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Abstract

This article is about dispersive optical solitons with Radhakrishnan-Kun-
du—Lakshmanan equation with power-law of nonlinear refractive index in pres-
ence of multiplicative white noise by the usage of Itd calculus. The soliton
solutions contain the Wiener process embedded into its phase component.
Two integration algorithms make this retrieval possible and they are enhanced
Kudryashov’s method and the extended simplest equation approach.
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1. Introduction. The theory of optical solitons has made unbelievable ad-
vances in the world of telecommunications. There are several issues that have
been newly addressed. These are dispersive solitons, highly-dispersive solitons,
pure-cubic solitons, cubic-quartic solitons, dispersion-managed solitons and many
more. The current paper focuses on dispersive optical solitons for which there
exist several models that are studied. They are Schrodinger—Hirota equation,
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Fokas—Lenells equation and several others. The current paper will address disper-
sive solitons with one such model that has been around for decades. This is the
Radhakrishnan-Kundu-Lakshmanan (RKL) equation [>%172%]. To keep it on a
generalized setting, the model is considered with power-law nonlinearity.

The multiplicative white noise is also incorporated to gain further insight into
the dynamics of dispersive soliton transmission. It6 calculus is implemented to an-
alyze the model [1'%19716]. The enhanced Kudryashov’s method and the extended
simplest equation approach are the integration tools that recover the soliton solu-
tions to the model with multiplicative white noise. The results are displayed after
jotting down the essential mathematics. The details follow through.

1.1. Governing model. The dimensionless form of RKL equation with
power-law of nonlinear refractive index having multiplicative noise in the [t6 sense
is written, for the first time, as

W(t)
dt

(1) iqr + gy + b g/ g+ [/BQxxm +a (Iq\Q"q)x] +0qd =0,
where ¢(x,t) denotes complex-valued function representing the wave profile, while
a, b, B, a and o are real-valued constants while i = v/—1. In Eq. (1), the first
term is the linear temporal evolution, a is the coefficient of chromatic dispersion,
b is the coeflicient of power law of self-phase modulation, § is the coefficient of
third order dispersion (30D), « is the coefficient of self-steepening (SS) term for
the short pulses, o is the coefficient of noise strength and W (t) is the standard
Wiener process, such that dW (t)/dt is the white noise. The exponent n in Eq. (1)
represents the power law nonlinearity parameter. If o = 0, Eq. (1) reduces to the
familiar RKL equation.

2. Mathematical setup. To disband the model (1), we postulate the fol-
lowing assumption

2) a(a.t) = P(€) expi [W(a,t) + oW () — 0%1]
where
(3) U(z,t) = —kr+wt, &=x—Vi.

Here x, w and V are nonzero real-valued constants, while P(¢) and ¥(z,t) are
real-valued functions. ¢ is the wave variable, w is the frequency, x is the wave
number, and V' is the velocity. ¥(z,t) is the phase component and P(§) is the
amplitude component. Plugging (2) and (3) into (1) gives the real part

(4)  (a+3Bk)P"(€)+ (b+ ka) pntl &) — (w — o+ ar®+ 6&3) P& =0
and the imaginary part
(5) BP"(€) + (2n + 1) aP?™M(€)P'(€) — (V + 2ak + 35r7) P'(€) = 0.
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Integrating Eq. (5) with zero-integration constant, we arrive at
(6) BP"(&) + aP?™ (&) — (V + 2ark + 38K%) P(£) = 0.
Egs. (4) and (6) have the same form by virtue of the restrictions

a+38k  (b+ka) w—o?+ar®+ K

7 = =
(™) B a V +2ak + 38k2%

and from which, one reveals the wave number of the soliton

_ b —axa

5) o

and the velocity

(w—0?+ar? + Br®) a — (2ak + 3BK?) (b + ka)
9) V= )
(b+ ko)
provided a8 # 0 and b+ ko # 0. Now, balancing the terms P”(¢) and P27+ (¢)
in Eq. (4) yields the balance number N = =, n > 1. Since the balance number is
not integer, then we take the following transformatlon
1
(10) P(&) = Hr(8),

where H () is a new function of £ such that H(§) > 0. Now, Eq. (4) changes to
the new equation

(11)  (a+3pr) [(1 = n)H?() +nH()H"(£)]
n?® (b+ ka) HY(&) — n? (w — 0 + ar® + Br*) H*(€) = 0.

In the next section, we solve Eq. (11) using the following approaches.
3. Enhanced Kudryashov’s approach. Based on this method, assume
that Eq. (11) has the formal solution

M
(12) H(¢) =) B.R*(¢), By #0

and the function R(§) satisfies the ODE

2

(13) R™(€) = R*(&) [ - xR* (|’ K, 0< K #1,

where Bj, s

= 0,1,2,..., M, and x are parameters and p > 0 is an integer.
Balancing H (£ )H’( )

Wlth H4(§) in Eq. (11), we get
(14) OM +2p =AM = M =p.
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Let us now discuss the following cases:
Case 1. Choose p =1, then M = 1. Now, we have the formal solution

(15) H()=Bo+ Bi1R(), Bi #0,
where By and B; are parameters. Here R(€) satisfies the differential equation
(16) R(€) = R(§) [1 - xR(§)]m*K, 0<K #1.

Substituting (15), (16) in (11) and setting all coefficients of [R(£)]?*, ¢1 =0, ..., 4,
[R'(£)]%, g2 = 0,1, to zero, we have the results
(a+3Br)In* K — (Br® + ar? — 0?) n?

n=n, w= 2 ,

a7 x(n+1)(a+368k)In* K
Bo =0, Bi= n? (b + ka)

)

provided x (a + 38k) (b+ ka) > 0. By substituting (17) along with the well-
known solution of Eq. (16) obtained in ['9] into (15), we obtain the solution

(n+1)(a+3B8r)In*> K 48
(18) q(w,t) = \/X n?(b+ ko) (482[(5 + XK—§>

 eil-retwtroW (t)—o?t]
Solution (18) can be rewritten in the form
. +1)(a + 3B8k) In? K
. _ o X(n
1
y 45 " ei[—mz—l—wt—l—aW(t)—UQt]
(452 + x) cosh (§In K) + (452 — x) sinh (£ In K) ’

which represents the combo bright-singular soliton solution. In particular, when
x = 452, we have the bright soliton solution

n

In? K . ,
(20) q(z,t) = \/(n + 1712621)—1-—’_352)) K oo (€I K) oil—ra+wt+oW () -0 t]’

provided (a + 38k)(b + ka) > 0, while if Y = —452, we have the singular soliton
solution

n

In* K . ,
1) gla.t) = \/—<"“,1§C(‘b+ff§)) K hEm)| elmeteewo-o)

provided (a + 30k)(b+ ka) < 0.
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Case 2. Choose p = 2, then M = 2. Now, we have the formal solution

(22) H(¢) = By + B1R(&) + BoR*(§), B2 #0,
where By, By and Bj are parameters. Here R() satisfies the differential equation
(23) R = R¥(© [1— xR (O] W° K, 0<K#1.

Substituting (22), (23) in (11) and setting all coefficients of [R(§)]", 1 = 0,...,8,
[R'(£)], g2 = 0,1, to zero, we have the results

4(a+3BK)In® K — (Br>® 4 ar® — 0%)n?
n=n, w= 2 ;

dy(n +1)(a + 3B8k) In2 K
By=0, B;=0, BQZ\/X( nQ)((b+Hg))

provided x(a + 35k)(b + ka) > 0. Substituting (24) along with the well-known
solution of Eq. (23), into (22), we have the solution

Ax(n+1)(a + 3Bk) In* K 45
(25) Q(xat) = \/ n2(b—|—l'€0() <4S2K2'S+XK_2€>

(24)

)

i [—mc—i—wt—i—aW(t) —J2t] )

X e
Solution (25) can be rewritten in the form
2/ 4Ax(n+1)(a+ 38K) In? K
2 =7
(26) (a1 \/ s
1
% 45 " ei[*ﬁz+wt+O'W(t)70'2t]
(452 4 x) cosh (2£In K) + (452 — x) sinh (2§ 1In K) ’

which represents the combo bright-singular soliton solution. In particular, when
x = 452, we have the bright soliton solution

n

2
(27) q(=z,t) = \/ 4(n+22(éiii? WK e (26 K)|  eilorerertow—ot]

provided (a + 38k)(b+ ka) > 0, while if y = —452, we have the singular soliton
solution
(28)

n

2 .
So8) = \/_4(n P4 BIRWE oy | elseratsawo o]

n?(b+ ka)

provided (a + 30k)(b+ ka) < 0.
Similarly, we can find many other solutions by choosing other values for p
and M.
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4. The extended simplest equation approach. Eq. (11) has the formal
solution:

) Y91, [ L] e

(29) H(&) =xo+x1 [¢<§) o lsE ] a0
and ¢(§) is the solution of equation

(30) ¢"(§) + (&) = v,

where d, v, xo, X1 and pg are constants. Now, we have the following three types:
Type 1. § < 0. In this case, we substitute (29) into Eq. (11) and use Eq. (30)
together with the relation

o (58) - () -3t

where A; =6 (A% — A%) —v?2/§, while A; and Ay are constants, gives way to the
following results.

Result 1.
(a+3Br)6 + (Br* + ak? — o?) n?
n=mn, W= — n2 ) U= 07
32
(32) o v o e | D@3 (42 - A3)6
X0 =Y, X1 =Y, PO = sz(b+ K/Oé) )

provided (a + 38k) (A} — A3) (b+ rka) > 0.
Consequently, we obtain the following combo bright-singular soliton solution
of Eq. (1) as follows

n a K 2 _ A2

> 1 g ei[*l{"b+wt+UW(t)70'2t] )
A cosh (ﬁé“) + Ay sinh (\/—7(%)

In particular, if we set Ay = 0, A2 # 0 in (33), we have the singular soliton
solution

(34)  q(z,t) =

\/(” 47_121 ()ZEC:L:Z[)M)(S csch (Jjéf)] n gil—ratwttoW (H)—ot]

provided (a + 38k)(b + ka) < 0, while if we set A; # 0, A2 = 0 in (33), we have
the bright soliton solution

(35)  qla,t) = [\/_ (n+1)(a + 3Bk)S woch (\ﬁég)] " il or st oW -0

n?(b+ ka)
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provided (a + 38k)(b+ ka) > 0.
Result 2.

1 a+351<;)5— Bn + ak?® — o?

a+35/€ a—|—36/<a
= A=A
\/ (b+ ka) 0, \/ (b+ ko) L= o

provided (a + 30k)(b+ ka) < 0.
Consequently, we obtain the following combo bright-singular soliton solution
of Eq. (1) as follows

(37) glat) = (a+3Bk)d |, 2v
’ 2(b+ ka) 641 (cosh (v=5¢) + sinh (vV=0¢) + 5 )
« ei[—na:—i—wt—l—aW(t)—azt] )
Result 3.
n=1 w= %(a%— 3BK)0 — (553 + ar® — 02) )
(38) P N CE Y R B CE T ST
Xo==5% xa= 2(b+ ka)’ o= 2(b+ ka)

provided (a + 36k)(b+ ka) < 0 and Ay > 0.

(39) q(aj,t) = _m [ _|_ \/792 ] i|—krtwt+oW (t)—c t]’

where

B A7 sinh (\/jéﬁ) + As cosh (\/jéé)
A cosh (Jjéf) + As sinh (\/—7&‘) + %’
1

(40)

" Ay cosh (V=0¢) + Agsinh (vV=0¢) + &

In particular, if we set A1 =0, A # 0, v =0 in (39), we have the combo-singular
soliton solution

41) g(z,t) = m[ oth (V=3¢ ) + V=8 csch (V=3¢ |

> ei [7I€"E+wt+O’W(t)fo'2t]
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Type 2. § > 0. In this case, we substitute (29) into Eq. (11) and use Eq. (30)
together with the relation

¢’<€>>2 _A (1> P

) (58) =2 (@) oo

where As = 0 (A% + A%) —v?/§ gives way to the following results:
Result 1.

(a+3Bkr)6 + (Br* + ar? — o?) n?
n=n, w=-— 2 , v=0,
43
(43) _ 0 _0 _ _(n+1)(a+35/§)(A%+A§)5
X0 = X1 = PO = n2(b + ra)

)

provided (a + 38k)(b+ ko) < 0.
Consequently, we obtain the following trigonometric function solution of
Eq. (1) as follows:

0 o= -

| 1 ) st
Aj cos [\/S(aﬁ - ct)] + Ay sin [\/g(x - ct)]

In particular, if we set A1 = 0, Ay # 0 in (44), we have the periodic wave solution

(45) q(x,t) = [\/_ (n Z;géi:zfﬁ)é csc (\/E‘E)] ' ei[*nz+wt+UW(t)*02t]7

while if we set A1 # 0, A2 = 0 in (44), we have the periodic wave solution

46) ) = [\/—<” L e (\/55)] PE——

Result 2.
1a+3ﬂf<;5— (Br® + ar® — %) ,
(47) (a + 36/-@ (a + 3BH)A2
X0 \/ 2(b + ka) 2(b+ ka)
provided (a + 36k)(b+ ka) < 0 and Ag > 0.
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Consequently, we obtain the following periodic solution of Eq. (1)

— (CL + 36’{ i| —rrtwt+oW (t)—o?
(48) q(z,t) = *W [ ) + \/7F2 } twitolW(t ]7
where

—Ajsin (\/55) + As cos (\/55)

Aj cos (\/S{) + As sin (\/Sﬁ) + %7
1

Aj cos (\/55) + Agsin (\/Sg) +3

F1(§) =
(49)
Fa(&) =

In particular, if we set Ay =0, Ay # 0, v = 0 in (48), we have the periodic wave
solution

(50) q(z,t) = (Czb++3,f§; [C t <\f§> + /3 ese <\[§>} oil-retttoW (1) -]

while if we set 41 # 0, Ay =0, v =0 in (48), we have the periodic solution
(51)

q(x,t) = —m [— tan (\/35) + V5 sec (\/&)} el —ratwttoW(H)—o]

Type 3. § = 0. In this case, we substitute (29) into Eq. (11) and use Eq. (30)
together with the relation

¢/(§)>2 < 1 )2 2v
52 = A +—,
) ( 9(6) \e©)) e
where Az = A? — 2045 gives way to the following results:
Result 1.
n=n, w= (ﬁn + ak? —02), v =0,
(53) (n+1)(a+ 36K)A?
X0 = 07 X1 = 07 PO = - 7’L2(b T K}Oé) )

provided (a + 38k)(b+ ka) < 0.
Consequently, we obtain the following rational function solution of Eq. (1)

- (n +1)(a+ 3pk) A1
(54)  q(z,t) = [\/_ n?(b+ ko) <A1§ + A2)

n

ei [me»thraW(t) 70'2t]
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Result 2.

1, 5/{ + ar® — o?

(55) B (a+3BK) - (a + 38k)As
Xo=0, xi= 2(b+ ka)’ 2(b+ ka)

provided (a + 30k)(b+ ka) < 0 and Az > 0.
Consequently, we obtain the following rational function solution of Eq. (1)

_ (a+3ﬁ’% i|—Kkz+wt+oW (t)—o
(56) q(x,t) = —m { )+ \/71‘[2 } +wt+ t],
where
§+ A
() = 5y :
(57) A ﬁlg A
(8) = V2 A+ Ay

5. Specific values of the power-law parameter. To this aim, we first
integrate Eq. (5) to get equation

(58) BP" (&) + aP* (&) — (V + 2ak + 38k%) P(§) —c1 =0,

where ¢ is a non-zero constant of integration. The linearly independent principle
on Eq. (4) gives

(59) a=-38k, b=—ka, w—o+ak’+pr>=0.

5.1. n = 1/2. Let us now solve Eq. (58) at n = 1/2 taking into account the
conditions (59). To this aim, we multiply Eq. (58) by P’(£) and integrate getting
equation

(60) P?(€) = —AP%(&) + BP*(§) 4+ c3P(€) + cu,
where

e V- 3/k> _ 2¢ _ 2c
(61) A_ﬁ’ —T, 63_?7 04_?’

and c is a constant of integration. It is well known [!°] that Eq. (60) has the
Jacobi-elliptic solution

(62) P(€) = 1 + (42 — ) sn ( VAW — e )

858 Elsayed M. E. Zayed et al.



where m = Zi 52 is the modulus of Jacobi-elliptic function such that y;, j =

1,2,3, y1 > y2 > y3 are roots of equation Ay — By? — c3y — ¢y = 0.
Now, Eq. (1) has the Jacobi-elliptic solution

(63) q(m,t) = {?/1 + (y2 — yl sn ( \/ﬂé-’ )} i| —kx—28K3t+oW (t )]

If m — 17, y2 — y3, sn — tanh, then we have the dark soliton solution of Eq. (1)
as

(64) q(l‘,t) = {yl (yl —y3 tanh ( \/ﬂ§>} i|—kx— 25n3t+0W(t)]’

provided A(y; — y3) > 0.
5.2. n = 1. Let us now solve Eq. (58) at n = 1 taking into account the
conditions (59). Now, we get the following equation

(65) P2(&) = —QP (&) + BP*(€) + c3P(€) + cu,
where

o« V= 36k> 20 _ 2co
(66) Q_ﬁ7 —T, 63—?, 04_7.

It is well known ['°] that Eq. (65) has a solution in terms of the Jacobian elliptic
functions, namely

y1 (Y3 — 12) ( VQ(ys — y2)(y1 — y3)&; m) + y2(y1 — y3)
67) P = ,
(y3 — y2) Snz( VQ(ys —y2)(y1 — y3)&; )+y1—y3

(y1—y4)(y3—y2)
(ya—y2)(y1—y3)

which y;, 7 = 1,2,3,4, y1 > y2 > y3 > ya, are roots of equation Qy* — By? —
cgy — ¢4 = 0, provided y1 +y2 + y3 +y4 = 0.
Now, Eq. (1) has the Jacobian elliptic solution

where m = is the modulus of the Jacobian elliptic function in

y1(y3 — y2) sn? (l\/ﬂ(yz; —y2) (1 — y3)&; m) + y2(y1 — y3)

(y3 — y2) SH2< VQys —y2)(y1 — y3)§;m> +y1 —y3

(68) q(x,t) =

« e'i [fmcfQ,Bn:gtJraW(t)]

where Q(ys —y2)(y1 —y3) > 0. If m — 17, y3 — y4, sn — tanh, then we have the
soliton solution of Eq. (1) as
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(69)

y1(ys — y2) tanh? (%\/ﬂ(m —y2)(y1 — y4)£) +y2(y1 — ya)
(y4 — y2) tanh? (%\/ﬂ(m —y2)(y1 — y4)€) + Y1 — Ya

« ez’ [—ﬁx—Zﬂn?’t—l—aW(t)]
)

q(z,t) =

provided Q(ys — y2)(y1 — ya) > 0.

6. Conclusions. The current work addressed the RKL equation with power-

law of nonlinearity in presence of multiplicative white noise by the usage of It6
calculus. Two integration schemes revealed the soliton solutions. The effect of
white noise always appeared in the phase component of the model. The amplitude
component remained unaffected with the white noise factor. The results can be
later extended further along to additional devices such as in birefringent fibres,
DWDM topology, couplers, magneto-optic waveguides, and eventually into meta-
optics. Such results are in the works and they will be sequentially disseminated.
Disclosure. The authors claim there is no conflict of interest.
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