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Abstract

We prove a version of the Hadamard–Lévy theorem for Keller C1
c mappings

between Fréchet spaces.
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This note serves to announce the continuation of the author’s works [1,2]
on the problem of finding sufficient conditions which imply that Keller C1

c local
diffeomorphisms between Fréchet spaces are global ones.

A Fréchet space F is a complete metrizable locally convex space. Hence the
topology of F can be given by an increasing sequence p∥�∥F,nqnPN of seminorms.
Let E be another Fréchet space whose topology is defined by an increasing se-
quence p∥�∥E,nqnPN of seminorms. We denote the vector space of all continuous
linear mappings from E into F by CLpE,F q.

In what follows we consider only Fréchet spaces over the field R of real num-
bers.

A bornology BF on F is a covering of F satisfying the following axioms:

1. BF is stable under finite unions;

2. if A P BF and B � A, then B P BF .
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The compact bornology on F is the family Bc
F of relatively compact subsets of

F having the set of all compact subsets of F as a base, in the sense that every
B P Bc

F is contained in some compact set (cf. [3]).
Let Bc

E be the compact bornology on E. We endow the vector space CLpE,F q
with the Bc

E-topology which is the topology of uniform convergence on all compact
subsets of E. This is a Hausdorff locally convex topology which can be defined
by the family of all seminorms obtained as follows:

∥L∥B,n � supt∥Lpeq∥F,n : e P Bu,

where B P Bc
E and n P N. Likewise, we endow the space of continuous linear

mappings from F into E, CLpF,Eq, with the Bc
F -topology.

Due to its many advantages, the notion of Keller C1
c mappings (which is

equivalent to the notion of Ck mappings in the Michal–Bastiani sense) plays a
significant role in the theory of differential calculus in locally convex spaces.

Let U be an open subset of E, and φ : U Ñ F a mapping. The directional
derivative of φ at x P U in the direction h P E is defined as

Dφpxqh � lim
tÑ0

φpx� thq � φpxq

t

whenever it exists. We say that φ is a Keller C1
c mapping (or differentiable of

class Keller C1
c ) if the directional derivative Dφpxqh exists for each h P E, and

the induced mapping (the derivative) Dφ : U Ñ CLpE,F q is continuous. In this
definition the space CLpE,F q is endowed with the Bc

E-topology. We refer to
Keller’s monograph [4] for further details.

The Hadamard–Lévy theorem was proved by Hadamard for finite dimen-
sional spaces. Then, it was generalized by Lévy [5] to Hilbert spaces. Later on,
Plastock [6] extended the theorem to the case of C1 mappings between Ba-
nach spaces. In this article we extend the Hadamard–Lévy theorem to the case
of Keller C1

c mappings between Fréchet spaces. Our approach relies on the path
lifting property and the local surjectivity result.

Let φ : U � E Ñ F be a Keller C1
c mapping. First, we give a sufficient

condition for the local surjectivity of φ. That is, the existence of a solution to
the equation φpeq � f for f close enough to φpu1q for a point u1 P U . To solve
this equation it is enough to assume that the derivative Dφpu1q is surjective. The
standard proof, inspired by the Picard method, is to construct a sequence of
elements which converges to a solution.

Proposition 1. Let U be open in E, and φ : U � E Ñ F a Keller C1
c

mapping. If the derivative Dφpu1q is surjective for some u1 P U , then φ is locally
surjective. Furthermore, if Dφpuq is surjective for all u P U , then φ is open.

Proof. We want to find a solution e to the equation f � φpeq for f in an
open neighbourhood of φpu1q and e in an open neighbourhood of u1 provided that
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f is close enough to φpu1q. Let E0 � ker Dφpu1q. The quotient space E1 � E{E0

is a Fréchet space whose topology is defined by the family of all seminorms

~ê~E1,i � inf
xPê

∥x∥E,i ,

where ê is the coset of e P E and i P N. By the open mapping theorem (cf. [7],
Theorem 4.35) there exists a linear continuous map ϕ�1 : F Ñ E1, where ϕ : E1 Ñ
F is a topological isomorphism induced by Dφpu1q. Define a sequence of cosets
êi P E{E0 and a sequence of elements ei P êi � E inductively by ê0 � E0, e0 P ê0
small, and

(1) êi � êi�1 � ϕ�1pf � φpu1 � ei�1qq.

We choose ei P êi such that

(2) ~êi � êi�1~E1,i ¥
1

2
∥ei � ei�1∥E,i.

The latter is possible because

~êi � êi�1~E1,i � inf
xPêi

∥x� ei�1∥E,i .

Since ei�1 P êi�1, êi�1 � ϕ�1pDφpu1qei�1q, it follows that

êi � ϕ�1pf � φpu1 � ei�1q � Dφpu1qei�1q.

By subtracting this from the expression for êi�1 we get

êi � êi�1 � �ϕ�1
�
φpu1 � ei�1q � φpu1 � ei�2q � Dφpu1qpei�1 � ei�2q

�
.

Since φ is of class Keller C1
c , we may find a convex neighbourhood V of u1

such that for given δ ¡ 0 we have

∥Dφpvq � Dφpu1q∥B,i   δ, i P N, B P Bc
E ,

for v P V. Suppose inductively that u1 � ei�1 P V and u1 � ei�2 P V. Therefore,
for 0 ¤ t ¤ 1 we obtain

u1 � tei�1 � p1� tqei�2 � p1� tqpu1 � ei�2q � tpu1 � ei�1q P V.

Thus, by the mean value inequality ([4], Corollary 1.1.4 (1)) we have

~êi � êi�1~E1,i ¤ δp
∥∥ϕ�1

∥∥
B,i
qp∥ei�1 � ei�2∥E,iq.

Therefore, in virtue of equation (2) we obtain

∥ei � ei�1∥E,i ¤ 2~êi � êi�1~E1,i ¤ 2δp
∥∥ϕ�1

∥∥
B,i
qp∥ei�1 � ei�2∥E,iq.
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Hence, if δ is small enough, then

∥ei � ei�1∥E,i ¤
1

2
∥ei�1 � ei�2∥E,i .

Starting with e0 such that supiPN ∥e0∥E,i is small enough and ∥e1 � e0∥E,i  
1
2 ∥e0∥E,i for each i P N, we have

∥ei∥E,i ¤ ∥e0∥E,i � ∥e1 � e0∥E,i � ∥e2 � e1∥E,i � � � � � ∥ei � ei�1∥E,i

¤

�
1�

1

2
� � � � �

1

2i�1



∥e0∥E,i ¤ 2 ∥e0∥E,i .

Thus, the elements u1 � ei stay inductively in V. It follows that ei is a Cauchy
sequence, therefore ei converges to some a P E, because E is complete. As a
consequence, êi converges to â and a P â. Thus, in view of equation (1) we get
ϕ�1pf � φpu1 � aqq � 0, and therefore by setting e � u1 � a we obtain f � φpeq.
This proves the assertion of the theorem.

Lemma 1. Let φ : E Ñ F be a Keller C1
c local diffeomorphism. Assume that

for each e P E we have

∥rDφpeqs�1∥B,n   8, B P Bc
F , n P N.

Then, there are open neighbourhoods Ue of e and Vφpeq of φpeq such that φ : Ue Ñ

Vφpeq is a Keller C1
c diffeomorphism and φpUeq � Vφpeq.

Proof. Since φ is a local diffeomorphism, it follows that for each e P E there
are open neighbourhoods Ue of e and Vφpeq of φpeq such that φ : Ue Ñ Vφpeq is
a diffeomorphism. Without loss of generality we may assume that Ue and Vφpeq

are convex. Let f P Vφpeq, so there is a sequence fi in Vφpeq such that fi Ñ f .
Since φ�1 is of class Keller C1

c on Vφpeq, for ei � φ�1pfiq P Ue by the mean value
inequality ([4], Corollary 1.1.4 (1)) we obtain

∥ei � ej∥E,n ¤ sup
hPrfi,fjs

∥∥Dφ�1phq
∥∥
B,n

∥fi � fj∥F,n , n P N, B P BF ,

where rfi, fjs is the closed segment joining fi to fj .
Then, by the lemma’s assumption

sup
hPrfi,fjs

∥∥Dφ�1phq
∥∥
B,n

� sup
hPrfi,fjs

∥∥rDφpφ�1phqqs�1
∥∥
B,n

  8, n P N, B P BF .

Thus, ei is a Cauchy sequence and since E is complete, it follows that ei Ñ e
for some e P Ue, and f � φpeq P φpUeq. Thereby, φpUeq � Vφpeq. Obviously
φpUeq � Vφpeq, so φpUeq � Vφpeq.

The following lemma establishes the path lifting property of mappings. The
proof is similar to the case of Banach spaces ([8], Lemma 1.23).
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Lemma 2. Let φ : E Ñ F be a Keller C1
c local diffeomorphism. Assume that

γps, tq : r0, 1s� r0, 1s Ñ F is a Keller C1
c mapping in both variables. Also, assume

that there exists a point f P F such that γps, 0q � f for all s P r0, 1s. Then, there
exists a mapping Φps, tq : r0, 1s � r0, 1s Ñ E of class Keller C1

c in both variables
such that Φps, tq � φ�1 � γps, tq for all s, t P r0, 1s, and Φps, 0q � e � φ�1pfq for
all s P r0, 1s.

Proof. Since φ is a local diffeomorphism, there are open neighbourhoods
Ue of e and Vf of f such that φ : Ue Ñ Vf is a diffeomorphism. There exists
δ ¡ 0 such that r0, 1s � r0, δq � γ�1pUeq, because γ�1pUeq, which is an open set,
contains the closed set r0, 1s � t0u. For small enough δ ¡ 0, define the mapping
Φps, tq � φ�1pγps, tqq for ps, tq P r0, 1s � r0, δq. Let δ̂ be the supremum of these
numbers δ. We shall show that Φ is defined at t � δ̂ for each s P r0, 1s. As Φ is the
composition of C1

c mappings, then it is of class C1
c in t and s ([4], Corollary 1.3.1).

For each fixed s P r0, 1s, by [4], Corollary A.3.4 for each ti, tj P r0, 1s we have

∥Φps, tiq � Φps, tjq∥E,n ¤ K|ti � tj |, n P N,

where K is a constant. Thus, Φps, tiq is a Cauchy sequence in E, and so is
convergent. The continuity of φ and γ yields

φpΦps, δ̂qq � lim
tiÑδ̂

φps,Φps, tiqq � lim
tiÑδ̂

γps, tiq � γps, δ̂q,

hence Φps, tq is defined at t � δ̂. We shall show by contradiction that δ̂ � 1.
Suppose δ̂   1. There are open neighbourhoods Us of Φps, δ̂q and Vs of γps, δ̂q
such that φ is a diffeomorphism of Us onto Vs for each s P r0, 1s. Since the curve
Φps, δ̂q, s P r0, 1s, is compact, it has a finite sub-covering with neighbourhoods
Usi , i � 1, . . . , n. Therefore, the sets Vsi � φpUsiq, i � 1, . . . , n, cover the curve
γps, δ̂q. Since each γ�1pVsiq is open and contains pδ̂, siq, it follows that it contains
an open rectangle psi � βi, si � βiq � pδ̂ � αi, δ̂ � αiq, where psi � βi, si � βiq �
γ�1p�, δ̂qpVsiq and these rectangles cover r0, 1s. Now, we can define the extension
of the function Φps, tq for all s P r0, 1s and 0 ¤ t   δ̂ � pα � mini αiq, by
setting Φps, tq � pφ|Uiq

�1 � γps, tq if ps, tq P rδ̂, δ̂ � αq � psi � βi, si � βiq, for
i � 1, . . . , n. This contradicts the definition of δ̂, and therefore δ̂ � 1. Finally,
Φps, 0q � φ�1pγps, 0qq � φ�1pfq � e for all s P r0, 1s.

Theorem 1. Let φ : E Ñ F be a Keller C1
c local diffeomorphism. If for each

e P E we have
∥rDφpeqs�1∥B,n   8, B P Bc

F , n P N,

then φ is a global diffeomorphism.
Proof. It suffices to prove that φ is injective and surjective.
Injectivity. Suppose φpu0q � φpu1q � v. Define the curves αptq � p1 �

tqu0 � tu1, βptq � φpαptqq, and γps, tq � p1 � sqv � sβptq for t, s P r0, 1s. Since
φ is a local diffeomorphism, γps, tq is of class Keller C1

c in both variables, and
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γps, 0q � φpu0q for all s P r0, 1s, it follows by Lemma 2 that there exists a mapping
Φps, tq � φ�1pγps, tqq : r0, 1s � r0, 1s Ñ E of class Keller C1

c in both variables.
Then, by the chain rule ([4], Corollary 1.3.2)

0 �
d

ds
γps, 1q �

d

ds
φpΦps, 1qq � DφpΦps, 1qq

d

ds
Φps, 1q,

because γps, 1q � v for all s P r0, 1s. Thus, the theorem’s assumption implies that
d
dsΦps, 1q � 0, and so Φp0, 1q � Φp1, 1q. Similarly, we get d

dtΦp0, tq � 0. Therefore,
Φp0, 0q � Φp0, 1q which implies

u0 � Φp0, 0q � Φp1, 1q � u1.

Surjectivity. By Proposition 1, φpEq is open. We shall prove that it is
closed too. Since φ is a local diffeomorphism for each e P E, by Lemma 1 there
are open neighbourhoods Ue of e and Vφpeq of φpeq such that φ : Ue Ñ Vφpeq is a
diffeomorphism and φpUeq � Vφpeq. Then

φpEq �
¤
ePE

Vφpeq �
¤
ePE

Vφpeq �
¤
ePE

φpUeq � φpEq.

That is, φpEq is closed.
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