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Abstract

A natural connection whose torsion tensor is a 3-form is defined and called
the third natural connection on a Riemannian II-manifold. In the cases of
existence of this connection, a relation between it and the known first and
second natural connections on the considered manifolds is established. An
explicit example of dimension 5 is given in confirmation of the proven assertions.
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1. Introduction. We study the differential geometry of Riemannian II-

manifolds, also known as almost paracontact almost paracomplex Riemannian
manifolds ['3]. These odd-dimensional manifolds have a traceless induced almost
product structure on the paracontact distribution and the restriction on the para-
contact distribution of the almost paracontact structure is an almost paracomplex
structure.

In the present paper we continue the study of natural connections on the

considered manifolds as an important part of the geometry of manifolds with ad-
ditional tensor structures (e.g. [*]). Following the introduction and investigation
of the first natural connection D in [!°] and the second natural connection D in
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['], here we introduce a natural connection D) on a Riemannian IT-manifold whose
torsion tensor is a 3-form and call it the third natural connection.

The paper is structured as follows. In Section 1 and Section 2, we give an
introduction and preliminary background facts about Riemannian II-manifolds,
respectively. In Section 3, we recall some definitions and assertions for the first
and second natural connection necessary for further investigations. Section 4
is devoted to the definition of ). Moreover, we obtain a relation between the
Nijenhuis tensor N and the torsion tensor of D and we prove a necessary and
sufficient condition for existence of D. Finally, we establish that for the manifolds
where D exists, D is the average connection of D and ). In the final Section 5, we
present an explicit 5-dimensional example in confirmation of the proven theory.

2. Riemannian II-Manifolds. Let (M, ¢, &, 7, g) be a Riemannian IT-mani-
fold, i.e. M stands for a (2n + 1)-dimensional differentiable manifold equipped
with a Riemannian metric g and a Riemannian II-structure (¢, &, n), where ¢ is a
(1,1)-tensor field, & is a Reeb vector field and 7 is its dual 1-form, such that the
following basic identities

(21) ¢§:07 ¢2:I_77®§7 770¢:07 77(5):17
' tro =0,  g(oz,9y) = g(z,y) — n(z)n(y),

and their immediately derived properties

(2.2) g(ox,y) = gz, dy), g(x,8) =n(x), ¢g&& =1, n(V) =0,

are valid, where I and V denote the identity and the Levi-Civita connection of g,
respectively [2’12]. In the latter equalities and further, x, y, z stand for arbitrary
differentiable vector fields on M or tangent vectors at a point of M.

The (0, 3)-tensor field F, defined by

(23) F(x7y7 Z) - g((vx(b) Y, Z)?

is fundamentally important in the geometry of the considered manifolds. More-
over, the following general properties of F' are valid: [1]

@Y Flary.62) = —F(a,éy,2) + 1) F(x, 9,6) + n(y) F(z, 62.€).

Lemma 2.1 (|?|). The following identities are valid:

D (Van)(y) = 9(Va,y),  2) n(Vel) =0, 3) F(x,¢y,£) = —(Van)(y).

A classification of Riemannian II-manifolds with respect to F', consisting of
eleven basic classes Fi, Fa, ..., Fi1, is given in [}]. The intersection of the basic
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classes is the special class Fg determined by F' = 0. We focus on two of these
classes that are relevant for further investigations [*2]:

Fs: F(§y,2) =0, F(,§2) =
(2.5) F(x,y,z)+ F(y, z, :L’)—|—F(z x,y) =0;
Fri F(z,y,2) = F(z,y.8n(2) + F(z,2,6)n(y),
F(z,y,§) = —F(y,%,§) = F(¢, ¢y, ).

In [2], the Nijenhuis tensor N and the associated Nijenhuis tensor N of type
(1,2) for the Il-structure on M are determined by

N(z,y) =(Vga®) y — ¢ (V) y — (Van) (y)§
— (Vgyd) z + ¢ (Vyo) x + (Vyn) (z)€,

N(z,y) = (Ved) y — & (Vat) y — (Va) (y)€
+ (Vgyd)  — ¢ (Vyo) x — (Vyn) (z)€.

The corresponding (0, 3)-tensors of N and N on (M, ¢,&,1m,g) are defined by
(26)  N(@y2)=g(N@y).2), Nauyz)=g(N@y):)

and expressed by means of F' through the equalities [*:

N2 = P60, 2) = g ) = Flo,92) + F(3.2,6

o - +1() {Fo, 6,) — Fly, 62, )}
Fior2o2) = Fl69) + Fl00.2:3) = Flanin o) = Fl1,2,67

+1() {F(w,0,€) + Fly, 62, )}

Let us recall that if the Lie derivative of g with respect to £ vanishes, i.e.
(Leg)(x,y) =0, then £ is called a Killing vector field regarding 9

Lemma 2.2. The class Z/lo = F3 @ Fr7 with the property N = 0 is the class
of the Riemannian II-manifolds (M, ¢,&,m,g) with a Killing vector field & and a
vanishing cyclic sum of the fundamental tensor F.

Proof. Using (2.5) and the fact that £,g = 0, we prove the lemma. O

3. First and second natural connections on Riemannian IT-manifolds.
In [*°], we defined a non-symmetric natural connection and called it the first nat-
ural connection on a Riemannian IT-manifold (M, ¢,€,n,g). After that, in [*],
we introduced a natural connection, determined by a property of its torsion ten-
sor, and called it the second natural connection on (M, ¢, &, n,g). We recall some
definitions and assertions necessary for further investigations.
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3.1. First natural connection on Riemannian II-manifolds.

Definition 3.1 ([*°]). An affine connection D on a Riemannian TT-manifold
(M, ,€,1m,9) is called a natural connection for the Riemannian II-structure
(¢,&,m, g) if this structure is parallel with respect to D, i.e. D¢ = D = Dn =
Dg = 0.

Let us denote by T the torsion tensor of an arbitrary affine connection D,
ie.

(31) T(%,y) :ny_Dyx_ [:c,y], T(xvyaz) :g(T(I,y),Z).

By t, t* and t, we denote the associated 1-forms of T with respect to a basis

{&ef of LM (i=1,2,...,2n;p € M):

(82) ) =g"T(w,eive)),  t'(2) =g"T(w,ei0¢5),  i(x) =T(x,,8).
Let @ stand for the potential of D with respect to V:

(3.3) Dyy=Voy+Q(z,y), Qz,9,2) =g (Qz,9),2).

Proposition 3.2 (['°]). An affine connection D is a natural connection on
a Riemannian II-manifold if and only if the following properties hold:

Q(x’y7¢z) - Q( , Y, ) = (l‘ Y,z )a Q(xaya Z) = —Q(:E,Z,y).

Definition 3.3 ([*°]). A natural connection D, defined by

Doy =Vay — 5{(Va0) by~ (Van) y- €} = n(y) Vi,

is called the first natural connection on (M, ¢, 8,1, g)-

Let us denote by T' the torsion tensor of D, i.e. analogous definitions of (3.1)
are valid for 7.

3.2. Second natural connection on Riemannian II-manifolds. Let T
stand for the torsion tensor of a natural connection D. Similarly to 7', the tensor
T is determined by analogous definitions of (3.1).

Definition 3.4 ([']). A natural connection D satisfying

T(x,y,2) + T(y, 2, 2) + T(pz,y, ¢2) + T(y, ¢z, pz)
n(@) {7, y.2) + Ty, 2.8 = nw)T(€.2,0) |
n(y) {T(@,¢.2) + 1(6, z,2) + T(é, €, 62) + (€, 62, 60)}
=) {Tw,9.) + Ty, 6. 2) — nw) T (6,0} =
is called the second natural connection on (M, ¢, &, 7, g).
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Theorem 3.5 ([']). The first natural connection D coincides with the second

natural connection D if and only if
(M,0,&m,9) EUL =F1 D F2a @ Fa® F5® Fo ® Fs © Fo © Fio ® F1.

Therefore, T and T differ from each other when (M, ¢, n, g) belongs to F3
or F7 or to their direct sums with other classes. The forms of T" and T in these
classes are ['!]:

1 1
U : T:—g{GNh+Nh}+§{n/\dn~l—dn®n},

. 1
T=—--N'+dpon,

(3.4) 1
: . 1 ..
Fg:T:—g{GNh+Nh}, T =—--N"

.1 .
Fro T=g{nndp+dnen},  T=djon,

where N"(z,y, z) = N(¢*z, ¢*y, ¢*2) and & stands for the cyclic sum by the three
arguments.

4. Third natural connection on Riemannian IT-manifolds. Let T'
stand for the torsion tensor of a natural connection D. Similarly to 7" and T
the tensor 7' is determined by analogous definitions of (3.1). Let Q denote the
potential of D with respect to V and let it be defined analogously to (3.3).

Definition 4.1. A natural connection D is called the third natural connection
on (M, ¢,€,m,g) if its torsion tensor 7' is totally skew-symmetric, i.e. a 3-form.

Let us remark that the restrictions of D, D and D on the paracontact dis-
tribution H = ker(n) of (M, ¢,&,n, g) are, respectively, the known P-connection,
canonical connection and K7T-connection on the corresponding Riemannian man-
ifold equipped with traceless almost product structure (see e.g. [713]).

Using (3.1) and (3.3) regarding D, we get:

(41) T(.’E,y,Z) :Q(az,y,z)—Q(y,az,z).

For the covariant derivative of g with respect to D, bearing in mind (3.1) and

(3.3) for D and Vg = 0, we have (D.9)(y, 2) = —Q(z,y, 2) — Q(, 2, ). It follows
from the latter equality that the vanishing of Dg is equivalent to

(42) Q(J:,y,Z) - —Q(Q?,Z,y)
Since Dg = 0 holds, then (4.1) and (4.2) imply

Q(az,y,z) = %{T(m,y,z) - T(yvzal‘) + T(vaay)} .
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By virtue of the latter equality and the fact that 7' is a 3-form, we obtain

(43) T(chya Z) ZQQ(QT,ZU,Z)-

Therefore @ is also a 3-form. Then, substituting (4.3) into (3.3) for D, we get
that D is defined by

(1.4 9(Dey2) = 9(Vap, 2) + LT 0,2)

tions of (3.2) are valid for 7. Since T is a 3-form, it is obvious that the torsion
forms vanish, i.e. t (z) = t*(z) = ;(1‘) =0.

Lemma 4.2. Let (M, ¢,&,m,9) be an arbitrary Riemannian II-manifold.
Then the following identity holds:

N(:Cay’ Z) = T(:U¢y7 Z) + T(:Ua (Z)ya ¢Z) + T((Z):Dayv ¢Z) - T(¢x7 ¢y7 Z)

Proof. Bearing in mind that D is a natural connection, we use the form of F
from Proposition 3.2 and substitute it into (2.7). Considering (4.3), we establish
the truthfulness of the lemma. O

Theorem 4.3. If D exists on a Riemannian I-manifold (M, ¢,&,7, g), then
€ is a Killing vector field and S F vanishes, i.e. (M, $,&,1n,9) € LAIO.

Proof. Let us assume that D exists. Then, using Proposition 3.2 and the
fact that Q is a 3-form, we prove that & F(x,y,z)=0.

By virtue of Proposition 3.2 and (4.3), we obtain

which by Lemma 2.1 implies
(46) (Vo) () = 5T, 9.6).

Then, taking into account (4.6) and the fact that T’ is a 3-form, we obtain that
(Leg)(x,y) = 0, i.e. £ is a Killing vector field and according to Lemma 2.2 the
theorem is proved. O

Theorem 4.4. Let (M, $,&,n,9) be a Riemannian II-manifold belonging to
the class ﬁo. Then the third natural connection D exists and it is determined by

1...
g(Dva Z) = g(vCEyu Z) + §T(gj7yv Z)'

The torsion tensor T is expressed by

(1.7 Ty, 2) = 5 §{Flw,9,02) — 3n(a) Fly, 62, 6)}
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or by the following equivalent shorter form
1
(4.8) T:_ZSNh"i_n/\dn-

Proof. Firstly, let us assume that (M, ¢,&,n,9) € z?o, i.e., according to
Lemma 2.2, £ is a Killing vector field and & F = 0. Let us define a connection D
with a torsion tensor 7' determined by (4.7).

We substitute y for ¢y into (4.7) and from the obtained result we subtract
the form of (4.7) with substituted z for ¢z. Then, using (2.4) in the considered
class, we get the following formula:

(4.9) T(x,y,¢2) = T(z, by, 2) = 2F (2, y, 2).
The latter result implies that Proposition 3.2 holds for D having the property
(4.10) T =20.

Using (4.7), (2.4) and Lemma 2.2, we obtain

T(z,y,2) +T(x,2,y) = —% & F(¢z, ¢y, dz).

According to the latter equality, & F' = 0 and (4.10), we have the second condition
in Proposition 3.2 and that T is a 3-form. Therefore, we proved that D is the
third natural connection.

Now, we prove the validity of the equivalent shorter form (4.8). Using (2.7),
(2.4) and & F' = 0, we compute the following

(@) &N wy2) = 5 &{F(r,y,62) + 0 Fly, 62,6)}.

By (4.5), (4.6) and the fact that £ is a Killing vector field, we express that
dn(z,y) = —2F (x, ¢y, §) and therefore the following equality holds

(412) (77 A dn)($7yvz) = —26n(m)F(y,¢z,§)

Summing (4.11) and (4.12), we get

—i S N"(z,y,2) + (n A dn)(z,y,2) = % S{F(z,y,¢z) — 3n(x)F(y, ¢z,£)}

=T(z,y,2),

which completes the proof of the theorem. O

Theorem 4.5. The third natural connection D exists on a Riemannian II-
manifold (M, ¢,&,n,g) if and only if the associated Nijenhuis tensor N vanishes
on this manifold, i.e. (M, ®,&,1n,9) € .
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Proof. The class Z;{\O is characterised by N = 0. This fact together with
Theorem 4.3 and Theorem 4.4 prove the truthfulness of the theorem. O

The form of T for Uy is given in (4.8). Using Lemma 2.1, (2.5), (2.6) and the
following expressions of N obtained in ['!]

Fs: N(w,y,z) = —2{F(¢z, ¢y, ¢z) + F(¢’x, ¢y, ¢2) },
Fr: N(z,y,2) = 4F (2, ¢y, E)n(2),

we get the form of 7' in F3 and Fr:
1
F3: T=--&N"
(4.13) ’ 4
Fro T =nAdn.

As stated in Theorem 3.5, D and D coincide if and only if (M, ¢,€,1,9) €
Uy. Then, according to Theorem 4.5, we obtain that a necessary and sufficient
condition for D = D is that D does not exist.

Also, let us remark that it is proved in [?| that the considered manifolds of
the lowest dimension 3 belong to Fi & F4 ® F5 B Fs D Fg B Fi9 D Fi1. Therefore,
it follows that in this case J) does not exist and D and D coincide.

Theorem 4.6. Let (M,¢,&,m,9) be an arbitrary Riemannian II-manifold
belonging to the class Z/Alg. The first natural connection D is the average connection
of the second natural connection D and the third natural connection D, i.e.

D= {b+D}.
2
Proof. Bearing in mind (3.4) and (4.13), we find that the identity 7' =
1 (e .. ~ L.
3 {T + T} holds for Uy (and in particular for F3 and F7). Since D, D and D

are natural connections and they preserve the metric, then they are completely
determined by their torsion tensors. Therefore, using the latter equality, we proved
the truthfulness of the theorem. O

Considering Lemma 2.1, (2.3) and (4.7), we obtain the form of T of type
(1,2) as follows:

f{ —2(Va9) dy + (Vyo) o — (V¢y¢)x
+30(2)Vy€ — 4n(y)Va& +2(Van) (y) €}
Corollary 4.7. The third natural connection D has the following properties:
T(x,¢y) = T (z,y) — 2(Vad) y,
T(¢z,y) = T (z,y) +2(Vyd)x

Proof. By virtue of (3.1) for D and (2.3), the first equality in the statement
is equivalent to T'(z, ¢y, 2) = T (z,y, ¢z) — 2F (z,y, z), which is a consequence of
(4.9). The second one follows from the first and the fact that 7' is a 3-form. [
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5. Example. Let us consider the following example given in [']. Let £ stand
for a 5-dimensional Lie group with a basis {e, ..., e4} of left-invariant vector fields
on L and let the corresponding Lie algebra be determined by

[e1, e2] = [e3, ea] = A1e1 + Aaea + Azes + Ageq + 2u1 €0,
[61, 64] = —[62, 63] = Aze1 + Mgea + Aes + Aoeq + 2useq,

where A\, p1; € R (i = 1,2,3,4;5 = 1,2) and [eg, €] = 0 in the other cases. We
equip £ with a Riemannian II-structure (¢, ,n, g) as follows

E=eog, el =e3, oQer=e4, o¢e3=e1, ¢Pes= e,
n(eo) =1, mnler) =n(e2) =nle3z) = nles) =0,
glei,e)) =1, glei,e;) =0, 4,57€{0,1,...,4}, i # j.

Then, the constructed manifold (£, ¢,§,n,¢g) is a Riemannian IT-manifold. More-
over, in ['], it is proved that (£, $,&,n,g) € Fr. Therefore, the considered mani-
fold belongs to ﬁo, i.e. bearing in mind Theorem 3.5 and Theorem 4.5, D and D
do not coincide and D exists.

The following results are obtained in ['}] for D and D on (£, ¢,&,7,9):

. . . . 1. 1.
Tho2 = Too1 = T304 = Toaz = §T210 = §T430 = J1,
. . . . 1. 1.

(5.1) Thos = To23 = T302 = Toa1 = §T410 = §T230 = 2,

To10 = Tazo = 2u1, Ty10 = Tozo = 2u0.

Let us consider D on (£, ¢, &, n, g) such that it is defined by (4.4). Using (4.7)
and the components Fjji, = F(e;, e, e) of F, given in 1],

Fiog = F3020 = —Fo03 = —Fyo1 = p1, Fro2 = F304a = —Foo1 = —Fio3 = p2,

we calculate the components szk = T(ei,ej,ek) of T. The nonzero ones are
defined by the following equalities, taking into account that 7' is a 3-form:

(5.2) T210 = Tas0 = 241, Ta10 = T'a30 = 2u2.

Let us also recall that since T is a 3-form, its torsion forms are zero, i.e.
YT o,
1

Taking into account (5.1) and (5.2), we obtain 7" = 3 {T + T} Since D, D

and D are completely determined by T, T and T , as we already remarked, then
we have D = % {D + D}, which is in unison with Theorem 4.6. Furthermore,

the obtained results in (5.2) confirm the statements made in Corollary 4.7 for the
case of Fr.

C. R. Acad. Bulg. Sci., 76, No 5, 2023 665



N

666

REFERENCES

MANEV M., M. STAIKOVA (2001) On almost paracontact Riemannian manifolds of
type (n,n), J. Geom., 72(1-2), 108-114.

MAaNEV M., V. TAVKOVA (2018) On the almost paracontact almost paracomplex
Riemannian manifolds, Facta Univ. Ser. Math. Inform., 33(5), 637-657.

Ivanov S., H. MANEV, M. MANEV (2021) Para-Sasaki-like Riemannian manifolds
and new Einstein metrics, Rev. R. Acad. Cienc. Exactas Fis. Nat. Ser. A Mat.
RACSAM, 115(3), Paper No. 112, 20 pp.

KoBayasHI S., K. NoMi1zu (1963) Foundations of Differential Geometry, vol. I. New
York-London, Interscience Publishers (a division of John Wiley & Sons, Inc.).
ALEXIEV V., G. GANCHEV (1987) Canonical connection on a conformal almost
contact metric manifolds, Annuaire Univ. Sofia Fac. Math. Inform., 81(1), 29-38.
GANCHEV G., V. MIHOVA (1987) Canonical connection and the canonical confor-
mal group on an almost complex manifold with B-metric, Annuaire Univ. Sofia Fac.
Math. Inform. 81(1), 195-206.

MEKEROV D. (2009) P-connection on Riemannian almost product manifolds, C. R.
Acad. Bulg. Sci., 62(11), 1363-1370.

MANEV M., K. GRIBACHEV (1994) Conformally invariant tensors on almost contact
manifolds with B-metric, Serdica Math. J., 20(2), 133-147.

STAIKOVA M., K. GRIBACHEV (1992) Canonical connections and their conformal in-
variants on Riemannian P-manifolds, Serdica Bulg. Math. Publ., 18(3—4), 150-161.
MANEV H. (2023) First natural connection on Riemannian II-manifolds, Mathemat-
ics, 11(5), 1146, https://doi.org/10.3390/math11051146.

MANEV H. (2023) Second natural connection on Riemannian IT-manifolds, Symme-
try, 15(4), 817, https://doi.org/10.3390/sym15040817.

SATO I. (1976) On a structure similar to the almost contact structure, Tensor (N.S.),
30(3), 219-224.

MirovA V. (1989) Canonical connections and the canonical conformal group on a
Riemannian almost product manifold, Serdica Bulg. Math. Publ., 15(4), 351-358.

Medical University of Plovdiv
Faculty of Pharmacy
Department of Medical Physics and Biophysics
15-A Vasil Aprilov Blvd
4002 Plovdiv, Bulgaria
e-mail: hristo.manev@mu-plovdiv.bg

H. Manev



