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Abstract

Let H be a subgroup of a finite group G. We say that H is weakly ss-
supplemented in G if there exists a subgroup T of G and an s-semipermutable
subgroup Hs of G contained in H such that G = HT and HNT < H,,. In this
paper, we get some new characterizations of supersolvability and nilpotentcy
of G by assuming some minimal subgroups of G are weakly ss-supplemented.
Some recent results are extended and generalized.
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1. Introduction. In this article, we suppose all groups are always finite,
and both notions and notations have the same meaning as in ROBINSON [*4]. As
usual, 7(G) denotes the set of all prime divisors of the order of G, and H char G
is the meaning that H is a characteristic subgroup of G. U, A" and G7 denote
the classes of all supersolvable groups, nilpotent groups and the F-residual (a
formation F), respectively. Zr(G) is, then, the F-hypercentre of G. Z(G) is
the hypercentre of G.
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We say a class of groups F is a formation, if F satisfies the following con-
ditions: (1) G/H € F, ift G € F; (2) G/ M NN € F, if G/IM,G/N € F,
where H, M, N are normal subgroups of G. A formation F is called saturated, if
G/®(G) € F implies that G € F. At the same time, a formation F is one in
which all subgroups of G are in F whenever G € F, then we call it s-closed. U is
clearly an s-closed saturated formation. A subgroup H is called F-supplemented
in G, if G possesses a subgroup T' € F with G = HT, and T an F-supplement of
Hin G.

Let H, K be subgroups of GG, and then H, K are permutable when HK =
KH. We say that H is S-quasinormal in G, which was introduced in [!1], if
PH = HP for each Sylow subgroup P of G. CHEN [¢] extended the notion of
S-quasinormal subgroups to s-semipermutable subgroups. Hence, the subgroup
H is s-semipermutable such that PH = HP, if H is permutable with each Sylow
p-subgroup P of G with (p, |H|) = 1.

It has recently become popular to use supplementation properties of sub-
groups to characterize the structure of a group. WANG ['6], for example, presented
c-normality and proposed some new criteria for group solvability and supersolv-
ability. SKIBA [*3] presented the following notion as a generalization of c-normal
subgroups: a subgroup H of G is weakly s-permutable, if there exists a subgroup
T of G satisfying G = HT and HN'T < H;G, where H;G is generated by all
subgroups (S-quasinormal in G) of H. WANG [!7] expanded the research of c-
normal subgroups to c-supplemented subgroups in this way. A subgroup H of G
is called c-supplemented in G, if a subgroup K of G exists satisfying G = HK
and HN K < Hg, where Hg = NgeHY is the largest normal subgroup of G that
is contained in H.

As a continuation of that work, we combine all of the notions stated above
with the conception of weakly ss-supplemented subgroups, as shown below.

Definition 1.1. A subgroup H of G is weakly ss-supplemented in G, if a
subgroup T of GG exists, and an s-semipermutable subgroup Hgs of G is contained
in H satisfying G = HI',HNT < Hgs.

Obviously, weakly ss-supplemented subgroups of GG include normal subgroups,
c-normal subgroups, c-supplemented subgroups, permutable subgroups, S-quasi-
normal subgroups, and weakly s-permutable subgroups. However, the instances
below demonstrate that the opposite is not always true.

Example 1.2. C5 is weakly ss-supplemented in A4C5, since A4Cs = C54A4
and C5 N Ay = 1. But (5 is obviously not normal, ¢-normal, permutable, s-
permutable, and not weakly s-permutable in A4Cs.

Example 1.3. Setting G=(a,b | a* = 1,a® = b? and b~1ab = a=3), then G
is a 2-group and ®(G) = (a?,b?) = (a®) x (b?). It, thus, is easy to know that (b?)
is s-semipermutable and weakly ss-supplemented in G. Unfortunately, (b?) is not
c-supplemented in G. In fact, (b?) has only a supplemented subgroup G in G, but
(b*) NG = (b?) is not normal.
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Example 1.4. In Ss (the symmetric group of degree 4), ((34)) is weakly
ss-supplemented and not s-semipermutable.

Minimal subgroups of Sylow subgroups are significant in identifying the struc-
ture of a group. For instance, BUCKLEY [?| claimed that an odd-order group G
is supersolvable when arbitrary minimal subgroup of each Sylow subgroup of G is
normal. Extensions were discovered after [°] in [?]. Further expansions have been
discovered in [*%17:18] by introducing a saturated formation and the conditions of
supplementation. The current article may be seen as a continuation of this path.
More precisely, we will employ the weakly ss-supplemented subgroups to charac-
terize the structures of some finite groups. Several previously published findings
are consolidated and generalized.

2. Preliminaries. For the purpose of simplicity, we will refer to several well-
known discoveries from the literature that will be useful in the next section.

Lemma 2.1 (['Y]). Let H and K be subgroups of a group G.

(i) If H is S-quasinormal in G, then H is subnormal in G.

(ii) Let N Q G. If H is S-quasinormal in G, then HN/N is S-quasinormal
in G/N.

Lemma 2.2 (['°]). Suppose H is an s-semipermutable subgroup of G.
(i) If H < K <G, then H is s-semipermutable in K.

(ii) Let N be a normal subgroup of G. If H is a p-group for some prime
p € ©(Q), then HN/N is s-semipermutable in G/N.

(iii) If H < Op(G), then H is S-quasinormal in G.

Lemma 2.3 (['3], Lemma 2.2). If P is an S-quasinormal p-subgroup of G
for some prime p, then Ng(P) > OP(G).

Lemma 2.4 (['?], Lemma 2.8). Suppose G is a group and P is a normal
p-subgroup of G contained in Zs(G), then Cq(P) > OP(G).

We often need the following lemma in our proofs.

Lemma 2.5. Let G be a group and p a prime. If subgroups H, N are weakly
ss-supplemented, normal in G, respectively, then

(i) H is weakly ss-supplemented in M, if H < M < G.

(ii) If H is a p-group, then H/N is weakly ss-supplemented in G/N, where
N <H.

(iii) (HN)/N is weakly ss-supplemented in G/N, when H is a p-group and
N is a p’-subgroup.

Proof. It is a routine check of Lemma 2.2. O
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Lemma 2.6 ([*°], I1I, Satz 5.2). Suppose G is a group which is not nilpotent
but whose proper subgroups are all nilpotent. Then

(i) G has a normal Sylow p-subgroup P and G = PQ, where Q is a nonnormal
cyclic Sylow q-subgroup for some prime q # p.

(ii) P/®(P) is a minimal normal subgroup of G/®(P).
(iii) The exponent of P is p or 4.

Lemma 2.7 ([*], Lemma 2.16). Let F be a saturated formation containing
U and G a group with a normal subgroup E such that G/E € F. If E is cyclic,
then G € F.

Lemma 2.8 ([Y], Lemma 2.7). Let F be a formation, H is F-supplemented
n G, then

(i) If N <G, then HN/N is F-supplemented in G/N.
(ii) If H < K < G and F is s-closed, then H is F-supplemented in K.

Lemma 2.9 ([*°], Lemma 2.8). Let F be a saturated formation. Assume G
is a group such that G does not belong to F and there exists a mazximal subgroup
M of G such that M € F and G = MF(G), where F(G) is the Fitting subgroup
of G. Then

(i) G7/®(G7) is a chief factor of G.

)

(ii) G7 is a p-subgroup for some prime p.

(iii) G7 has exponent p if p > 2 and exponent at most 4 if p = 2.

(iv) G is either elementary abelian or (G7) = Z(G7) = ®(G7) is an elemen-
tary abelian group.

Lemma 2.10 ([**], Lemma 2.16). Let F be a saturated formation containing
U and G a group with a normal subgroup E such that G/E € F. If E is cyclic,
then G € F.

3. Main results. We obtain some main results in this section.

Theorem 3.1. Assume N is a normal subgroup of G, and G/N is super-
solvable. If each cyclic subgroup (x) of every noncyclic Sylow subgroup of N with
prime order or order 4 (if the Sylow 2-subgroup of N is nonabelian) without a
supersolvable supplement in G is weakly ss-supplemented in G, then G is super-
solvable.

Proof. Suppose the theorem is not true, and take a counterexample (G, N),
where |N| 4+ |G| is minimal. We proceed the proof step by step.

(1) Supersolvability exists for all proper subgroups of G.
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Assume H is a proper subgroup of G and that (z) is a prime order cyclic
subgroup of arbitrary noncyclic Sylow subgroup of H N N. (z) is obviously a
prime order cyclic subgroup of a noncyclic Sylow subgroup of N. According to
the hypothesis of the theorem, () possesses a supersolvable supplement in G or
is weakly ss-supplemented. Lemma 2.8 says that (z) does have a supersolvable
supplement H N7 in H, if (x) possesses a supersolvable supplement T in G.
Lemma 2.5 states that if (z) is weakly ss-supplemented in G, it is also weakly
ss-supplemented in H.

Let (y) be a 4-order cyclic subgroup of H N N, if the Sylow 2-subgroups of
H N N are nonabelian. The Sylow 2-subgroups of N are obviously nonabelian,
and (y) is a 4-order cyclic subgroup of N. The hypothesis thus suggests that (y)
is either weakly ss-supplemented or possesses a supersolvable supplement in G.
By applying the preceding reasoning once again, we may conclude that (y) is ei-
ther weakly ss-supplemented or possesses a supersolvable supplement in H. As a
result, the hypothesis is correct for (H, HNN). H must be supersolvable, since G
is minimal. So, although G itself is not supersolvable, all of its proper subgroups
are. According to the well-known DOERK’s result in [7], there is a normal Sylow
p-subgroup P of G satisfying G = PM, where subgroup M < G is supersolv-
able maximal, and subgroup P/®(P) < G/®(P) is minimal. Furthermore, the
exponent of P is p for p > 2, while it is at most 4 for p = 2.

(2) P = N is noncyclic.

Meanwhile, since G/P is a homomorphic image of M, it hence is supersolv-
able. Since G/N is supersolvable according to the hypothesis, G/(N N P) is
also supersolvable. Clearly, we have that (G, N N P) fulfills the hypothesis. If
N NP < N, then G must be supersolvable by (G, N). Therefore, NN P = N,
implying that N is a p-group. As N < @G, and subgroup P/®(P) < G/®(P)
is minimal, it means ®(P) = N®(P) or P = N®(P). In the first situation,
N < ®(P) < $(G), thus G/P(G) implying that G is also supersolvable, which
is incongruous. As a consequence, P = N®(P), and thus P = N. Since G/P is
supersolvable, and if P is cyclic, then G is supersolvable. It is incongruous.

(3) (z) is S-quasinormal in G for arbitrary x in P.

Let x # 1 be an arbitrary element of P. By the assertion (1), (z) is therefore
a prime order or 4-order cyclic group. Suppose T is arbitrary supplement of (x)
in G, as aresult, G = (x)T suggests that (z)(PNT) = PN{x)T = PNG = P. As
P/®(P) is abelian, we have (PNT)®(P)/®(P) < G/®(P), thus (PNT)®(P) < G.
We obtain P = TNP or TNP < ®(P), since P/®(P) is a chief factor of G.
Hence, P = (z) is cyclic, if 'N P < ®(P) for some supplement 7. It runs counter
to assertion (2). Assume that P = T'N P for each supplement 7". The supplement
of (z) in G is thus T' = G which is unique. Since G is not supersolvable, and (z)
is weakly ss-supplemented in GG according to the hypothesis. As a consequence,
(x)ss = T N (x) = () is s-semipermutable in G. At this point, we see that
(x) < P < Op(Q), hence by Lemma 2.2, (z) is S-quasinormal in G.
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(4) The contradiction.

Assume T'/®(P) is arbitrary nontrivial cyclic subgroup of P/®(P), and
|P/®(P)| # p. Let x be an element of T'/®(P) with the property (x)®(P) =T.
As (z) is S-quasinormal in G according to (3), so is T'/®(P) in G/P(P) from
Lemma 2.1. As a result of ([*5], Lemma 2.11), P/®(P) has a maximal subgroup
that is normal in G/®(P). It, however, does not hold since P/®(P) is a chief
factor of G. Consequently, P is cyclic, and p = |P/®(P)|, which are opposed to
the choice of G. O

The goal of Theorem 3.2 is to unify and enhance some findings, such as ([?],
Theorem 2) and (|*], Theorem 4.1).

Theorem 3.2. Assume F is a saturated formation that contains U, and
N QG satisfies that G/N € F. If arbitrary cyclic subgroup (z), which does not
have a supersolvable supplement in G, of each noncyclic Sylow subgroup of N (if
the Sylow 2-subgroup of N is nonabelian) is weakly ss-supplemented in G, then
GeF.

Proof. Suppose this theorem is false, and consider G to be a minimal order
counterexample. The proof is made up of multiple steps:

(1) Supersolvability exists for the subgroup N.

According to Lemma 2.5, the subgroup (z) in the theorem is weakly ss-
supplemented in N. Based on Theorem 3.1, we conclude that N is supersolvable.

(2) G¥ is a p-group for some prime p, and G¥ /®(G7) is a chief factor of G.
G’ has an exponent p for p > 2 and an exponent of no more than 4 for p = 2.

Let p = max7(N) and P be a Sylow p-subgroup of N. It is easy to know
that P char N < G since N is supersolvable, thus P < G. Lemma 2.6 shows that
the hypothesis is true for (G/P, N/P), and the minimality of G means that the
factor group G/ P belongs to F. G < P is therefore a p-group. Since G ¢ F and
F is a saturated formation, we have G % ®(G). Suppose the subgroup M < G
is maximal with G* £ M, then G = MG = MF(G). Because M/(M N N) =
MN/N = G/N € F, it follows that the hypothesis is true for (M, M N N). The
minimality of G results in M € F. Furthermore, using Lemma 2.9, we obtain
that G /®(G7) is a chief factor of G, while G has an exponent p for p > 2 and
an exponent of no more than 4 for p = 2.

(3) For each element x € G¥| (z) is S-quasinormal in G.

Using reasoning similar to those applied in the proof of Theorem 3.1.

(4) The contradiction.

Suppose T/®(G7) is an arbitrary nontrivial cyclic subgroup of G /®(G7),
and an element = belongs to T/®(G”), then T = (x)®(G”). By Lemma 2.1, we
know that T//®(G7) is S-quasinormal in G/®(G7), since (x) is S-quasinormal
in G from the assertion (3). According to (['°], Lemma 2.11), G¥ /®(G7) has a
maximal subgroup that is normal in G/®(G7). We may deduce that G is cyclic
and |GF/®(GT)| = p, as G7 J®(G7) is a chief factor of G. So, by Lemma 2.10,
we get G € F, which is a contradiction. ]
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Theorem 3.3. Assume a subgroup H of G is normal, and G/H is nilpotent.
If Zoo(G) contains all prime order cyclic subgroups of H, and arbitrary 4-order
cyclic subgroup of H, which does not have arbitrary supersolvable supplement in
G, is weakly ss-supplemented in G, then G is nilpotent.

Proof. Assume the theorem is not true and G is a minimal order counterex-
ample. We prove this theorem by the steps below.

(1) All proper subgroups of G are nilpotent.

Suppose G has a proper subgroup K. Since G/H is nilpotent, so is K/(K N
H)>~ KH/H < G/H. Therefore, Zo(G) N K < Z(K) contains all prime order
subgroups of K N H.

If a 4-order cyclic subgroup L of K N H has no supersolvable supplement in
K, then it also has no supersolvable supplement in G. Hence, from the hypothesis,
L is weakly ss-supplemented in GG, and so is it in K by Lemma 2.5. Consequently,
(K, K N H) meets the hypothesis, and the minimality of G reveals that K is
nilpotent. It follows that the group G is not nilpotent, but its all proper subgroups
are nilpotent. In the light of Lemma 2.6, G = PQ, where P, @ are a normal Sylow
p-subgroup, a nonnormal cyclic Sylow g-subgroup of G, respectively, for some
prime p # ¢. And then, the subgroup P/®(P) of G/®(P) is minimal normal, and
exp(P) = p for p > 2, while no more than 4 for p = 2.

(2) P < H,p=2 and exp(P) = 4.

G/P and G/H are both nilpotent, and so is G/(PNH) < G/P x G/H.
If P<£ H, then PNH < P and Q(P N H) < G. Hence, by assertion (1),
Q(PNH) is nilpotent. We, then, obtain that @ char Q(PNH) and Q@ x (PNH) =
Q(PNH). Moreover, G/(PNH) = (P/(PNH))(QPNH)/(PNH)) makes that
QPNH)/(PNH)<G/(PNH)and QPN H) < G. We have a contradiction
Q < G, thus P < H. If exp(P) = p, then P = PN H < Z(G). According
to Lemma 2.4, there exists a contradiction G = P x (). As a result, p = 2,
exp(P) = 4.

(3) o(x) = 4, for each € P/®(P).

Assume an element x exists with o(z) = 2, which belongs to P/®(P), and
set M = (). We have M < P and M®(P)/®(P) < G/®(P). Finally, M =
M®(P) = P < Zy(G) because the subgroup P/®(P) of G/®(P) is minimal
normal, which is a contradiction.

(4) The contradiction.

We know from assertion (3) that all elements of P/®(P) are 4-order. Assume
T is a supplement of (z) (x € P/®(P)) in G, and then P = PN (x)T = (x)(PNT).
At the same time, (PNT)®(P)/®(P) < G/P(P) is carried out from that P/®(P)
is abelian, thus we have (PNT)®(P) < G. Thereis TNP = Por TNP < ®(P), as
P/®(P) is a chief factor of G. We claim that P = (z) is cyclic since PNT < ®(P)
for some supplement T', and therefore G is nilpotent by ([*°], IV, Satz 2.8), which
is a contradiction. For arbitrary supplement T', we suppose that P =T N P. The
unique supplement of (z) in G is thus T'= G. If G is supersolvable, then we get

2 C. R. Acad. Bulg. Sci., 75, No 12, 2022 1721



that @ < G as ¢ > p = 2. As a consequence, G = P x @ is nilpotent, resulting
in a contradiction. Thus, from the hypothesis of the theorem, (x) is weakly ss-
supplemented in G. Thereby, (x)ss = T N () = (x) is s-semipermutable in G.
Lemma 2.2 states that (x) < P < Op(G), and (z) is S-quasinormal in G.

As a consequence, we get that (z)Q < G, and assume (x)Q is a proper
subgroup of G by ([1°], IV, Satz 2.8). So, (z)Q = () x Q, and (x)Q is nilpotent.
It concludes that x is an element of Ng(Q). Furthermore, there exist G = P x @,
P < Ng(Q). O

Theorem 3.4. Assume F is a saturated formation containing N'. If each
4-order cyclic subgroup of G is weakly ss-supplemented in G, then G € F iff all
prime order cyclic subgroups of G7 are in the F-hypercentre Zx(G) of G.

Proof. We just show the “only if” part. Suppose the theorem is false, and
let G be a minimal order counter-example.

Assume () is a prime order subgroup of G*. Then (z) < G* N Zx(G), by
([®], IV, Theorem 6.10), which indicates that Z(G7) contains (x). Each 4-order
cyclic subgroup of G7 is weakly ss-supplemented in G7, according to Lemma 2.5.
Theorem 3.3 shows that G is nilpotent and so solvable. If G¥ < ®(G), then
G/®(G) € F, resulting in G € F, a contradiction. As a consequence, G has a
maximal subgroup M satisfying M F(G) = MG = G. We may deduce from ([!],
Theorem 3.5) that M is an F-critical maximal subgroup, and G/M¢ does not
belong to F. Since M/(M N G7) = G/G7 € F, we obtain M¥ < M NG7, and
hence M7 < G7.

Let 1 = Ng < Ny < --- < Ny = Zr(G) < --- < G be a chief series of G
through Zz(G). Therefore, we obtain that 1 = M NNy < M NNy < --- <
MNNe=MnNZr(G) <--- <M is a normal series of M through M N Zz(G).

Let f be the canonical definition of 7. We have G/C¢(N;/N;_1) is an element
of f(p) for arbitrary chief factor N;/N;_1(1 < i < t) of G and arbitrary prime
p‘|Ni/Ni,1|. There exists G = MCq(N;/Ni_1), since F(G) < Cg(N;/Ni_1) by
(['°], 111, Satz 4.3), and thus

M/Cn(Ni/Ni—1) = M/(M N Cg(Ni/Ni—1)) =2 G/Cc(N;/Ni-1) € f(p).

We obtain that M/Cy(N; N M/N;—1 N M) € f(p) since Cpr(N;/Ni—1) <
Cy(N; N M/N;—1 N M), for arbitrary prime pH(Ni NM)/(Ni—1 N M)|.

Clearly, Zr(G) N M < Zz(M) when the normal series of M above is refined
to a chief series of M. As a result, Zr(M) contains all prime order subgroups
of M7, and, by Lemma 2.5, all cyclic 4-order subgroups of M7 are weakly ss-
supplemented in M. Thus, M matches the hypothesis of this theorem.

The fact that G is minimal implies M € F. For some prime p, G is a
p-group, according to Lemma 2.9, and the subgroup G7/®(G7) of G/®(G7) is
minimal normal. Furthermore, G7 has an exponent p for p > 2 and an exponent
of no more than 4 for p = 2. If exp(G¥) = p, then G¥ = Q1(G7) < Zz(G) based
on the hypothesis. There exists an inconsistency G € F. Consequently, p = 2
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and exp(G)” = 4. We set H = (z)C, if there is an 2 € G7 /®(G7) and o(z) = 2.
So, we obtain that H < Q(G7) < Zz(G), and H is a normal subgroup of G.

Since the subgroup G* /®(G¥) of the group G/®(G7) is minimal normal,
H = H®(G7) = G’ is a contradiction. As a consequence, we obtain o(z) =
4 for all z € G7/®(G7). Hence, based on the hypothesis, (z) is weakly ss-
supplemented in G.

Assume T is arbitrary supplement of (x) in G. After that, G* = GF N {(z)T =
() (GTNT). We have (G NT)®(GT)/®(GT) < G/®(GT) and (G NT)®(GT) <
G, since G /®(G7) is commutative. Then GF = TNGY or TNGT < ®(G7), since
G /®(G7) is a chief factor of G. For some supplement T, if TN G7 < &(G7F),
then (z) = G¥ < G. Especially (z) = G7 is S-quasinormal in G. If, for arbitrary
supplement T, G N T = G, then the unique supplement of (z) in G is G = T.
Thus, (z)ss = T N (x) = (x) is s-semipermutable in G.

We may see that (z) < G < 0,(G), and (z) is S-quasinormal in G according
to Lemma 2.2. Consequently, () is normalized by each Sylow g-subgroup @ < M
for each ¢ € 7(G) with ¢ # 2. Thus @ acts on (x) through conjugation. However,
the automorphism group of the 4-order cyclic group is the 2-order cyclic group,
then we claim that @ acts on (x) trivially, and centralizes (x) as well. Thereby, we
have that O?(M) centralizes (x) and it also centralizes G¥. We obtain O?(M) < G
since G = MG’ and hence G/Mg is a 2-group. Finally, there is a contradiction
G/Mg € F since N C F, which is exactly what we wanted. O

Theorem 3.1 in [*] and Theorem 4.3 in [*] are obviously the corollaries of
Theorem 3.4.
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