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Abstract

A CR-slant warped product is considered a generalization of a CR-warped
product. It was firstly introduced and studied in the field of Kaehler geometry.
In this paper, we study CR-slant warped products in nearly trans-Sasakian
manifolds. We obtain a general inequality related to the second fundamental
form and the warping function in such warped products. The equality case is
discussed.
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1. Introduction. CR-submanifolds of a Kaehler manifold were first intro-
duced by BrJANCU [!]. Later, these submanifolds of Kachler manifolds were
studied by CHEN [2’3] for further geometry. The CR -submanifolds of a Sasakian
manifold were studied by KoBavasHI [*], YANO and KON [?|. Beside the CR-
submanifolds, Chen introduced the idea of CR-warped products and obtained
several fundamental results in his seminal paper [¢|. In [7], GHERGHE introduced
the nearly trans-Sasakian structure of type («, ) on an almost contact metric
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manifold M which generalizes the trans-Sasakian structure in the same sense as
nearly Sasakian generalizes Sasakian ones.

In this paper, we study a new class of submanifolds in nearly trans-Sasakian
manifolds introduced as a CR-slant warped product in [*] and a skew CR-warped
product in [°]. We prove the following main results in this paper.

Theorem 1.1. There is no proper CR-slant warped product submanifold
By x ¢ Mt in a proper nearly trans-Sasakian manifold M, where By = M, x Mjy
is a hemi-slant product of an anti-invariant submanifold M, and a proper slant
submanifold My, while My is an invariant submanifold of M.

On the other hand, we find that there exist several CR-slant warped products
of the type By xp M|, W}lere By = M7 x My is a semi-slant product in a nearly
trans-Sasakian manifold M and we prove Chen’s first inequality as:

Theorem 1.2. Every ©+ ® D% mized geodesic CR-slant warped product sub-
manifold M = By Xy M| of a nearly trans-Sasakian manifold M satisfying the
following inequalities:

(1) If € is tangent to My, then
11 > 2q (V7 (n £)[* + a® = 5%) + g cot® 0]V (In )]
(i1) If & is tangent to My, then
B2 > 2497 (n £ + geot?6 (|7 )2 — 52).

where ¢ = dim(M, ), whereas VT (In f) and VP(In f) are the gradient com-
ponents of the warping function along My and My, respectively.

(iii) If the equality cases hold, then Bs is totally geodesic in M and M| is a
totally wmblical submanifold of M. Moreover, M is also ® & D% mized
totally geodesic in M, where ® and DY denote to invariant and proper slant
distributions, respectively.

2. Preliminaries. An almost contact metric manifold is a smooth manifold
M of an odd dimension (2n + 1) endowed with a structure (p,&,7,g) given by
a (1,1) tensor field ¢, a vector field &, a 1-form 7 and a Riemannian metric g
satisfying ['°]

21) @ =—T+n®E nE) =1, g(eX,eY)=g(X,Y)—nX)nY),

for all vector fields X,Y on M. From this definition, it follows that & =0 and
no e = 0. Moreover, ¢ is skew-symmetric with respect to g, so that the bilinear
form ®(X,Y) := g(X,¢Y) defines a 2-form on M, called the fundamental 2-form.
An almost contact metric manifold M such that dn = 2 is called a contact metric
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manifold. In this case, 7 is a contact form, that is, n A (dn)™ # 0 everywhere on
M.
A nearly trans-Sasakian manifold of type («, ) is an almost contact metric

manifold (M, p, &, n, g) such that

(2.2) (ﬁx(p)y + (@ygo)X
=a(29(X,Y) —n(X)Y —n(Y)X) = B(n(X)pY +n(Y)pX),

for all vector fields X,Y on M. It is known that a trans-Sasakian structure
is always a nearly trans-Sasakian structure. Moreover, a nearly trans-Sasakian
structure of type (a, 8) is nearly-Sasakian [''] or nearly Kenmotsu ['?] or nearly
cosymplectic ['°] if 3 =0 or a =0 or & = 0 = 3, respectively.

Let M be an m-dimensional manifold isometrically immersed into a Rieman-
nian manifold M and denote by the same symbol ¢ the induced metric on M.
Let T(T'M) be the Lie algebra of the vector fields on M and T'(T+M) be the
set of all vector fields normal to M. If we denote by V and V, the Levi-Civita
connections of M and M , respectively, then the Gauss and Weingarten formulas
are respectively given by

(2.3) VxY =VxY +h(X,Y), VxN=—-AxX + V%N,

for any vector fields X,Y € I'(TM) and N € I'(T+ M), where V! is the normal
connection in the normal bundle T+M, h is the second fundamental form and
Ap is the shape operator (corresponding to the normal vector field N) for the
immersion of M into M. These are related by g(h(X,Y),N) = g(AnX,Y). For
any X tangent to M and N normal to M, we write

(2.4) ©X =TX + FX,

where T'X (respectively, FX) is the tangential (respectively, normal) component
of pX. Then, T is an endomorphism of the tangent bundle TM and F is a
normal bundle valued 1-form on TM. Invariant and anti-invariant submanifolds
are Reimannian submanifolds with F' = 0 and T = 0, respectively. For any p € M,

{e1,...,€m,...,eant1} is an orthonormal frame of TPM such that eq,...,e,, are
tangent to M at p and en41,. .., e2p+1 normal to M. Then,
n 2n+1 m
(25)  RIP =D g(hleiey) hlee)) = Y > glhleie)), en).
ij=1 r=m+1i,j=1

As a generalization of invariant and anti-invariant submanifolds, B.-Y. Chen in-
troduced slant submanifolds of almost Hermitian manifolds [**4]. Later, LoTTa
[*°] and CABRERIZO et al. [*%] in separate articles extended this study to almost
contact metric manifolds.

14 L. S. Alqahtani, M. S. Stankovié



A submanifold M tangent to the structure vector field £ is said to be slant if
for each non-zero tangent vector X which is not proportional to §,, the angle 8(X)
(called, slant angle) between X and T),M is constant, that is,  is independent
of the choice of X € T,M and p € M.

Now, we recall the following useful result of ['°] in the same sense for almost
Hermitian case introduced by CHEN ['%14].

Theorem 2.1 ([*®]). Let M be a submanifold of an almost contact metric
manifold M, such that £ € [(TM). Then, M is slant if and only if there exists a
constant X € [0,1] such that T?> = X (=1 +n®E). Furthermore, if 0 is the slant
angle of M, then \ = cos® 0.

The following relations are easily obtained from Theorem 2.1. For any X,Y €
N(TM),

(2.6) 9(TX,TY) = cos® 0 [g(X,Y) — n(X)n(Y)],
9(FX,FY) =sin® [g(X,Y) — n(X)n(Y)].

A submanifold M of an almost contact metric manifold M is hemi-slant if
there exists a pair orthogonal distributions ©+ and ©? such that the tangent
bundle of M splits as TM = ©+ @& ©? @ ¢, where ®* is an anti-invariant dis-
tribution and ®% is a proper slant distribution on M. A submanifold M is a
semi-slant submanifold of M if TM splits as TM = © & ©% @ ¢, where D is
an invariant distribution on M. Hemi-slant and semi-slant submanifolds are the
generalizations of slant, CR, invariant, and anti-invariant submanifolds but there
is no direct relation between hemi-slant and semi-slant submanifolds.

On the other hand, the warped product manifold M of two Reimannian
(or semi-Riemannian) manifolds M; and Ms is the product manifold, denoted
My xy My, such that the metric of the product manifold is

(2.8) g(X,Y) = gl(m*X, 7T1*Y) + (f e} 7['1)292(7['2*)(, 7T2*Y),

where f : M; — (0,00) and 7 : M — My, m : M — Ms are projection maps
given by m1(p, q) = p and m2(p, q¢) = ¢ for any (p,q) € My x My and * denotes the
symbol for tangent map. The function f is called the warping function, and if f
is constant, then M is simply a Riemannian product manifold. It is known that
for any vector field X on M; and a vector field Z on Ms, we have

(2.9) VxZ=VzX=X(nf)Z,

where V is the Levi-Civita connection on M. Further, notice that M; is totally
geodesic and M, is totally umbilical of M [9].

3. Basic results and definitions. Throughout the paper we assume that
the structure vector field £ tangent to the submanifold and the manifolds and
functions are smooth otherwise stated. First we prove the following useful results.
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Theorem 3.1. There do not exist any proper warped product submanifold
M = B xy My such that § is tangent to the invariant submanifold My, where B
is any Riemannian submanifold of a nearly trans-Sasakian manifold M, unless M
is nearly a-Sasakian.

Proof. From (2.2), we find

~oVx€+ VepX — pVeX = —aX — BpX,
for any X € I'(T'B). Using (2.3) and (2.9), we get
—ph(X,€) + VepX = —aX — BpX.
Taking the inner product with X, we obtain
(3.1) 9(VepX, pX) = —p| X|*.

Since ¢ is Riemannian and g(¢X, pX) = ¢g(X, X), then by taking the covariant
derivative with respect to £, we find

(3.2) 9(VepX, 0X) = g(VeX, X) = X(In f)g(&, X) = 0.

Then, from (3.1) and (3.2), we find 8 = 0 and hence, M is a-Sasakian. O

In the next result, we consider £ is tangent to the base manifold of the warped
product M = B xy Mr.

Theorem 3.2. There do not exist any proper warped product submanifold
M = B xy My such that § is tangent to the base manifold B of a nearly trans-
Sasakian manifold M, unless M is nearly 3-Kenmotsu.

Proof. For any X € I'(®), from (2.2) we have

—oVxE+VepX — Ve X = —aX — fpX.
Then, from (2.3) and (2.9), we derive
E(n fleX = —aX — BoX, 20h(X,§) = h(pX, ).

In the tangential part, taking the inner product with X, we obtain || X||?> = 0
Since X is non-zero, hence we achieve the result. O

The proof of Theorem 1.1 follows from Theorem 3.1 and Theorem 3.2.

Now, we have the following general result.

Theorem 3.3. There do not exist any proper warped product submanifold
M = B xy M, such that & is tangent to the anti-invariant submanifold M,
where B is any Riemannian submanifold of a nearly trans-Sasakian manifold M,
unless M is nearly a-Sasakian.
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Proof. For any X € I'(T'B), we have from (2.2), (2.3) and (2.9)
—20h(X,€) + VepX = —aX — BpX.
Taking the inner product with ¢ X and using (2.1), we find
9(FeX, X) = — 4] X2

Again, using (2.9), we get 8 = 0. O

Now, we consider £ is tangent to the base manifold B of the warped product
M = B xy M, and we have the following useful lemma.

Lemma 3.1. Let M = B xy M, be a warped product submanifold of a nearly
trans-Sasakian manifold M such that the vector field € is tangent to the base
manifold B. Then, we have £(In f) = 3.

Proof. For any Z € T'(®1), we have from (2.2), (2.3) and (2.9)

—26(In f)pZ — 2ph(&, Z) + NepZ = —aZ — BpZ.

Taking the inner product with ¢Z and using the Riemannian metric property, we
find {(In f) = 5. O

Now, we define CR-slant submanifolds.

Definition 3.1. A submanifold M tangent to the structure vector field & of
an almost contact metric manifold M is called a CR-slant warped product if it is a
warped product of the forms M = By x ¢ My, or By Xy M| where By = M| x My
and By = My x My are the Riemannian products in M.

In this paper, we study two types of CR-slant warped product submanifolds
of By Xy My and By xy M| in a nearly trans-Sasakian manifold M, where B; =
M| x My is a hemi-slant product and By = Mp x My is a semi-slant product in
M.

We use the following conventions in the paper for the corresponding tangent
spaces of My, M, and My are D, D+ and ©°, respectively. Also, we choose the
vector fields X,Y € (D), Z, W e I'(D*) and U,V € (D).

In both cases of CR-slant warped products, the tangent space of M is decom-
posed as follows:

(3.3) TM =939 00 <¢>,

where D is an invariant distribution, ® is an anti-invariant distribution and ®°
is a proper slant distribution and < £ > is the 1-dimensional distribution spanned
by the structure vector field €. Clearly, we observe that if £ along DY then the
CR-slant warped product M = B xy N 9 is trivial as follows: Since ¢ is killing,
then, for any X € I'(TB) and ¢ € T(D?), and by using (2.2) and (2.9), we find
X(In f) =0, that is, f is constant on M.

Furthermore, the normal bundle T%M is decomposed as

(3.4) TM = @+ & F9% &y,

where y is the invariant normal subbundle of T--M under ¢.
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4. Proof of Theorem 1.2. To prove the main theorem, first we have the
following useful lemmas.

Lemma 4.1. Let M = By Xy M, be a CR-slant warped product submanifold
of a nearly trans-Sasakian manifold M such that Bo = My x My and & € T'(T'Bs).
Then, for any X,Y € T(®) and Z,W € T(D1), we have

(i) g(h(Xa Y)WOZ) =0,
(ii) g(h(X, Z), W) = —[pX(In f) + an(X)]g(Z, W).

Proof. Statements (i) and (ii) directly follow from [7]. O
Now, for any U € T'(®%) and W € T(®1), from (2.2), (2.3) and (2.9), we
have

(41) —AuwU + VieW —2U(In f)oW — 2ph(U, W) + TU (In f)W
+h(TU,W) = ApgW + VW = —an(U) — Bn(U)eW.

Using (4.1), we have the following lemma.

Lemma 4.2. Let M = By xy M| be a CR-slant warped product submanifold
of a nearly trans-Sasakian manifold M such that By = My x My and € € I[(TB,).
Then, for any X € T(D), W € I(D1) and U,V € T'(DY), we have

(1) g(h(U, V), W) = g(h(V, W), FU),
(i) g(h(X,U), oW) = —g(h(X, W), FU).
Proof. Taking the inner product in (4.1) with V € I'(©%), we find
(4.2) 2g(L(U W), FV) = g(h(U, V), W) + g(h(V,W), FU).
By polarization identity, we obtain
(4.3) 2g(L(V,W),FU) = g(h(U, V), oW) + g(h(U, W), FV).

From (4.2) and (4.3), we deduce the first statement of the lemma. If we take the
inner product in (4.1) with X € I'(®), then we get the second statement. O
Furthermore, the useful equation (4.1) gives
Lemma 4.3. Let M = By xy M| be a CR-slant warped product submanifold
of a nearly trans-Sasakian manifold M such that By = My x My and ¢ € T'(TBs).
Then, for any U € T'(D%) and Z,W € T'(D1), we have

(i) g(h(Z,W),FU) — g(h(U, Z),pW) = [TU(In f) + an(U)]g(Z, W),

(it) g(h(Z,W),FTU) - g(h(TU, Z), W) = cos® 6[~U(In f) + Bn(U))g(Z,W).
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Proof. Taking the inner product in (4.1) with Z € I'(®1), we derive taking
the inner product in (4.1) with V € (DY), we find

(4'4) QQ(h(U, W)v ‘:DZ) - g(h(Uv Z)a QOW) - g(h(Z, W)? FU)
=[TU(In f) + an(U)]g(Z, W).

Using the polarization identity, we find

(4.5) 29(h(U, Z), oW) — g(WU,W),0Z) — g(W(Z, W), FU)
= —[TU(In f) + an(U)]g(Z, W).

From (4.4) and (4.5), we get (i). Second statement follows from (i) by interchang-
ing U with TU and using Lemma 3.1. O

Let M = By xy M, be an m-dimensional CR-slant warped product sub-
manifold of a (2n 4 1)-dimensional nearly trans-Sasakian manifold M such that
B = Mt x My, a Riemannian product of invariant and proper slant submanifolds
of M. Conveniently, we use the tangent space of My, M, and Mpy, respectively,
by ©, ©F and Y. If dim® = 2p + 1, dim®D* = ¢ and dim®? = 2s, then
the tangent bundle T'M is spanned by the following orthonormal frame fields

D = Span{ei,...,ep, epr1 = QeI ..., €2 = Yep, eapt1 =}, D9 = Span{egp2 =
€15y €2ppstl = €y, €2prst2 = €5y 1 =secOTe], ... eapi142s = €5, =seclTe},
and Dt = Span{egpio42s = €1,...,em = €3}. Moreover, the normal subbun-
dles of T M are spanned by @+ = Span{e,, 11 = pé1,. .. s €m+q = PEq}t, Fo? =
Span{em, yq+1=cscOFe], ..., emyqrs= cSCOFES, €mygrst1=cscOsecOF Tel,. ..,
entq+2s = cscOsecFTes}, and p = Span{emq+2s+1, - - -, €2n+1}-

Now, we use the above lemmas to proof Theorem 1.2 as follows:
Proof. From the definition of h, we have

2n+1 m

2 2

||h” = Z Z 617€j )) 9

r=m+11,j5=1
m+q m m+q+2s m

= Z Z h(e;, e;) ‘Per))Q‘i‘ Z Z h(ei, €;), Fer))2
r=m+11i,j=1 r=m-+q+11i,j=1

2n+1

46 + > Z hieirej), er))?.

r=m+q+2s+1i,j=1

Leaving the pu-components term in (4.6), we find

q 2p+1 q 2p+1

A 2 ~ ~ 2

D7 =D (g(hleies), 060))? +2 > Y (g(h(ei &), 9ér))
r=1i,j=1 jor=1 i=1
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+ Z (g(h(euej wer)) +ZZ € j 3067“))2

1,3,r=1 r=114,7=1
q 2p+1 2s )
2333 (glh(en€)) pér))” + 2 Z Z h(és,el), 9ér))
r=1 i=1 j=1 ir=1j=1
2s q 2p+1 2s 2p+1
+2> > > (a(hleie;), Fep) +2 30 Y (glhlel e)), Fey))’
r=1:=1 j=1 i,r=1 j=1
2s q 2s 2p+1
+23 > (glhle], ), Fep))’ + > > (9(hleire)), Fep))?
ir*lj*l r=114,5=1
2s
(4.7) +ZZ heie;), Fer)) + Y (g(hlef,eb), Fer))®.
r=114,5=1 ij,r=1

Here, we find that there is no relation for the third, seventh, ninth and eleventh
terms of (4.7) in terms of the warping functions. Then, by using Lemma 4.1,
Lemma 4.2 and Lemma 4.3 with the assumed mixed totally condition, we find

2p+1 s
1B > ¢ > (per(In f) + anler))? + qesc®0 > (Tex(In f))?
r=1 r=1
2s q 2p+1
(4.8) +qcot292 ~(In f)) +4ZZ Z h(éi,e;), Fer))?.
r=1i=1 j=1

Leaving the last positive term of (4.8), then we have the following two cases:
Case (i): when & is tangent to My, we find

2p+1
1111 > gV (In f)[* + ga® +2¢ Y (per(In fan(r))®
r=1

2s
+qese® 0| TV (In f)|* — gese® 0 > (Ter(In £))?
r=s+1

+qcot292 lnf
=2 (HVT(lnf)H2 +a— %)+ qcot29HV9(lnf)HQ
(4.9) —qcchGZg<ej+S,TV9(lnf ) +qc0t292 *(In f))?

Hence, inequality (i) follows from (4.9). Similarly, when & is tangent to My,
case (ii), then from the orthonormal frame fields, (4.8) takes the form

11?2 alleV" (I f)I* + g esc? O] TV (n f) |
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2s
—qesc?o Z (Te:(lnf + g cot? 92 lnf

r=s+1
= 2| VT (1n /)| + g cot? 6 (||v9<1nf>||2 - )

(4.10) — gsec? O csc? GZg<TeT,TV9(lnf ) qcotZHZ *(In f))?

which provides inequality (ii).

Now, we discuss the equality cases of (i) and (ii) together. From the leaving
third term in (4.6), we find h(X,Y’) has no components in x for all X,Y tangent
to M, that is,

(4.11) h(TM,TM) ¢ p.

The third leaving term in (4.7) with (4.11) implies

(4.12) D+, 91) e FDY.

Also, from leaving seventh term in (4.7) with (4.11) we find
(4.13) h(D,D) € p®=.

Similarly, from the leaving ninth term in (4.7) together with (4.11), we obtain
(4.14) h(D? 9% € pD+.

Also, by the leaving eleventh term in (4.7) with (4.11), we get
(4.15) hD,9%) e pDt.
Furthermore, Lemma 4.1 (i) implies

(4.16) h(D,D) ¢ oD+,

Then, from (4.13) and (4.16), we conclude that A(®,) = {0}. Also, Lemma 4.2
(i) implies

(4.17) h(D%, D% ¢ pDt.

Then, (4.14) and (4.17) imply

(4.18) h(D% D% = {0}.

Further, from Lemma 4.2 (ii) and the assumption (D1, %) = {0}, we find
(4.19) hD,D1) = {0}, h(D,9%) ¢ oDt
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From (4.15) and (4.19), we conclude that h(®D, D) = {0}. Then, from the above
relation and the fact that By is totally geodesic and My is totally umbilical in M
[°], we conclude that Bs is a totally geodesic submanifold of M, while M, is a
totally umbilical submanifold of M. Hence, the proof is complete. O
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