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Abstract

Let 9 be a Blaschke product and df(supp ) = 0. In this paper we prove
that the functions of Bourgain algebra (¢ H* (D), L*°(D)); have essential non-
tangential limit at almost every point of T = {z :| z |= 1}.
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1. Introduction. Let Y be a Banach algebra and X be a linear subspace of
Y. The Bourgain algebra X, = (X,Y) of X relative to X is defined to the set of
all f € Y such that: if f,, — 0 weakly in X, then dist(f.f,, X) — 0.

The distance, dist(f.f,, X) between f.f,, and X is the quotient norm of the
coset f.fn + X in the space Y/X. CiMA and TIMONEY proved in [!] that: X, is
a closed subalgebra of Y and contains the constant functions; if X is an algebra,
then X C Xj3. The concept of Bourgain algebras was introduced by Cima and
Timoney [1] in conection with Bourgain’s work on the Dunford-Pettis property
[]. Subsequently, several authors have studied Bourgain algebras [>7].

Let D be the open unit disk and H*(D) denote the Banach algebra of all
bounded analytic functions on D with the supremum norm. Let L™ = L*°(T') be
the algebra of essentially bounded, measurable functions with respect to Lebesgue
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measure df/2m on T = {z :| z |= 1}. By considering boundary functions on
T, we can consider that H*® = H*(T) is an essentially supremum-norm closed
subalgebra of L. Let C(D) be the space of all continuous functions on the
closed unit disk D and let A(D) = H*(D) N C(D) denote the disk algebra, i.e.
the algebra of all continuous functions on D which are analytic on D.

In [*] and [7] CIMA, STROETHOFF and YALE characterized Bourgain algebras
(H*®(D), L=(D)), and (A(D), L>=(D)), of H* and A(D) with respect to algebra
L°°(D) of Lebesgue measurable, essentially bounded functions on the unit disk
D. Some results for Bourgain algebras of subalgebras are proven in [8710].

For £ € T and R € (0,1) the open non-tangential cone I'r(§) at £ is the
interior of the convex hull of ¢ and the disk {z € C : |z] < R}. We say f € L>(D)
that has essential non-tangential limit at £ if

esssup{| f(z) — L |:2€Tg(&),|z]| >1-6} -0 §—=0"

for all R € (0,1). In this case we will write f*(§) for L. Define BV to be the
set of all f € L°°(D) such that an essential non-tangential limit f*(§) exists for
almost every £ € T

In [*] Cima, Stroethoff and Yale point out classes of functions that have non-
tangential limits almost everywhere on the circle. They prove that if X is a linear

subspace of L (D) which satisfies A(D) C X C BV, then (X, L*(D)), C BV.

For a sequence {z,}, in D with Z (1 —|zn|) < o0, the function:

n=1

—Zn % — Zn
D
H|zn\1—zn & ’

is called a Blaschke product with zeros {z,},. A sequence {z,}, in D is called
interpolating if for every bounded sequence {ay}, of complex numbers there is
a function f € H™ such that f(z,) = a, for all n. If {z,}, is an interpolat-
ing sequence, then B(z) is also called interpolating. The study of interpolating
sequences is useful in many areas of function theory and operator theory [11’12].

Let ¢ be an inner function, i.e. 1 € H>(D) such that ‘¢(ei9)‘ = 1 almost
everywhere on T'. The support of ¥ is the set of points A € T' for which there is a
sequence {zp}, C D of points such that z, — A and ¢(z,) — 0. Then supp ¢ is
a closed subset of T'. Note that if ¢ is a Blaschke product, then supp coincides
with the cluster set of {a,},. If supp® is a finite set, then 1) is called a Blaschke
product with a finite number of singularities.

Blaschke products are analytic in a much larger region than the open unit
disk.

Theorem 1.1 (['3]). The Blaschke product B(z) whose zeros are ai,as, . . .,
Qp,y...; 0 < |ap| < 1 converges at all points z in the complex plane except those
in the compact set K consisting of
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1
(1) the points z = — ;
Gnp

(2) the points z on the unit circle which are accumulation points of the sequence

{an}.

The convergence is uniform on any closed set in the plane which is disjoint
from K, and the product B(z) is thus analytic off K.

Note that if B(z) is a Blaschke product, then |B(z)| =1 in T\ supp B.

Let 1 be a Blaschke product, with a finite number of singularities. In [14] it
is shown that (¢ A(D), L>°(D)), C BV.

In this paper we point out classes of functions that have non-tangential limits
almost everywhere on the circle. Let ¢ be a Blaschke product and df(supp ) = 0.
Actually we prove that (¢ H>(D),L> (D)), C BV. The idea for the proof of
Theorem 3.1 is coming from [*]. Note that A(D) is not contained in 1 H> (D).

2. Preliminaries. For £ € T and 0 < 6§ < 1 we will write E(§,0) = {w €
D :|w—¢&| < d}. For f e L(D) and a nonempty set E C D define the essential
oscillation of f over E by

w(f, B) = esssupf| f(2) — f(w)| : z,w € E}

and the essential non-tangential oscillation of f at £ € T by
wR(fa g) = lim w(fv E(Ev 6) N FR(E))
6—0t

Then, as proved in [4] the following equations apply:

(1) BV = {f € L*(D) : wgr(f,§) = 0 for R € (0,1) and for almost every
§eT);

(2) wr(f.9,€) =1f"(&)|wr(g,§) if g € L°(D) and f has essential limit f*(£);
(3) wR(fag) = wR(f - g’f) when WR(g’f) =0 and fag € LOO(D)

Let E be a Lebesgue measurable subset of R and we denote by | E| the measure
of E and by U(z,0) — the neighbourhood of x with radius § > 0. The quantity

. |EUU(x,0)|
() = i U
if it exists, is the metric density of E at the point z. If D(E, X) = 1, the point
x is called a point of density of E. It is well known that D(E,z) = 1 for almost
all points z in E, i.e. if D(E) ={x € E: D(E,z) = 1}, then |D(E)| = |E|. Note
that if z is a point of density of E, then the set F' = E U U(x,0) has positive
measure. If y € (z —J, z+6) we identify y with e”, when working on the circle T'.
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Lemma 2.1 ([*]). Let E and Z be measurable subsets of the circle T with
|E| > 0 and |Z] = 0. Then each & € D(E) is the limit of a sequence {&,}n of
distinct points in D(E)\Z.

We will need some interpolation statements.

Lemma 2.2 (['°]). If {z,}n C D is interpolating sequence, then there exist
functions { fn}n C H*®(D) and positive number M such that fn(z,) =1 for alln,

fu(zk) =0, forn#kand2|fn )| <M for ze€ D.

n=1

Lemma 2.3 ([*]). Suppose that {f,}n is a sequence in H*(D) such that

Z|f” )| <M for ze D. Then f, — 0 weakly in H* (D).

Lemma 2.4 ([*]). Let {&,}n be a sequence of distinct points on the circle T
which converges to a point & which is not equal to any of the &,. Then there exists
@ sequence {fatn C A(D) such that fn(¢n) =1 for alln, £, () =0 forn # k and

Z|fn )| <2 forall z€ D.

3. The main result.

Theorem 3.1. Let v be a Blaschke product and df(supp) = 0. The Bour-
gain algebra of YH™ (D) relative to L>(D) is contained in BV, i.e.
(bH(D), L*(D)), € BY.

Proof. Assume that f € (vH>®(D),L>*(D)), C BV, but f ¢ BV. Then
there exists a set B C T', df(B) > 0 such that for every ( € B there is no essential
non-tangential limit f*(¢). Obviously the same is true for the set B’ = B\suppy :
B' C T,df(B’) > 0 and for every ¢ € B’ there is no essential non-tangential limit

f*(¢). Since

BV ={f € L*(D) :wgr(f,¢) =0 for all R € (0,1) and for almost every ¢ € T'}

we obtain that for every ¢ € B’ there exists R; € (0,1) such that wr(f,¢) > 6 >

0. As in [*] we can consider that wgr(f,¢) > & > 0 for all ( € B, where R € (0,1).
Let (o be a fixed point in D(B') = {z € B': D(B',z) = 1}. By Lemma

2.1 there exists a sequence {(,}, C D(B’)\ {¢o} from different points, which

converges to (y. Since suppt N B’ = & then suppy N {(,}n = @ for every n.
By Lemma 2.4 there is a sequence {¢n}n € A(D) such that f,(¢,) = 1 for all

n, fn(Ck) = 0, for n # k and Z |fu(2)| < 2 for all z € D. Then for functions

n=1

gn(2) = ¥(2).fn(2),n € N, we obtain:
gn € YA(D) CYH>(D); gn(Cn) = 1(Ga) for all n;

gn(Ck) =0 for n#k and Z\gn \<Z]fn )| <2 forall z€D.
n=1
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By Lemma 2.3 (with ¢ H>°(D) instead of H*(D)) we have g, — 0 weakly in
YH™ (D). Since f € (YH™ (D), L> (D)) there is a sequence {thy }, C YH>(D)
such that || fgn — Yhnlloo = || f-¥frn — Yhn|lcc = en — 0 as n — oco. Then, because
h, € H*®(D), there exists ng and for every n > ng the function f.1)f, has
essential non-tangential limits almost everywhere on unit circle.

Fix n > ng. Since f, is continuous in D and f,,(¢,) = 1, then there exists

1
r > 0 such that |f,(p)| > 3 for every p € U(Cp,7) = {2 €T : |2 — (| <7} But
(, is a point of density of B’ and we obtain d0(B' NU(¢,,r)) > 0. Therefore we
1
can find a point €™ € B’ such that fn(f("))‘ > 3 On the other hand, again

from dO(B' N U((,,r)) > 0, we can consider that f.if, and 1h, have essential
non-tangential limit in £,
Then by (2) and (3) we have:

2 < |7 8= [ue)] || 5 < |r) e wnts, €

= W fuf, €M) = WR(Y fuf — Phn, €M) < 200 fuf — Yhy|| < 22n,

because ’1/}(5 ("))‘ = 1 (theorem). This contradicts to the condition that &, — 0.

Therefore f € BV and (¢yH>(D),L> (D)), C BV. O

A closed subalgebra X between A(D) and H*(D) is called an analytic sub-
algebra. Note that in the proof of Theorem 3.1 only two properties of H*(D)
were used:

1. H>*(D) C BV. But if X is an analytic subalgebra, then X C H*>(D) C
BV.

2. If { fu}n C A(D are the peak point functions in Lemma 2.4 and g, = 1. f,,,
then g, € YA(D C vH>®(D) and g, — 0 weakly in /»H°(D). But if X is an
analytic subalgebra, then g, € ¥ A(D) C X and g, — 0 weakly in 1) X because
A(D) C X.

Consequently, if X is an analytic subalgebra, then (¢ X, L*°(D)), C BV.

For f € L*™®(D),§ € T, and t > 0 we put

w(f,&,t) = esssup{|f(2) = f(w)] : z,w € E(&, 1)},

where E(£,t) = z € D : |z — £| < t. Essential oscillation of f at the point £ € T
is defined as

w(fa 5) = 51_i>%1+ w(f) £, t)'

Let W(D) be the set of functions in L°°(D) whose essential oscillations are
bounded away from zero at only finitely many points of the unit circle, i.e.

W(D) ={f € L*: for every § > 0 the set {{ € T': w(f,&) > ¢} is finite}.

The following result can be proved as in Theorem 3.1.
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Theorem 3.2. Let ¢ be a Blaschke product and df(suppy) = 0. The Bour-
gain algebra of YA(D) relative to L°°(D) is contained in W(D), i.e.
(bA(D), L=(D)), < W(D).

The algebra v H*(D) + C, where 1 is a Blaschke product and C denotes
the span of the constant function in H°°(D) has been studied by several authors.
The papers [*9], [17] and [*¥] considered Nevanlinna-Pick interpolation problems
for these algebras. The case when the Blaschke product has a finite number of
zeros was considered in [7] and the case of one zero at 0 with multiplicity 2 was
discussed in ['®]. In [*] the corona theorem for 9 H(D) + C has been proved
in several different ways. In [°] it is shown that if ¢ is a finite Blaschke product,
then the Bourgain algebra of ¢ H> 4 C with respect to the algebra L™ coincides
with the Sarason algebra H* + C.

Obviously yH*(D) C yvH*(D) + C. It can be seen, from the proof of
Theorem 3.1, that Bourgain’s algebra of 1) H* (D) + C with respect to the algebra
L*>°(D) is contained in BV. The following theorem shows the relationship between
the corresponding Bourgain algebras.

Theorem 3.3. Let ¢ be a Blaschke product. Then (YH™ (D), L>(D))y is
contained in (YH™> (D) + C, L*>(D))y.

Proof. Let f € (WH*™(D),L*(D)), and the sequence g, = ¥h, + ¢, — 0
weakly in Yy H*°(D)+C. Then g,, — 0 weakly in H°°(D). For the point evaluation
0z € (H®(D))*, z0 € D such that ¥(zp) = 0 we have

cn = Y(20)hn(20) + cn = @z (Vhn + ¢n) = 0 when n — 0.
If o € (WH™(D))" and ® is the Hahn-Banach extension of ¢ on H*(D), then
©(.hy) = @lyre (V.hn) = @lpreo(gn — cn) = P(gn) — cn-®(1) = 0

and {v.hy}, tends to zero weakly in Y H> (D). Since f € (YH™(D),L*(D))y
there exists a sequence {p,}, C YH*™(D) C vH*>(D) + C such that || f.1oh, —
Pnllp — 0. Then

Hfgn _anD = wahn + f.en _anD < Hfﬂ)hn _anD + HfHD|Cn| —0

and hence f € (YH* (D) + C, L>(D))p. The proof is complete. O
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