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Received on March 6, 2023
Presented by S. Ivanov, Corresponding Member of BAS, on June 27, 2023

Abstract

In this paper, we investigate conformal Yamabe solitons on tangent bun-
dles with respect to the complete lifts a semi-symmetric metric connection
and a projective semi-symmetric connection using vertical and complete lifts of
torqued vector fields.
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1. Introduction and preliminaries. 1.1. Conformal Yamabe solitons,
torse forming vector fields and semi-symmetric connections. Let (M, g)
be an n-dimensional (pseudo-)Riemannian manifold. A conformal Yamabe soliton
(M, g, τ, λ) is defined by the condition

(1.1) Lτg +

[
2λ− 2r −

(
p+

2

n

)]
g = 0,

where Lτ is the Lie differentiation with respect to the potential field τ on M ,
r is the scalar curvature, λ is a real constant and p is a scalar non-dynamical
field (time dependent scalar field) [1]. The conformal Yamabe soliton is called
expanding if λ > 0, steady if λ = 0, and shrinking if λ < 0.

DOI:10.7546/CRABS.2023.08.03

1176



A nowhere zero vector field τ on a (pseudo-)Riemannian manifold (M, g) is
called torse-forming if

(1.2) ∇Uτ = ϕU + α(U)τ,

where U is a vector field on M , ∇ is the Levi-Civita connection of g, ϕ is a
smooth function and α is a 1-form [2]. Furthermore, the vector field τ is said
to be concircular ([3,4]) if the 1-form α = 0 in equation (1.2). Moreover, if the
function ϕ = 1 and the 1-form α = 0, the vector field τ is called concurrent,
([5,6]). The vector field τ is called recurrent if the function ϕ = 0 in (1.2). If
ϕ = α = 0 in (1.2), then the vector field τ is said to be parallel. Chen [7] defined
a new vector field, which is called a torqued vector field τ , as satisfying (1.2) with
α(τ) = 0. In this case, ϕ is the torqued function and the 1-form α is the torqued
form of τ .

From [8], a metric connection ∇̃ is called semi-symmetric if its torsion tensor
T is of the form

T (U, V ) = π(V )U − π(U)V

for all U, V ∈ χ(M), where χ(M) is the Lie algebra of vector fields of M . Here,
the 1-form π is defined by

π(U) = g(U,P )

for a vector field P on M . The relation between a semi-symmetric metric connec-
tion ∇̃ and the connection ∇ of M is given by

(1.3) ∇̃UV = ∇UV + π(V )U − g(U, V )P

for all U, V ∈ χ(M).
The Riemannian curvature tensor R̃, the Ricci tensor R̃ic and the scalar

curvature r̃ of the connection ∇̃ are given by, respectively, [1]

R̃(U, V )W = R(U, V )W − η(V,W )U + η(U,W )V − g(V,W )LU + g(U,W )LV,

R̃ic(V,W ) = Ric(V,W )− (n− 2)η(V,W )− ag(V,W ),(1.4)
r̃ = r − 2(n− 1)a,

where η and L denote (0, 2) and (1, 1)-type tensor fields such that

η(U, V ) = g(LU, V ) = (∇Uπ)(V )− π(U)π(V ) +
1

2
g(U, V )

for all U, V,W ∈ χ(M) and a = Tr(η) (see also [9]).
From [10], the relation between a projective semi-symmetric connection ∇̄

and the connection ∇ of M is given by

(1.5) ∇̄UV = ∇UV + ψ(V )U + ψ(U)V + µ(V )U − µ(U)V,

C. R. Acad. Bulg. Sci., 76, No 8, 2023 1177



where ψ and µ are 1-forms satisfying

ψ(U) =
n− 1

2(n+ 1)
π(U), µ(U) =

1

2
π(U).

For the Riemannian curvature tensor R̄, Ricci tensor Ric and the scalar cur-
vature r̄ of ∇̄, we have

R(U, V )W = R(U, V )W + θ(U, V )W + ω(U,W )V − ω(V,W )U,

Ric(U, V ) = Ric(U, V ) + θ(U, V )− (n− 1)ω(U, V ),(1.6)
r̄ = r + Tr(θ)− (n− 1)Tr(ω),

where

θ(U, V ) =
1

2
[(∇V π)(U)− (∇Uπ)(V )],

ω(U, V ) =
n− 1

2(n+ 1)
(∇Uπ)(V ) +

1

2
(∇V π)(U)− n2

(n+ 1)2
π(U)π(V )

for all U, V,W ∈ χ(M) [1].
1.2. Tangent bundle. In this subsection, some basic facts will be repeated

about tangent bundles of differentiable manifolds that will be used in the future
(for more information see [11]). Given an n-dimensional Riemannian manifold
(M, g), the tangent bundle TM of the manifold M is TM = ∪p∈MTpM , where
TpM denotes the tangent space of M at p. The manifold TM is of dimension 2n
and has a differentiable structure induced from the manifold M by the canonical
projection ζ : TM →M .

Let f , U , ω and F be a function, a vector field, a 1-form and a (1, 1)-type
tensor field on M , respectively. We will denote their vertical lifts by fv, Uv,
ωv, F v and their complete lifts by f c, U c, ωc, F c to tangent bundle TM . The
following relations are satisfied:

(1.7)

(fU)v = fvUv, Uvfv = 0, F v(Uv) = 0, ωv(Uv) = 0,

(fU)c = f cUv + fvU c, U cf c = (Uf)c, F c(U c) = (F (U))c,

ωc(U c) = (ω(U))c, Uv(f c) = U c(fv) = (Uf)v, F c(Uv) = (F (U))v,

F v(U c) = (F (U))v, ωv(U c) = ωc(Uv) = (ω(U))v.

For the Lie brackets, we have

[Uv, V v] = 0, [Uv, V c] = [U, V ]v, [U c, V c] = [U, V ]c.

On the other hand, it is known that the complete lift metric gc of the metric
g is a semi-Riemannian metric on TM and it is defined by

gc(Uv, V c) = gc(U c, V v) = (g(U, V ))v,

gc(Uv, V v) = 0,

gc(U c, V c) = (g(U, V ))c for all U, V ∈ χ(M).

(1.8)
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The complete lift connection ∇c of a linear connection ∇ satisfies the following
relations

(1.9) ∇c
UvV v = (∇UV )v,∇c

UcV c = (∇UV )c,∇c
UvV c = ∇c

UcV v = (∇UV )v.

For some significant recent papers about lifting theory on tangent bundles, we
may refer to [12–15].

We recall the following proposition from [11], p. 62.
Proposition 1. Let (M, g) be a Riemannian manifold and TM its tangent

bundle equipped with the complete lift metric gc. Then (TM, gc) is a space with
constant scalar curvature 0.

From (1.4) and Proposition 1, we have
Proposition 2. Let (M, g) be an n-dimensional Riemannian manifold en-

dowed with the semi-symmetric metric connection ∇̃ defined by (1.3), and let TM
be its tangent bundle with the complete lift metric gc and the complete lift of the
semi-symmetric metric connection ∇̃c. Then, the scalar curvature r̃c fulfills

(1.10) r̃c = −2(n− 1)ac.

Similarly, from (1.6) and Proposition 1, we have
Proposition 3. Let (M, g) be an n-dimensional Riemannian manifold en-

dowed with the projective semi-symmetric connection ∇̄ defined by (1.5), and let
TM be its tangent bundle with the complete lift metric gc and the complete lift
of the projective semi-symmetric connection ∇̄c. Then, the scalar curvature rc

fulfills

(1.11) rc = bc − (n− 1)cc,

where b = Tr(θ), c = Tr(ω).
In this paper, we study conformal Yamabe solitons on tangent bundles using

vertical and complete lifts of torqued vector fields and considering the complete
lifts of a semi-symmetric metric connection and a projective semi-symmetric con-
nection. Similar problems related with Ricci solitons were examined in [16] with
respect to a semi-symmetric metric connection.

2. Conformal Yamabe solitons on tangent bundles.
Case 1. The potential is a vertical lift of a torqued vector field.

First, we deal with the complete lift connection ∇c.
Theorem 1. Let (M, g,∇) be a Riemannian manifold with a torqued vector

field τ . Then, (TM, gc,∇c, τv, λ̀, p) is a conformal Yamabe soliton if τ is a Killing
vector field on (M, g) and λ̀ = 1

2

(
p+ 1

n

)
.

Proof. First we compute (Lτvg
c)(Ũ , Ṽ ) for all vector fields Ũ , Ṽ on TM .
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From (1.2) and (1.9), we get

(Lτvg
c)(U c, V c) = [g(∇Uτ, V ) + g(∇V τ, U)]v(2.1)

= [2ϕg(U, V ) + α(U)g(V, τ) + α(V )g(U, τ)]v,

(Lτvg
c)(U c, V v) = 0.

If (TM, gc,∇c, τv, λ̀, p) is a conformal Yamabe soliton, then

(Lτvg
c)(U c, V c) +

[
2λ̀− 2rc −

(
p+

1

n

)]
gc(U c, V c) = 0.

Using (2.1) and Proposition 1, we get

[2ϕg(U, V ) + α(U)g(V, τ) + α(V )g(U, τ)]v +

[
2λ̀−

(
p+

1

n

)]
(g(U, V ))c = 0.

This equation implies

(2.2) ϕg(U, V ) = −1

2
(α(U)g(V, τ) + α(V )g(U, τ)), λ̀ =

1

2

(
p+

1

n

)
.

Taking contraction over U and V in (2.2), we obtain

ϕn = −α(τ).

Since for a torqued vector field α(τ) = 0, we find ϕ = 0. Hence, τ is a recurrent
vector field. On the other hand, from [7], we know that a torqued vector field τ on
a Riemannian manifold M is a Killing vector field if and only if τ is a recurrent
vector field satisfying ∇Uτ = γ(U)τ and γ(τ) = 0, where γ is a 1-form. This
completes the proof.

Secondly, we consider the complete lift of the semi-symmetric metric connec-
tion ∇̃c.

Proposition 4. Let (M, g,∇, τ) be a Riemannian manifold with a torqued
vector field τ . Then, (TM, gc, ∇̃c, τv, λ̃) is a conformal Yamabe soliton if the
following conditions hold

ϕ =
1− n

n
π(τ) and λ̃ =

1

2

((
p+

1

n

)
− 4(n− 1)ac

)
.

Proof. We compute (L̃τvg
c)(Ũ , Ṽ ) for all vector fields Ũ , Ṽ on TM . From (1.3)

and (1.9), we get

(L̃τvg
c)(U c, V c) = [g(∇̃c

Uτ, V ) + g(∇̃c
V τ, U)]v(2.3)

= [2ϕg(U, V ) + α(U)g(V, τ) + α(V )g(U, τ)

+ 2π(τ)g(U, V )− (g(U, τ)π(V ) + g(V, τ)π(U))]v,

(L̃τvg
c)(U c, V v) = 0.
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If (TM, gc, ∇̃c, τv, λ̃) is a conformal Yamabe soliton, we have

(L̃τvg
c)(U c, V c) +

[
2λ̃− 2r̃c −

(
p+

1

n

)]
gc(U c, V c) = 0.

Using (2.3) and Proposition 2, we obtain

[2ϕg(U, V ) + α(U)g(V, τ) + α(V )g(U, τ) + 2π(τ)g(U, V )− (g(U, τ)π(V )

+ g(V, τ)π(U))]v +

[
2λ̃+ 4(n− 1)ac −

(
p+

1

n

)]
(g(U, V ))c = 0.

This equation implies

2ϕg(U, V ) + α(U)g(V, τ) + α(V )g(U, τ) + 2π(τ)g(U, V )

− (g(U, τ)π(V ) + g(V, τ)π(U)) = 0,
(2.4)

2λ̃+ 4(n− 1)ac −
(
p+

1

n

)
= 0.

Taking contraction over U and V in (2.4), we obtain

2ϕn+ 2α(τ) + 2(n− 1)π(τ) = 0.

Since for a torqued vector field α(τ) = 0, we find ϕ = 1−n
n π(τ). This finishes the

proof.
Finally, we study the complete lift of the projective semi-symmetric connec-

tion ∇̄c.
Proposition 5. Let (M, g,∇, τ) be a Riemannian manifold with a torqued

vector field τ . Then, (TM, gc, ∇̄c, τv, λ̄) is a conformal Yamabe soliton if the
following conditions hold

ϕ =
1− n

n
π(τ) and λ̄ =

1

2

((
p+

1

n

)
+ 2(bc − (n− 1)cc)

)
.

Proof. We compute (Lτvg
c)(Ũ , Ṽ ) for all vector fields Ũ , Ṽ on TM . From (1.5)

and (1.9), we obtain

(Lτvg
c)(U c, V c) = [g(∇Uτ, V ) + g(∇V τ, U)]v

=

[
2

(
ϕ+

n

n+ 1
π(τ)

)
g(U, V ) +

(
α(U)− 1

n+ 1
π(U)

)
g(V, τ)

+

(
α(V )− 1

n+ 1
π(V )

)
g(U, τ)

]v
,

(Lτvg
c)(U c, V v) = 0.

(2.5)
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If (TM, gc, ∇̄c, τv, λ̄) is a conformal Yamabe soliton, then

(Lτvg
c)(U c, V c) +

[
2λ̄− 2rc −

(
p+

1

n

)]
gc(U c, V c) = 0.

Using (2.5) and Proposition 3, we get[
2

(
ϕ+

n

n+ 1
π(τ)

)
g(U, V ) +

(
α(U)− 1

n+ 1
π(U)

)
g(V, τ)

+

(
α(V )− 1

n+ 1
π(V )

)
g(U, τ)

]v
+

[
2λ̄− 2(bc − (n− 1)cc)−

(
p+

1

n

)]
(g(U, V ))c = 0.

This equation implies

2

(
ϕ+

n

n+ 1
π(τ)

)
g(U, V ) +

(
α(U)− 1

n+ 1
π(U)

)
g(V, τ)

+

(
α(V )− 1

n+ 1
π(V )

)
g(U, τ) = 0,

(2.6)

2λ̄− 2(bc − (n− 1)cc)−
(
p+

1

n

)
= 0.

Taking contraction over U and V in (2.6), we obtain(
ϕ+

n

n+ 1
π(τ)

)
n =

1

n+ 1
(π(τ)− α(τ)).

Since for a torqued vector field α(τ) = 0, we find ϕ = 1−n
n π(τ). This finishes the

proof.
Case 2. The potential is a complete lift of a torqued vector field.

In this last subsection, we repeat the previous process when the potential is con-
sidered the complete lift of a torqued vector field.

Proposition 6. Let (M, g,∇, τ) be a Riemannian manifold with a torqued
vector field τ . Then, (TM, gc,∇c, τ c, λ̀, p) is a conformal Yamabe soliton if the
constant λ̀ satisfies

λ̀ =
1

2

(
−2ϕ+ p+

1

n

)
.

Proof. First we compute (Lτcg
c)(Ũ , Ṽ ) for all vector fields Ũ , Ṽ on TM

(Lτcg
c)(U c, V c) = [g(∇Uτ, V ) + g(∇V τ, U)]c(2.7)

= [2ϕg(U, V ) + α(U)g(V, τ) + α(V )g(U, τ)]c,

(Lτcg
c)(U c, V v) = [g(∇Uτ, V ) + g(∇V τ, U)]v

= [2ϕg(U, V ) + α(U)g(V, τ) + α(V )g(U, τ)]v.
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If (TM, gc,∇c, τ c, λ̀, p) is a conformal Yamabe soliton, then

(Lτcg
c)(U c, V c) +

[
2λ̀− 2rc −

(
p+

1

n

)]
gc(U c, V c) = 0.

Using (2.7) and Proposition 1, we obtain

[2ϕg(U, V ) + α(U)g(V, τ) + α(V )g(U, τ)]c +

[
2λ̀−

(
p+

1

n

)]
(g(U, V ))c = 0.

This equation implies

(2.8) 2ϕg(U, V )+α(U)g(V, τ)+α(V )g(U, τ)+

(
2λ̀−

(
p+

1

n

))
(g(U, V ))c = 0.

Taking contraction over U and V in (2.8), we obtain

2ϕn+ 2α(τ) +

(
2λ̀−

(
p+

1

n

))
n = 0.

Since for a torqued vector field α(τ) = 0, we find λ̀ = 1
2

(
−2ϕ+ p+ 1

n

)
. This

completes the proof.
Proposition 7. Let (M, g,∇, τ) be a Riemannian manifold with a torqued

vector field τ . Then, (TM, gc, ∇̃c, τ c, λ̃) is a conformal Yamabe soliton if the
constant λ̃ satisfies

λ̃ =
−1

n
[nϕ+ (n− 1)π(τ)]− 1

2

[
4(n− 1)ac + p+

1

n

]
.

Proof. We compute (L̃τcg
c)(Ũ , Ṽ ) for all vector fields Ũ , Ṽ on TM .

(L̃τcg
c)(U c, V c) = [g(∇̃Uτ, V ) + g(∇̃V τ, U)]c(2.9)

= [2ϕg(U, V ) + α(U)g(V, τ) + α(V )g(U, τ)

+ 2π(τ)g(U, V )− (g(U, τ)π(V ) + g(V, τ)π(U)]c,

(L̃τcg
c)(U c, V v) = [g(∇̃Uτ, V ) + g(∇̃V τ, U)]v

= [2ϕg(U, V ) + α(U)g(V, τ) + α(V )g(U, τ)

+ 2π(τ)g(U, V )− (g(U, τ)π(V ) + g(V, τ)π(U))]v.

If (TM, gc, ∇̃c, τ c, λ̃) is a conformal Yamabe soliton, then

(2.10) (L̃τcg
c)(U c, V c) +

[
2λ̃− 2r̃c −

(
p+

1

n

)]
gc(U c, V c) = 0.
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Using (2.9) and Proposition 2, we get

[2ϕg(U, V ) + α(U)g(V, τ) + α(V )g(U, τ) + 2π(τ)g(U, V )− (g(U, τ)π(V )

+ g(V, τ)π(U))]c +

[
2λ̃+ 4(n− 1)ac −

(
p+

1

n

)]
(g(U, V ))c = 0.

This equation implies

(2.11) 2ϕg(U, V ) + α(U)g(V, τ) + α(V )g(U, τ) + 2π(τ)g(U, V )− (g(U, τ)π(V )

+ g(V, τ)π(U)) +

(
2λ̃+ 4(n− 1)ac −

(
p+

1

n

))
g(U, V ) = 0.

Taking contraction over U and V in (2.11), we obtain

2ϕn+ 2α(τ) + 2(n− 1)π(τ) +

[
2λ̃+ 4(n− 1)ac −

(
p+

1

n

)]
n = 0.

Since for a torqued vector field α(τ) = 0, we find λ̃ = −1
n [nϕ + (n − 1)π(τ)] −

1
2

[
4(n− 1)ac + p+ 1

n

]
. This finishes the proof.

Proposition 8. Let (M, g,∇, τ) be a Riemannian manifold with a torqued
vector field τ . Then, (TM, gc, ∇̄c, τ c, λ̄) is a conformal Yamabe soliton if the
constant λ̄ satisfies

λ̄ =
−1

2n

[
2

(
ϕ+

n

n+ 1
π(τ)

)
n− 1

n+ 1
π(τ)

]
+

1

2

[
2(bc − (n− 1)cc) + p+

1

n

]
.

Proof. We compute (Lτcg
c)(Ũ , Ṽ ) for all vector fields Ũ , Ṽ on TM .

(Lτcg
c)(U c, V c) = [g(∇Uτ, V ) + g(∇V τ, U)]c

(2.12)

=

[
2(ϕ+

n

n+ 1
π(τ))g(U, V ) +

(
α(U)− 1

n+ 1
π(U)

)
g(V, τ)

+

(
α(V )− 1

n+ 1
π(V )

)
g(U, τ)

]c
,

(Lτcg
c)(U c, V v) = [g(∇Uτ, V ) + g(∇V τ, U)]v

=

[
2

(
ϕ+

n

n+ 1
π(τ)

)
g(U, V ) +

(
α(U)− 1

n+ 1
π(U)

)
g(V, τ)

+

(
α(V )− 1

n+ 1
π(V )

)
g(U, τ)

]v
.

If (TM, gc, ∇̄c, τ c, λ̄) is a conformal Yamabe soliton, then

(Lτcg
c)(U c, V c) +

[
2λ̄− 2rc −

(
p+

1

n

)]
gc(U c, V c) = 0.
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Using (2.12) and Proposition 3, we find[
2

(
ϕ+

n

n+ 1
π(τ)

)
g(U, V ) +

(
α(U)− 1

n+ 1
π(U)

)
g(V, τ)

+

(
α(V )− 1

n+ 1
π(V )

)
g(U, τ)

]c
+

[
2λ̄− 2(bc − (n− 1)cc)−

(
p+

1

n

)]
(g(U, V ))c = 0.

This equation implies

(2.13) 2

(
ϕ+

n

n+ 1
π(τ)

)
g(U, V ) +

(
α(U)− 1

n+ 1
π(U)

)
g(V, τ)

+

(
α(V )− 1

n+ 1
π(V )

)
g(U, τ) +

[
2λ̄−2(bc−(n−1)cc)−

(
p+

1

n

)]
g(U, V ) = 0.

Taking contraction over U and V in (2.13), we obtain

λ̄ =
−1

2n

[
2

(
ϕ+

n

n+ 1
π(τ)

)
n+ α(τ)− 1

n+ 1
π(τ)

]
+

1

2

[
2(bc − (n− 1)cc) + p+

1

n

]
.

Since for a torqued vector field α(τ) = 0, we find

λ̄ =
−1

2n

[
2

(
ϕ+

n

n+ 1
π(τ)

)
n− 1

n+ 1
π(τ)

]
+

1

2

[
2(bc − (n− 1)cc) + p+

1

n

]
.

This finishes the proof.
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