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Abstract

Interpolation and smoothing using cubic and generalized splines are fun-
damental tools in data analysis and statistical modelling. Recently, fast com-
putational algorithms were developed for natural L-splines of order four, which
arise as piecewise solutions to the differential operator L2

ξ = ( d2

dt2 − ξ2)2. In
this paper, we extend this mathematical framework to the important case of
clamped (or complete) boundary conditions, where the first derivatives at the
interval endpoints are prescribed. We explicitly construct the governing lin-
ear system for the interpolation problem and mathematically prove that the
resulting tridiagonal matrix is strictly row diagonally dominant, thereby guar-
anteeing its invertibility and the numerical stability of the fast algorithm. The
proposed method is implemented in MATLAB. Furthermore, the developed
clamped L-splines provide a foundation for constructing multivariate clamped
polysplines, which serve as a promising alternative to Physics-informed neu-
ral networks (PINNs) for solving partial differential equations in mathematical
physics.
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1. Introduction. Interpolation with cubic polynomial splines is a popular
method for the analysis and smoothing of big data – often used in statistical
modelling, see [1–3] for mathematical aspects, and [4–8] for applications. Recently
the authors proposed and studied in [9] fast algorithms for interpolation and
smoothing for a special class of generalized splines arising as piece-wise solutions
of differential operators, called L-splines. In [9] it is assumed that the differential
operator L is of the form L2

ξ := Lξ ◦ Lξ, where

Lξ :=
d2

dt2
− ξ2 for ξ ∈ R.

Let us recall the definition of an L2
ξ-spline: assume that ξ ≥ 0 is a real number

and let t1 < t2 < · · · < tn−1 < tn be real numbers. A function g(·) ∈ C2[t1, tn] is
called an L-spline if

L2
ξg(t) = 0 for t ∈ (tj , tj+1).

A function g(·) ∈ C2[t1, tn] is called an L2
ξ-spline interpolating the data

{g1, g2, . . . , gn} at {t1, t2, . . . , tn} if

g(tj) = gj for j = 1, 2, . . . , n.

In order to obtain uniqueness for interpolation one has to add boundary conditions
at the endpoints t1 and tn. In [9] we considered natural L-splines requiring the
boundary condition

Lξg(t1) = Lξg(tn) = 0.

The main aim of the present paper is to show that one can derive fast algo-
rithms as in [9] for the case of clamped splines, where the values g′(t1) and g′(tn)
are prescribed. These splines are also called “complete splines”, see [1] and/or in
MATLAB. For related work on more general L-splines we refer to [10–12].

2. Fast interpolation for natural L2
ξ-splines – a recap. Suppose that

g ∈ C2[t1, tn] is an L2
ξ-spline. In order to compute the L2

ξ-spline g explicitly one
has to solve for each interval [tj , tj+1] with j = 1, . . . , n − 1, the boundary value
problem L2

ξw = 0 with

w(tj) = gj , w(tj+1) = gj+1, and Lξw(tj) = Lξg(tj), Lξw(tj+1) = Lξg(tj+1).

Thus, in order to compute the natural L2
ξ-spline g interpolating the data zj = g(tj)

for j = 1, . . . , n, we need the knowledge of the two vectors

gT := (g(t1), g(t2), . . . , g(tn)),(1)

γ̃T := (Lξg(t1), . . . , Lξg(tn)).(2)
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In case of a natural interpolating L2
ξ-spline we know gT and Lξg(t1) = Lξg(tn) = 0.

For this reason in [9] the vector

γT := (Lξg(t2), Lξg(t3), . . . , Lξg(tn−1))

is considered. When dealing with clamped L2
ξ-splines we know gT and the bound-

ary conditions g′(t1) = d1 and g′(tn) = dn.
In [9] we proved the following:
Proposition 1. Let t1 < · · · < tn and g be an L2

ξ-spline. Then g restricted
to the interval (tj , tj+1) for j = 1, . . . , n− 1 is equal to

(3) ψj(t) := Lξg(tj)A
[1]
j (t) + Lξg(tj+1)B

[1]
j (t) + g(tj)A

[2]
j (t) + g(tj+1)B

[2]
j (t),

where

(4) A
[2]
j (t) =

sinh ξ(t− tj+1)

sinh ξ(tj − tj+1)
and B

[2]
j (t) =

sinh ξ(t− tj)

sinh ξ(tj+1 − tj)
,

and

(5) A
[1]
j (t) =

Φξ(t− tj+1)

ψξ(tj − tj+1)
−A

[2]
j (t)

Φξ(tj − tj+1)

ψξ(tj − tj+1)
,

and

(6) B
[1]
j (t) =

Φξ(t− tj)

ψξ(tj+1 − tj)
−

Φξ(tj+1 − tj)

ψξ(tj+1 − tj)
B

[2]
j (t).

Here we used the notations

Φξ(t) =
1

2ξ3
(ξt cosh(ξt)− sinh(ξt)),

ψξ(t) =
1

ξ
sinh ξt = LξΦξ(t).

Theorem 4.1 in [9] states:
Theorem 2. Let t1 < t2 < · · · < tn be real numbers. Assume that g is natural

L2
ξ-spline interpolating the data g1, . . . , gn. Then there exists an n×(n−2) matrix

Q and an (n− 2)× (n− 2) matrix R such that

(7) QTg = Rγ.

Here g and γ denote the vectors defined in (1) and (2).
The matrices R and Q can be explicitly described:
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Theorem 3. The matrix R is symmetric and tridiagonal and all entries on
the diagonal and the first off-diagonal are positive. These entries are given by

Rj,j = ρ(tj − tj−1) + ρ(tj+1 − tj), Rj,j+1 = σ(tj+1 − tj),

where ρ(t) is defined by

(8) ρ(t) =
1

4ξ

sinh(2ξt)− 2tξ

(sinh ξt)2

and

(9) σ(t) =
1

2ξ

ξt cosh(ξt)− sinh(ξt)

sinh2(ξt)
.

Theorem 4. The elements of the n × (n − 2) matrix Q are given, for i =
1, . . . , n and j = 2, 3, . . . , n− 1, by the formulas

(10) qj−1,j =
ξ

sinh ξ(tj − tj−1)
, qj+1,j =

ξ

sinh ξ(tj+1 − tj)

and
qjj = −ξ

(
cosh ξ(tj+1 − tj)

sinh ξ(tj+1 − tj)
+

cosh ξ(tj − tj−1)

sinh ξ(tj − tj−1)

)
.

The rest of the elements in Q are zero.
The arguments can be reversed to construct a natural L2

ξ-spline interpolating
given data z = (z1, . . . , zn)

T as we shall now outline:

Step 1. Set gi = zi for i = 1, . . . , n.

Step 2. Set x = QTg and solve Rγ = x.

Then the natural cubic L2
ξ-spline g interpolating the data z is then defined

on each interval (tj , tj+1) by

ψj(t) := γjA
[1]
j (t) + γj+1B

[1]
j (t) + gjA

[2]
j (t) + gj+1B

[2]
j (t).

3. The main results. In this section we want to prove analogues of the
results in Section 2 for clamped L2

ξ-splines. As outlined in the last section, the
L2
ξ-spline g(·) coincides on the interval (tj , tj+1) with the function

(11) ψj(t) := Lξg(tj)A
[1]
j (t) + Lξg(tj+1)B

[1]
j (t) + g(tj)A

[2]
j (t) + g(tj+1)B

[2]
j (t).

Since in (11) the numbers g(tj) = gj for j = 1, 2, . . . , n, are given, generating the
spline g(·) reduces to finding the numbers Lξg(tj) for j = 1, 2, . . . , n. For ease of
notation we denote

γj := Lξg(tj) for j = 1, 2, . . . , n
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and thus, formula (11) transforms to

(12) ψj(t) = γjA
[1]
j (t) + γj+1B

[1]
j (t) + gjA

[2]
j (t) + gj+1B

[2]
j (t).

We next derive a system of n linear algebraic equations in n unknowns, in
which {γj}nj=1 are the unknowns and {gj := g(tj)}nj=1 are given. From the conti-
nuity conditions at the knots t2 < t3 < · · · < tn−1 of g′ we obtain the equalities

g′(tj − 0) = g′(tj + 0)
(
i.e. ψ′

j−1(tj) = ψ′
j(tj)

)
for j = 2, 3, . . . , n− 1. From the last and from (12) we obtain the following n− 2
equations:

γj−1
d

dt
A

[1]
j−1(tj) + γj

d

dt
B

[1]
j−1(tj) + gj−1

d

dt
A

[2]
j−1(tj) + gj

d

dt
B

[2]
j−1(tj)

= γj
d

dt
A

[1]
j (tj) + γj+1

d

dt
B

[1]
j (tj) + gj

d

dt
A

[2]
j (tj) + gj+1

d

dt
B

[2]
j (tj)

for j = 2, 3, . . . , n− 1. These equations may be rewritten in the form

(13) γj−1
d

dt
A

[1]
j−1(tj) + γj

(
d

dt
B

[1]
j−1(tj)−

d

dt
A

[1]
j (tj)

)
− γj+1

d

dt
B

[1]
j (tj)

= −gj−1
d

dt
A

[2]
j−1(tj) + gj

(
d

dt
A

[2]
j (tj)−

d

dt
B

[2]
j−1(tj)

)
+ gj+1

d

dt
B

[2]
j (tj)

for j = 2, . . . , n− 1.
The clamped boundary conditions ψ′

1(t1) = g′(t1) = d1 and ψ′
n−1(tn) =

g′(tn) = d2 give two additional equations

(14) γ1
d

dt
A

[1]
1 (t1) + γ2

d

dt
B

[1]
1 (t1) = −g1

d

dt
A

[2]
1 (t1)− g2

d

dt
B

[2]
1 (t1) + d1,

and

(15) γn−1
d

dt
A

[1]
n−1(tn)+γn

d

dt
B

[1]
n−1(tn) = −gn−1

d

dt
A

[2]
n−1(tn)−gn

d

dt
B

[2]
n−1(tn)+d2.

From (13), (14) and (15) we obtain a linear system of n equations in n unknowns
γ1, γ2, . . . , γn which we want to write in matrix form of the type

R̃γ̃T = Q̃gT + dT for d = (d1, 0, . . . , 0, d2︸ ︷︷ ︸)
n

,

where γ̃ = {γ1, γ2, . . . , γn} is the vector of the unknowns and g = {g1, g2, . . . , gn}
are the given data. For convenience define as in [9]

R̃j,j−1 =
d

dt
A

[1]
j−1(tj), R̃j,j =

d

dt
B

[1]
j−1(tj)−

d

dt
A

[1]
j (tj), R̃j,j+1 = − d

dt
B

[1]
j (tj)

1026 O. Kounchev, H. Render, G. Simeonov et al.



for j = 2, . . . , n− 1. The n× n matrix R̃ is defined by

R̃ =



d
dtA

[1]
1 (t1)

d
dtB

[1]
1 (t1) 0 · · · · · · 0

R̃2,1 R̃2,2 R̃2,3 0 · · · 0

0
. . . . . . . . . . . .

...
...

. . . . . . . . . . . . 0

0 · · · 0 R̃n−1,n−2 R̃n−1,n−1 R̃n−1,n

0 · · · · · · 0 d
dtA

[1]
n−1(tn)

d
dtB

[1]
n−1(tn)


.

Obviously, the structure of the matrix R̃ is tridiagonal. Now we express the right
hand side of the equations by an n× n-matrix Q̃ whose entries are defined by

Q̃j−1,j = − d

dt
A

[2]
j−1(tj) and Q̃j+1,j =

d

dt
B

[2]
j (tj)

and
Q̃jj =

d

dt
A

[2]
j (tj)−

d

dt
B

[2]
j−1(tj).

Then it is easy to see that

Q̃ =



− d
dtA

[2]
1 (t1) − d

dtB
[2]
1 (t1) 0 0 · · · 0

Q̃2,1 Q̃2,2 Q̃2,3 0 . . . 0

0
. . . . . . . . . . . .

...
...

. . . . . . . . . . . . 0

0 · · · . . . Q̃n−1,n−2 Q̃n−1,n−1 Q̃n−1,n

0 0 · · · 0 − d
dtA

[2]
n−1(tn) − d

dtB
[2]
n−1(tn)


.

The following is the main result of this paper:
Theorem 5. The matrix R̃ is strictly (row) diagonal dominant, in particular

invertible.
Proof. We show that R̃ is strictly diagonal dominant; recall that a matrix

A = {ai,j}ni,j=1 is called strictly (row) diagonal dominant if |ai,i| >
∑

i̸=j |ai,j | for
all i = 1, 2, . . . , n, see, e.g., [4,13]. It is proved in [9] (see the proof of Theorem 4.2)
that

d

dt
B

[1]
1 (t1) = −σ(t2 − t1), and

d

dt
A

[1]
1 (t1) = −ρ(t2 − t1)

(just before Theorem 4.3). We also have σ(x) > 0 for x > 0 and ρ(x) > 0 for
x > 0. Since in the proof of Theorem 4.4 of [9] it is established that σ(x) < 1

2ρ(x)
for x > 0, we obtain∣∣∣∣ ddtB[1]

1 (t1)

∣∣∣∣ = σ(t2 − t1) ≤
1

2
ρ(t2 − t1) < ρ(t2 − t1) =

∣∣∣∣ ddtA[1]
1 (t1)

∣∣∣∣ .
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Next we deal with the last row of the matrix R. Using formula (3.8) from [9] we
obtain

d

dt
A

[1]
n−1(tn) =

Φ′
ξ(tn − tn)

ψξ(tn−1 − tn)
− d

dt
A

[2]
n−1(tn)

Φξ(tn−1 − tn)

ψξ(tn−1 − tn)

= −
ψ′
ξ(tn − tn)

ψξ(tn−1 − tn)

Φξ(tn−1 − tn)

ψξ(tn−1 − tn)
= −

Φξ(tn−1 − tn)

ψ2
ξ (tn−1 − tn)

= −σ(tn−1 − tn) = σ(tn − tn−1)

(the second equality above follows from the proof of Theorem 4.2 of [9]). Also, we
have the equality d

dtB
[1]
n−1(tn) = ρ(tn−tn−1) (which follows from [9] – formula (3.3)

and the proof of Theorem 4.2). Hence, again

d

dt
A

[1]
n−1(tn) = σ(tn − tn−1) ≤

1

2
ρ(tn − tn−1) < ρ(tn − tn−1) =

d

dt
B

[1]
n−1(tn).

So, we established the diagonal dominance for the first and for the last rows. The
respective dominance for the rows of R̃ with numbers 2, 3, . . . , n− 1 is established
in [9].

The strict (row) diagonal dominance implies that the matrix R̃ is invertible,
by [13, Theorem 6.1.10].

Thus we obtain
γ̃ =

(
R̃
)−1 (

Q̃gT + dT
)

and we may proceed as at the end of Section 2 for computing the L-spline g(t).
The present L-splines may be used to create multivariate clamped polysplines,

cf. [14]. The last may be used as an alternative of the PINNs for solving equations
of mathematical physics.

Fig. 1. Clamped L-spline
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4. Figure. The fast algorithm above was implemented in MATLAB. As an
example we provide the figure of a clamped L-spline for L = L2

ξ with ξ = 5, on
the interval [0, 1] with knots

t1 = 0, t2 = 0.1667, t3 = 0.3333, t4 = 0.5000, t5 = 0.6667, t6 = 0.8333, t7 = 1

with derivatives g′(t1) = 25 and g′(t7) = 25 interpolating the function f(t) =
sin(25t). In Fig. 1, the interpolating L2

5-spline is compared with the linear spline
interpolating f(t).
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