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Abstract

We prove a version of the Hadamard-Lévy theorem for Keller C}! mappings
between Fréchet spaces.
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on the problem of finding sufficient conditions which imply that Keller C! local
diffeomorphisms between Fréchet spaces are global ones.

A Fréchet space F' is a complete metrizable locally convex space. Hence the

topology of F' can be given by an increasing sequence (||| z,,)nen of seminorms.
Let E be another Fréchet space whose topology is defined by an increasing se-
quence (||| g, )nen of seminorms. We denote the vector space of all continuous
linear mappings from FE into F' by CL(E, F).

In what follows we consider only Fréchet spaces over the field R of real num-

bers.
A bornology Br on F' is a covering of F' satisfying the following axioms:

1. Bp is stable under finite unions;

2. if Ae Br and B € A, then B € Bp.
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The compact bornology on F'is the family B% of relatively compact subsets of
F having the set of all compact subsets of F' as a base, in the sense that every
B € B% is contained in some compact set (cf. [3]).

Let B¢, be the compact bornology on E. We endow the vector space CL(E, F')
with the Bf-topology which is the topology of uniform convergence on all compact
subsets of E. This is a Hausdorff locally convex topology which can be defined
by the family of all seminorms obtained as follows:

Il g = sup{lL(e)]| g, = € € B,

where B € Bf and n € N. Likewise, we endow the space of continuous linear
mappings from F into E, CL(F, E), with the Bf.-topology.

Due to its many advantages, the notion of Keller C! mappings (which is
equivalent to the notion of C* mappings in the Michal Bastiani sense) plays a
significant role in the theory of differential calculus in locally convex spaces.

Let U be an open subset of F/, and ¢: U — F a mapping. The directional
derivative of ¢ at € U in the direction h € E is defined as

whenever it exists. We say that ¢ is a Keller C! mapping (or differentiable of
class Keller C}) if the directional derivative Dp(x)h exists for each h € E, and
the induced mapping (the derivative) Dp: U — CL(E, F') is continuous. In this
definition the space CL(E,F') is endowed with the Bf-topology. We refer to
KELLER’s monograph [] for further details.

The Hadamard-Lévy theorem was proved by Hadamard for finite dimen-
sional spaces. Then, it was generalized by LEVY [?] to Hilbert spaces. Later on,
PLASTOCK [%] extended the theorem to the case of C'! mappings between Ba-
nach spaces. In this article we extend the Hadamard—Lévy theorem to the case
of Keller C! mappings between Fréchet spaces. Our approach relies on the path
lifting property and the local surjectivity result.

Let ¢: U = E — F be a Keller C! mapping. First, we give a sufficient
condition for the local surjectivity of ¢. That is, the existence of a solution to
the equation p(e) = f for f close enough to ¢(u1) for a point u; € U. To solve
this equation it is enough to assume that the derivative Dp(uq) is surjective. The
standard proof, inspired by the Picard method, is to construct a sequence of
elements which converges to a solution.

Proposition 1. Let U be open in E, and ¢: U ¢ E — F a Keller C}
mapping. If the derivative Dp(uy) is surjective for some uy € U, then ¢ is locally
surjective. Furthermore, if Do(u) is surjective for all u € U, then ¢ is open.

Proof. We want to find a solution e to the equation f = ¢(e) for f in an
open neighbourhood of ¢(u1) and e in an open neighbourhood of u; provided that
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f is close enough to ¢(uy). Let Ey = kerDy(uy). The quotient space £y = E/E)
is a Fréchet space whose topology is defined by the family of all seminorms

el s, = inf ol

where ¢ is the coset of ¢ € F and i € N. By the open mapping theorem (cf. [7],
Theorem 4.35) there exists a linear continuous map ¢ 1: F — Ey, where ¢: By —
F' is a topological isomorphism induced by Dp(ui). Define a sequence of cosets
é; € E/Ey and a sequence of elements e; € é; ¢ E inductively by éy == Ey, eg € ég
small, and

(1) =6 1+¢7(f—plur e 1))
We choose ¢; € €; such that
. 1
(2) llé: = ei-1llzii = 5 llei — ei-1llp-
The latter is possible because
lléi = éimallgyi = inf lz —eima|l g, -
xee;

Since e; 1€ é;_1, &1 = ¢~ (Dp(u1)e; 1), it follows that
éi = o7 (f — @(ur + € 1) + Dp(ur)ei 1).
By subtracting this from the expression for ;1 we get
éi—eic1 =~ (p(ur + eim1) — p(ur + ei_2) —Dp(u1)(ei—1 — €;2)).

Since ¢ is of class Keller C!, we may find a convex neighbourhood V of uy

C?

such that for given 6 > 0 we have
IDe(v) = Dp(ur)llp; <6, i€N, BeBg,

for v € V. Suppose inductively that u; + e;_1 € V and u; + e;_o € V. Therefore,
for 0 <t <1 we obtain

up +tej_1 + (1 —t)ej—o = (1 —t)(ug +e;—2) + t{ur +€;—1) € V.
Thus, by the mean value inequality ([*], Corollary 1.1.4 (1)) we have
llé: — éi—illmra < o([|d7" 5 ) (leim1 — eizallp)-
Therefore, in virtue of equation (2) we obtain
lei — eimtllp; < 2[1é — éim1llpyi < 26([| 7| 5 ) (leim1 — ei2llg,)-
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Hence, if § is small enough, then

Ly
2

lei —eimallp,; < 5 lleim1 — eiallp; -
Starting with ep such that sup;ey [eoll, is small enough and [e1 —eolp,; <

3 leoll g ; for each i € N, we have
HGZHE’L < HeOHE,i +|len = €0||E,z‘ +|le2 — €1||E,i oot e — ei*1||E,i
1 1
s{t+gt+5m leollg; < 21leoll g -

Thus, the elements u; + e; stay inductively in V. It follows that e; is a Cauchy
sequence, therefore e; converges to some a € E, because F is complete. As a
consequence, é; converges to ¢ and a € a. Thus, in view of equation (1) we get
¢~ f — p(us +a)) = 0, and therefore by setting e = u; + a we obtain f = p(e).
This proves the assertion of the theorem. ]

Lemma 1. Let ¢: E — F be a Keller C} local diffeomorphism. Assume that
for each e € E we have

IDe(e)] pn <o, BeBh mnel.

Then, there are open neighbourhoods Ue of e and Vo) of p(e) such that ¢: Uy —
Vo(e) is a Keller Cl diffeomorphism and p(U.) = Vso(e).

Proof. Since ¢ is a local diffeomorphism, it follows that for each e € E there
are open neighbourhoods U, of e and V) of ¢(e) such that ¢: Ue — V) is
a diffeomorphism. Without loss of generality we may assume that U and V)

are convex. Let f €V

so there is a sequence f; in V@(e) such that f; — f.
| e

wle)s v
Since ! is of class Keller C! on Vo(e), for e; = o Y(f;) €U, by the mean value

inequality ([*], Corollary 1.1.4 (1)) we obtain

lei = sllgn < s (D57 g, 1= il MR, BeBr,
€\ JisJj
where [f;, f;] is the closed segment joining f; to f;.

Then, by the lemma’s assumption

sup HD‘P_I(h)HB,n = sup H[Dap((p‘l(h))]_lHBm <w, neN, BebBp.
he(fi. f;] helfi, f;]
Thus, ¢; is a Cauchy sequence and since E' is complete, it follows that e; — e
for some e € U, and f = p(e) € p(Uec). Thereby, p(Uc) 2 Vy(e). Obviously
PUe) S V(e), 80 9(Ue) = Vi(ey- O
The following lemma establishes the path lifting property of mappings. The
proof is similar to the case of Banach spaces ([?], Lemma 1.23).
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Lemma 2. Let ¢: E — F be a Keller C} local diffeomorphism. Assume that
v(s,t): [0,1] x [0,1] = F is a Keller C} mapping in both variables. Also, assume
that there exists a point f € F such that vy(s,0) = f for all s € [0,1]. Then, there
exists a mapping ®(s,t): [0,1] x [0,1] — E of class Keller C} in both variables
such that ®(s,t) = o 1 o~y(s,t) for all s,t € [0,1], and ®(5,0) = e = p 1(f) for
all s € [0,1].

Proof. Since ¢ is a local diffeomorphism, there are open neighbourhoods
U, of e and Vy of f such that ¢: U, — Vy is a diffeomorphism. There exists
§ > 0 such that [0,1] x [0,6) = v }(Ue), because v (i), which is an open set,
contains the closed set [0,1] x {0}. For small enough 6 > 0, define the mapping
B(s,t) = ¢ 1(v(s,t)) for (s,t) € [0,1] x [0,8). Let & be the supremum of these
numbers §. We shall show that @ is defined at ¢ = § for each s € [0,1]. As ® is the
composition of C} mappings, then it is of class C! in t and s ([*], Corollary 1.3.1).
For each fixed s € [0,1], by [!], Corollary A.3.4 for each t;,¢; € [0, 1] we have

1®(s,t:) = ®(s, 1) [0 < K[t =25, neN,

where K is a constant. Thus, ®(s,t;) is a Cauchy sequence in E, and so is
convergent. The continuity of ¢ and ~ yields

N ~

©(®(s,9)) = lim (s, P(s,t;)) = lm ~(s,t;) = (s, ),

hence ®(s,t) is defined at t = 5. We shall show by contradiction that § = 1.
Suppose 5 < 1. There are open neighbourhoods U of @(3,5) and Vs of 7(3,5)
such that ¢ is a diffeomorphism of Us onto Vs for each s € [0,1]. Since the curve
®(s,8), s € [0,1], is compact, it has a finite sub-covering with neighbourhoods
Us;, i = 1,...,n. Therefore, the sets Vs, = ¢(Us,), i = 1,...,n, cover the curve
~(s,8). Since each v (V4,) is open and contains (4, s;), it follows that it contains
an open rectangle (s; — i, 8; + i) X (5 — ai,S + «;), where (s; — B, 8 + Bi) C
y71(-,0)(Vs,) and these rectangles cover [0,1]. Now, we can define the extension
of the function ®(s,t) for all s € [0,1] and 0 < t < § + (& = min; a;), by
setting ®(s,t) = (@ly,) L o (s, t) if (s,t) € [6,6 + a) x (si — Bi,s; + Bi), for
i = 1,...,n. This contradicts the definition of 5, and therefore § = 1. Finally,
®(s,0) = 7 (7(s,0)) = 71 (f) = e for all s € [0,1]. O

Theorem 1. Let ¢: E — F be a Keller C} local diffeomorphism. If for each
e € E we have

IID(e)] Hpn <o, BeB%, neN,

then ¢ is a global diffeomorphism.

Proof. It suffices to prove that ¢ is injective and surjective.

Injectivity. Suppose ¢(ug) = ¢(ui) = v. Define the curves a(t) = (1 —
t)ug + tur, B(t) = p(a(t)), and v(s,t) = (1 — s)v + spB(t) for t,s € [0,1]. Since
¢ is a local diffeomorphism, «(s,t) is of class Keller C! in both variables, and
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v(s,0) = @(ug) for all s € [0, 1], it follows by Lemma 2 that there exists a mapping
B(s,t) = ¢ (y(s,t)): [0,1] x [0,1] — E of class Keller C} in both variables.
Then, by the chain rule ([*], Corollary 1.3.2)

d d d
0=— 1) = —p(P(s,1)) = Dp(P(s,1))—P(s,1
Ts.1) = Lo(@(s,1)) = Dp(®(s, 1) 05,1,
because (s, 1) = v for all s € [0, 1]. Thus, the theorem’s assumption implies that
%@(s, 1) =0, and so ®(0,1) = ®(1,1). Similarly, we get %@(O,t) = 0. Therefore,
®(0,0) = (0, 1) which implies

up = ®(0,0) = &(1,1) = uy.

Surjectivity. By Proposition 1, ¢(FE) is open. We shall prove that it is
closed too. Since ¢ is a local diffeomorphism for each e € F, by Lemma 1 there
are open neighbourhoods U, of e and V) of ¢(e) such that ¢: U — V() is a

diffeomorphism and p(Ue) = V(e). Then
(P(E) - U Vgo(e) = U v4,(;(6) = U @(He) - (p(E)
eeE eell eeE
That is, ¢(F) is closed. O
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