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Abstract

In this paper, we investigate conformal Yamabe solitons on tangent bun-
dles with respect to the complete lifts a semi-symmetric metric connection
and a projective semi-symmetric connection using vertical and complete lifts of
torqued vector fields.
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1. Introduction and preliminaries. 1.1. Conformal Yamabe solitons,
torse forming vector fields and semi-symmetric connections. Let (M, g)
be an n-dimensional (pseudo-)Riemannian manifold. A conformal Yamabe soliton

(M, g,7,A) is defined by the condition

a s [ (50 2)] oo

where £ is the Lie differentiation with respect to the potential field 7 on M,
r is the scalar curvature, \ is a real constant and p is a scalar non-dynamical
field (time dependent scalar field) [!]. The conformal Yamabe soliton is called
expanding if A > 0, steady if A = 0, and shrinking if A < 0.
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A nowhere zero vector field 7 on a (pseudo-)Riemannian manifold (M, g) is
called torse-forming if

(1.2) Vot = oU + a(U)T,

where U is a vector field on M, V is the Levi-Civita connection of g, ¢ is a
smooth function and « is a 1-form [?]. Furthermore, the vector field 7 is said
to be concircular ([>4]) if the 1-form o = 0 in equation (1.2). Moreover, if the
function ¢ = 1 and the 1-form a = 0, the vector field 7 is called concurrent,
([>%]). The vector field 7 is called recurrent if the function ¢ = 0 in (1.2). If
¢ = a =0 in (1.2), then the vector field 7 is said to be parallel. CHEN [7] defined
a new vector field, which is called a torqued vector field 7, as satisfying (1.2) with
a(7) = 0. In this case, ¢ is the torqued function and the 1-form « is the torqued
form of 7.

From [8], a metric connection V is called semi-symmetric if its torsion tensor
T is of the form

TU,V)=n(V)U —n(U)V

for all U,V € x(M), where x(M) is the Lie algebra of vector fields of M. Here,
the 1-form 7 is defined by

for a vector field P on M. The relation between a semi-symmetric metric connec-
tion V and the connection V of M is given by

(1.3) VuV =VyV 4+ x(V)U - g(U, V)P

for all U,V € x(M).
The Riemannian curvature tensor R, the Ricci tensor Ric and the scalar
curvature 7 of the connection V are given by, respectively, [!]

RU V)W = R(U,VYW —n(V, W)U + n(U, W)V — g(V,W)LU + g(U, W)LV,
(1.4) Ric(V,W) = Ric(V,W) — (n — 2)(V, W) — ag(V, W),

F=r—2(n-1)a,
where 1 and L denote (0,2) and (1, 1)-type tensor fields such that
1
(U, V) =g(LU,V) = (Vum)(V) = 7 ({U)n (V) + 59(U, V)

for all U, V,W € x(M) and a = Tr(n) (see also [?]). B
From ['°], the relation between a projective semi-symmetric connection V
and the connection V of M is given by

(1.5) VoV = VoV +y(V)U +9(U)V + u(V)U - w(U)V,
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where 9 and p are 1-forms satisfying
Y(U) =

n—1

m”(@» wU) = 5w (U).

For the Riemannian curvature tensor R, Ricci tensor Ric and the scalar cur-
vature 7 of V, we have

R(U, V)W = R(U, VYW + 6(U, VYW + w(U, W)V — w(V, W)U,
(1.6) Ric(U,V) = Ric(U,V)+0(U,V) — (n— 1w(U,V),
r=r+Tr@)— (n—1)Tr(w),

where
0O, V) = S[(Vym)(U) - (Vom) (V)]
n — n2
“(U.V) = SR (TomV) + 5(Tvm(U) = o )a(V)

for all U, V,W € x(M) ['].

1.2. Tangent bundle. In this subsection, some basic facts will be repeated
about tangent bundles of differentiable manifolds that will be used in the future
(for more information see ['1]). Given an n-dimensional Riemannian manifold

(M, g), the tangent bundle TM of the manifold M is TM = UpenT, M, where
T,M denotes the tangent space of M at p. The manifold 7'M is of dimension 2n
and has a differentiable structure induced from the manifold M by the canonical
projection (: TM — M.

Let f, U, w and F be a function, a vector field, a 1-form and a (1, 1)-type
tensor field on M, respectively. We will denote their vertical lifts by fY, U",
w", FY and their complete lifts by f¢, U¢ w® F¢ to tangent bundle T'M. The
following relations are satisfied:

(fU)" = fuv, U'f'=0, F'(U")=0, w'(U")=0
(fU)=fU+ frue, Ufc=Uf), FU)=(
wi(U%) = (w(U)),  U(f)=U(f") =U[)", FU")=(FU))",
FOU°) = (F(U))", w"(U°) =w(U") = (w(U))".
For the Lie brackets, we have

uv,v =o0, [U"Vi9=[UV]", [U,V]=][UVI.

(1.7)

On the other hand, it is known that the complete lift metric g¢ of the metric
g is a semi-Riemannian metric on TM and it is defined by

g°(U" V) = g*(U% V") = (9(U, V)",
(1.8) g(u,ve) =0,
g (U, V) = (g(U, V) for all U,V € x(M).
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The complete lift connection V¢ of a linear connection V satisfies the following
relations

(19) CUva - (VUV)E, CU(:VC - (VUV)C7 CU'v‘fc - ICJCVU - (VUV)U

For some significant recent papers about lifting theory on tangent bundles, we
may refer to ['2719].

We recall the following proposition from ['], p. 62.

Proposition 1. Let (M,g) be a Riemannian manifold and TM its tangent
bundle equipped with the complete lift metric g¢. Then (T'M,g¢) is a space with
constant scalar curvature 0.

From (1.4) and Proposition 1, we have

Proposition 2. Let (M,g) be an n-dimensional Riemannian manifold en-
dowed with the semi-symmetric metric connection V defined by (1.3), and let TM
be its tangent bundle with the complete lift metric g¢ and the complete lift of the
semi-symmetric metric connection V¢. Then, the scalar curvature 7 fulfills

(1.10) 7 = —2(n — 1)a".

Similarly, from (1.6) and Proposition 1, we have

Proposition 3. Let (M,g) be an n-dimensional Riemannian manifold en-
dowed with the projective semi-symmetric connection V defined by (1.5), and let
TM be its tangent bundle with the complete lift metric g¢ and the complete lift
of the projective semi-symmetric connection V¢. Then, the scalar curvature 7°

fulfills
(1.11) 7 =0"—(n—1)c,

where b ="Tr(0), ¢ = Tr(w).

In this paper, we study conformal Yamabe solitons on tangent bundles using
vertical and complete lifts of torqued vector fields and considering the complete
lifts of a semi-symmetric metric connection and a projective semi-symmetric con-
nection. Similar problems related with Ricci solitons were examined in [*6] with
respect to a semi-symmetric metric connection.

2. Conformal Yamabe solitons on tangent bundles.

Case 1. The potential is a vertical lift of a torqued vector field.
First, we deal with the complete lift connection V¢.

Theorem 1. Let (M,g,V) be a Riemannian manifold with a torqued vector
field . Then, (T'M,g¢, V¢, 1", }\,p) s a conformal Yamabe soliton if T is a Killing
vector field on (M, g) and A= % (p + %)

Proof. First we compute (£,2¢¢)(U,V) for all vector fields U,V on TM.
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From (1.2) and (1.9), we get

(2.1) (Lrog) (U, VE) (Vur, V) +g(Vyr,U)]"

lg
2¢9(U, V) + a(U)g(V,7) + a(V)g(U,7)]",
0.

(£70g) (U, V)

If (TM,g°, Ve, 1Y, ;\, p) is a conformal Yamabe soliton, then
\ 1
(Lrog) U VE) + [2)\ —2r¢ — (p + >] g°(Uc,Ve) =0
n
Using (2.1) and Proposition 1, we get

269(0,V) + a@)g(Vor) +a(V)g(@ 0 + |2 - (p+ 1) | (V) =0,

This equation implies

22 4(0) = —5@gVer) +aVg ), A= (p+1).

Taking contraction over U and V' in (2.2), we obtain

on = —a(T).

Since for a torqued vector field a(7) = 0, we find ¢ = 0. Hence, 7 is a recurrent
vector field. On the other hand, from [7], we know that a torqued vector field 7 on
a Riemannian manifold M is a Killing vector field if and only if 7 is a recurrent
vector field satisfying Vyr = ~(U)7 and (1) = 0, where 7 is a 1-form. This
completes the proof. ]

Secondly, we consider the complete lift of the semi-symmetric metric connec-
tion Ve.

Proposition 4. Let (M,g,V,7) be a Riemannian manifold with a torqued
vector field 7. Then, (TM, gc,@c,T“,S\) is a conformal Yamabe soliton if the
following conditions hold

6= ") and xz;<<p+i) _4(n_1)ac).

Proof. We compute (£,29)(U, V) for all vector fields U, V on TM. From (1.3)
and (1.9), we get

(23)  (Lrg)US V) = [9(VET,V) + g(ViT, U]
= [2¢9(U, V) + a(U)g(V,7) + a(V)g(U, 1)
+21(7)g(U, V) = (g(U, T)7 (V) + g(V, 7)m(U))]",
(L0 ) (UC,V?) = 0.
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If (TM, g¢, Ve, 1Y, :\) is a conformal Yamabe soliton, we have

< - 1
(gTng)(UC’ VC) —l— |:2)\ — 27"C — (p —+ 7’1,>:| gC(UC, Vc) = 0
Using (2.3) and Proposition 2, we obtain

2¢9(U, V) + a(U)g(V,7) + a(V)g(U, 7) + 27 (7)g(U, V) — (9(U, )7 (V)

FgVerm@)F + [ 400 - e = (p+ 1) | @) =0

This equation implies

209(U, V) +a(U)g(V,7) + a(V)g(U, 1) + 27(7)g(U, V)
—(gU,T)m(V) +g(V,7)n(U)) = 0,

- 1
2\ +4(n — 1)a — <p—|—n> = 0.

(2.4)

Taking contraction over U and V in (2.4), we obtain
2¢n 4 2a(1) +2(n — 1)w(7) = 0.

Since for a torqued vector field () = 0, we find ¢ = =27 (7). This finishes the
proof. O
Finally, we study the complete lift of the projective semi-symmetric connec-
tion V¢.
Proposition 5. Let (M,g,V,7) be a Riemannian manifold with a torqued
vector field 7. Then, (TM,g¢ V¢, 7V, )\) is a conformal Yamabe soliton if the
following conditions hold

_1—n

o=

- 1 1 c c
- (1) and \= 3 <<p+ n) +2(0°— (n—1)c )> .
Proof. We compute (£,+¢¢)(U, V) for all vector fields U, V on TM. From (1.5)
and (1.9), we obtain

(2.5)

(27”90)([]67 Vc) - [Q(VUT, V) + g(va, U)}v

- [2 <¢ + nilw(f)> g(U, V) + <a(U) — ni 17r(U)> g(V,7)
+ <a(V) - ni 17T<V)) g(UJ)ra

(Cr0g%)(US, V) = 0.

C. R. Acad. Bulg. Sci., 76, No 8, 2023 1181



If (TM,g¢, V¢ 7% )) is a conformal Yamabe soliton, then
_ . 1
(Lrog) U VE) + [2)\ — 27 — (p + n>] gc(Uc,vVe) =0.

Using (2.5) and Proposition 3, we get

i

i 17r(7)) g(U, V) + <a(U) -
+ <a(V) -

+ [2X —2(b° — (n —1)c°) — <p + ;)] (g(U, V)¢ =0.

This equation implies

el

(7)) o V) + (al0) -

4 <a<V) _ ni 17T(V)) (U, 7) =0,
2\ — 2(b° — (n — 1)c°) — (p—l— i) =0.

Taking contraction over U and V' in (2.6), we obtain

(64 2070 n = iy r(0) — alo)),

Since for a torqued vector field a(r) = 0, we find ¢ = =27 (7). This finishes the
proof. O
Case 2. The potential is a complete lift of a torqued vector field.
In this last subsection, we repeat the previous process when the potential is con-
sidered the complete lift of a torqued vector field.
Proposition 6. Let (M,g,V,7) be a Riemannian manifold with a torqued
vector field T. Then, (T'M, gC,VC,TC,;\,p) is a conformal Yamabe soliton if the

constant \ satisfies
N | 1

Proof. First we compute (£,¢¢)(U, V) for all vector fields U, V on TM
27 (Lreg)US V) = [g(Vor, V) +9(Vyr, U)]°
= [2¢9(U,V) +a(U)g(V,7) + a(V)g(U, )|,
(Lreg ) (U, V") = [g(VuT, V) + g(VyT,U)]"
= 209U, V) +a(U)g(V,7) + a(V)g(U, T)]".
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If (TM, g%, Ve, 1€, A, p) is a conformal Yamabe soliton, then
N 1
(Lreg) (U, VE) + {2/\ —2r¢ — (p + n)] gé (U, ve)y =0.
Using (2.7) and Proposition 1, we obtain

269(0.) + a0)a(Vir) + aV)g(U ) + |2~ (4 1) | o0 1)) =

This equation implies

(2.8) 209U, V)+a(U)g(V,7)+a(V)g(U, 1)+ (2>\ — <p + i)) (g(U,V))=0.

Taking contraction over U and V' in (2.8), we obtain

20n + 2a(7) + (2%— <p+71l>) n=0.

Since for a torqued vector field a(7) = 0, we find A= % (—2¢+p—|— %) This
completes the proof. ]
Proposition 7. Let (M,g,V,7) be a Riemannian manifold with a torqued

vector field . Then, (TM, gc,@c,TC,)\) s a conformal Yamabe soliton if the
constant \ satisfies

5\:7[71@54—(71—1)#(7‘)]—% 4(n—1)ac+p—|—% .

Proof. We compute (£,g°)(U, V) for all vector fields U, V on T M.

Vyr,U)¢

U)g(V,7) +a(V)g(U,T1)

= (gU,m)n(V) + g(V,7)m(U)]",
Vyr, U)JY

U)g(V,m) +a(V)g(U,T)

= (gU,m)n(V) + g(V,7)m(U))]".

(29)  (Ereg) U V) =[g(Vur, V) +g
= [2¢9(U, V) + «

+ 2m(7)g(U,V

(Lreg) (U, V) = [9(VuT, V) + g

= [2¢9(U, V) + «

+ 2m(7)g(U,V

— o~ o~ — —~ —

If (TM,g¢, Ve, ¢, \) is a conformal Yamabe soliton, then

(2.10) (Lreg®)(UC,VE) + [ﬂ - <p + :L)] g¢(Ue,Ve) = 0.
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Using (2.9) and Proposition 2, we get
2¢9(U, V) + a(U)g(V,7) + a(V)g(U,T) + 2x(7)g(U,V) — (9(U,7)m(V)
+ g(V, 7)m(U))]° + [2X +4(n —1)a® - <p + ;)] (9(U, V) = 0.
This equation implies
(2.11) 2¢9(U, V) +a(U)g(V,7) + (V)g(U,7) + 2n(7)g(U, V) = (9(U, 7)7 (V)
+g(V,7)m(U)) + (2& +4(n —1)ac — <p + i)) g(U, V) =0.

Taking contraction over U and V' in (2.11), we obtain
~ 1
20n + 2a(7) + 2(n — V)7(1) + [2)\ +4(n—1)a® — (p + >} n = 0.
n

Since for a torqued vector field a(7) = 0, we find A = =Ling + (n — Dr(r)] —
3 [4(n — 1)a® 4+ p+ 1]. This finishes the proof. O

Proposition 8. Let (M,g,V,7) be a Riemannian manifold with a torqued
vector field 7. Then, (TM,g% V¢ 7¢ N\) is a conformal Yamabe soliton if the
constant \ satisfies

>\:21[ < — ()>n—nilw(f)]+;[2(bc—(n—1)c0)+p+ﬂ.

Proof. We compute (£,.¢°)(U, V) for all vector fields U, V on TM.

(2.12)
(Lreg) (U, V) = [9(VuT, V) + g(VyT, U)|
= [oto+ 2 moa ) + (a0) - e ovim
(et
()0 V) = 6o + ey
= |26+ 5170 90 V) + (a) - @) ) Vi)

+<a(V) i n )U,T)]

If (T M, g¢, V¢, 7¢ ) is a conformal Yamabe soliton, then
— - 1
R R e ) TR R
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Using (2.12) and Proposition 3, we find

2(0+ S5m0 a0V + (@)~ Sn(@) a(vir)
+ <a(v) - i 17T(V)> g(U,T):|C

4 [2} o — (n— 1)e°) — (p + i)] (g(U, V))° = 0.

This equation implies

(2.13) 2 (¢>+ — 17r(7')> 9(UV) + <a(U) - ni 17r(U)> o(V,7)
+ (a(V) e 17T(V)> g(U, )+ [2)\—2(bc—(n—1)cc) - <p+ i)} g(U, V) =0.
Taking contraction over U and V in (2.13), we obtain
A= % [2 <¢> O 17r(7')> n+a(r) — nilm)}
4 % [2(190 (= 1)) +p+ H

Since for a torqued vector field a(7) = 0, we find

xz% [2 <¢+nilw(r)>n—nilﬂ(r)] 41 [Q(bc—(n—l)c°)+p+;]

This finishes the proof. O
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