, )

Moreover, K = Q(y1,72,73) = Q(«). Hence, D = 3. In addition, if A = 0, then
10™d

of = ——. If we take the automorphism o from both sides of this equation

10™d

and apply absolute values, then we find

= |o(ac®)| = |bB¥| < 1, which
is impossible. As a result, A # 0. The logarithmic heights for ~i,v2,v3 are as
follows:

log
h(m1) == h(a) = 22 h(ys) == log 10,

w

h(ys) = h <9da> < h(a) + h(9) + h(d) < 5.45.

Then, we choose

(8) (A1, Ag, A3) := (log a, log 10%,16.35).
Moreover, we have
1 d(10™ —1
a2 <ot < §(10" -1) < dao - 1) 5 ) _ P, < aF 1,

which implies that n < 8n < k+ 7. Also, since B > max {|k|, |n|, 1}, we can take
B :=k+ 7. By using (6), (7), (8), and Lemma 1, we obtain

klog o — log(2.78) < 8.59 - 1013 . (1 + log(k + 7)).
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Then, it can be shown that 160 < k < 1.161 - 10'® and n < 1.452-10'®. In order
to use Lemma 2, let

d
(9) z::loglO-n—k‘-loga+log<9a>.

2.78
Then, by using (6), we can write |z = |¢* — 1| < —~ < 0.1 for & > 160. Now
a

take a := 0.1 to use Lemma 3. So, we obtain the inequalities
log(10/9) 2.78 &

(10) |z| = |log(z + 1)| < (1/10) o <293 -«

From (9) and (10), we get

log 10 log (d/(9
(11) 0 < |n <0g> _ gy o8 (d/Oa)| e 0k
log log v
log 1 log (d
If we take v := 0g 10 ¢ Q, M := 1.452-10" and p := M, then we
log o log

see that ¢s9 is the denominator of the 39th convergent of v exceeding 6M. For
10 < d < 18, we have 0.08 < € = e(p) = || ugsol| — M |[vgsol| < 0.499. In Lemma 2,
suppose (A, B,w) := (10.42, a, k). In this case, there is no solution to inequality
(11) if
log(A - g39/€)/log B < 149.1 < k.
This implies that & < 149. But, this is impossible since k£ > 160. O
Theorem 6. If Py is expressible as sum of two repdigits, then

P, €{2,3,4,5,7,9,12, 16, 28,37,49,86, 114} .

Proof. Suppose that equation (1) holds. Suppose 1 < k < 210. In this case,
solutions of this equation are given by

Py=P=2=1+1 Ps=3=2+1, Ps=4=1+3=2+2,
Pi=T7T=1+6=2+5=3+4, PBop=9=1+8=2+7=3+6=4+5,
Po=12=114+1=3+4+9=44+8=5+7=6+6,
Pi=16=11+5=7+9=8+8, Pi3=28=22+6, Pqy=37=33+4,
Pis=49=44+5 P, =5=144=2+3, Py =86 =77+9,

Pig =114 = 111 + 3.

Now suppose that £ > 210. By (1) and (2), we write

di- (10" —1)  dy-(10™ —1)

Po=a-o* +b-gF4c-~AF = 9 + 9
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We arrange the above equation in two different ways as
(12)  9-a-ofF —d;-10" = =9(b- ¥ + ¢ AF) + dy - 10™ — (dy + da),

and

(b.ﬁk—Fc-fyk)—(dl—gdg).

dy 10" +dy - 10"

13 ok
(13) a-« 9

Taking absolute value of these equations and arranging them, for & > 210, we get

9~a-ozk_1 <9|b~ﬁk+c-7k] do10™ — dq — do
dy - 107 B d110™ d,10™
9ak/2 9 9.11
14 <
( ) — 10n—m+1 + 1Qn—m < 10n—m’
and
(dl + dglOm_”) S10" -k (b . ﬂk +c- ’)/k) (dl + dg)
1-— < +
9q a-ak 9.a-aF
a k2 18 2.77
(15) _a~ozk+9-a'ak’< ok’

by (3). To apply Lemma 1, we take

9aak10~" 9a
(16) (A17’y15727735b17b27b3) = < - 1,a, ].0, 7,]{3, —n, 1) s

dy dq

dy + do10™m "
a7 (oo ) = (a,m,“ : >),

9a

7k1n 10m—"n
(18) (Ao, b, B, 0)) 1= <1a 0"(dy + d210 ),k,n,1>.

9a

Moreover, we have K = Q(v1,72,73) = Q(71,75,73) = Q(a). Thus, D = 3.

Additionally, if Ay = 0, then a - o = " and if Ay = 0, then a - of =

10™(dy + d210™™)
9

tions and considering absolute values, we find that

10™(dy + do10™™)
9

. Taking the automorphism ¢ from both sides of these equa-
10™d,

= |o(aa®)| = |pB"| <

1, and = |o(ac®)| = |bB*| < 1, respectively. These are
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impossible. As a result, A; # 0 and Ay # 0. The logarithmic heights for
Y1592, V35 V1> Voo 'yé are as follows:

log o
h(n) = h(11) = h(a) == ===, h(12) = h(3) := log 10,
.9 1
h(vy3) = (ad> < h(a)+ h(9) + h(d1) <2-log9+ 3 log 23 < 5.44,
1
di + dp10m—"
h(~4) = h (%) <log10- (n — m) + 8.34.

Then, we can take

(19> (Alv A27 A37 Allv /27 A%)
:= (log a, log 10?, 16.32, log cv, log 10%, 25.02 + 3(n — m) log 10).

Moreover, we have the inequality

d1 (10" — 1 do(10™ — 1
1( )+ 2( )

=P, <af!
9 9 k=

¥ <ot <

which implies that n < 8n < k+ 7. Also, since B > max {|k|, |n|, 1}, we can take
B :=k + 7. By using Lemma 1, (14), (16), (19), we write

(20) (n —m)log10 < 8.59 - 10" - (1 + log(k + 7)) + log(9.11).
Similarly, by using (15), (17), (18), (19) and Lemma 1, we obtain
(21) kloga —log(2.77) < 5.27- 10" - (1 +log(k + 7)) (25.02 + 3(n — m) log 10) .

From (20) and (21), it can be shown that 217 < k + 7 < 2.61 - 103 and n <
k+7<261-10%". Now, in order to use Lemma 2, let

(22) 21 = —n-log10+ k- log o + log (95)
1
and
(23) 7y :=log10 - n — k- log o + log(d1 + d210™™") /9a.

Suppose that n = m. If 0 < dy+ds <9, then Py is a repdigit and if 10 < d;+do =
d- (10" -1

d < 18, then we get P, = ¥

Lemma 5. Therefore, assume that n —m > 1. Then, for k£ > 210, we get

. These are impossible by Lemma 4 and

9.11 2.77

lz| = et — 1] < Ton=m < 0.99 and |2/| = [e* — 1| < 5 < 0.1
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by (14) and (15). Now take a := 0.99 and a’ := 0.1 to use Lemma 3. By (22) and
(23), we write

(24) 0<\k<bga)_n+<bg<9cwm

18.5-10m™™"
log 10 log 10 >’< 8:5- 1077,

and

(25) 0<|n log 10 _k+log((d1+d210 ~™)/(9a))
log o log

1 log 10
l(:)ggf:) ¢ Q9 = E)gga ¢ Q and M := 2.61 - 10*, then gr; is

the denominator of the 71st convergent of v exceeding 6M. We apply Lemma 2

1

Ingz) and take p := log(9a/d;)/log10. It can be shown that 0.008 <
0g

e = e(p) = |lpgn|| — M||vgn| < 0.45 for 1 < d; < 9. In Lemma 2, take
(A, B,w) := (18.5, 10, n—m). In this case, there is no solution to inequality (24)
if

‘ <104 a7k,

If we take v :=

for v :=

log(18.5 - g71/€)/log 10 < 36.4 < n —m.
Therefore, we get that n—m < 36. Also, from (21), it follows that k < 2.1-10'7 and
log 10
982 ¢ Q, M :=2.1-10"7,

therefore n < 2.1 -10'7. Similarly, we can take 7/ :=

. log (dy + d210™™™)/9a)
o log

the 43rd convergent of 7/ exceeding 6 M’. For 1 <n—m < 36 and 1 < dy,ds < 9,
we have 0.0001 < € = €(p) = ||pqus|| — M||yqas|| < 0.4999. In Lemma 2, suppose
that (A, B,w) := (10.4, i, k). In this case, there is no solution to inequality (25)
if

and . It can be seen that ¢43 is the denominator of

log(A - qus/€)/log B < 202.6 < k.

This implies that k£ < 202, which is impossible since £ > 210. This completes the
proof. O
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